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Abstract. The paper is concerned with the study of a nonlinear second-order

anisotropic phase-field transition system of Caginalp type, subject to nonlin-
ear and in-homogeneous dynamic boundary conditions (in both unknown func-

tions). Under certain hypothesis on the input data: f1 (t, x), f2 (t, x), w1 (t, x),

w2 (t, x), u0(x), α0(x), ϕ0(x) and ξ0(x), we prove the well-posedness (the ex-
istence, a priori estimates, regularity and uniqueness) of a classical solution in

the Sobolev space W 1,2
p (Q) ×W 1,2

p (Σ), W 1,2
ν (Q) ×W 1,2

p (Σ). Here we extend

the previous results concerned with nonlinearity of cubic type, allowing to the
present mathematical model to be more capable for describing the complexity

of a wide class of real physical phenomena (moving interface problems, image
processing, the phase changes at the boundary ∂Ω, etc.).

1. Introduction. In a compact domain Ω ⊂ IRn, n ≤ 3, with a C2 boudary
∂Ω = Γ and [0, T ] a generic time interval, we consider the following nonlinear
second-order system of coupled PDEs with respect to the unknown functions u(t, x)
and ϕ(t, x) (hereafter u, ϕ):

∂

∂t
u− div

(
K
(
t, x, u,∇u

)
∇u(t, x)

)
=− `

2

∂

∂t
ϕ(t, x) + f

1
(t, x) in Q

∂

∂t
ϕ−div

(
Ψ
(
t, x, ϕ,∇ϕ

)
∇ϕ(t, x)

)
=p1

[
ϕ−ϕ3

]
+p2u+f2(t, x) in Q,

(1)

subject to the general class of nonlinear and in-homogeneous dynamic boundary
conditions in both unknown functions u(t, x) and ϕ(t, x), i.e.

∂

∂n
u+

∂

∂t
u−∆

Γ
u+ hu+ g

1
(t, x, u) = w

1
(t, x) on Σ

∂

∂n
ϕ+

∂

∂t
ϕ−∆

Γ
ϕ+ c

0
ϕ+ g

2
(t, x, ϕ) = w

2
(t, x) on Σ,

(2)
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and with the initial conditions

u(0, x) = u0(x), ϕ(0, x) = ϕ0(x) in Ω, (3)

where Q = (0, T ]× Ω, Σ = (0, T ]× ∂Ω and:

• t ∈ (0, T ], x = (x1, . . . , xn) ∈ Ω;

• `, p
1
, p

2
, h and c

0
are positive parameters;

• ∂

∂t
v(t, x) is the partial derivative of v(t, x) with respect to t;

• u(t, x) represents the reduced temperature distribution in Q and denote by
∇u(t, x) = u

x
(t, x) (∇u = u

x
in short) the gradient of u(t, x) in x, that is

∇u(t, x) =

(
∂

∂x1
u(t, x),

∂

∂x2
u(t, x), . . . ,

∂

∂xn
u(t, x)

)
.

We set
∂

∂xi
u = uxi , i = 1, 2, . . . , n, and thus u

x
=
(
u
x1
, u

x2
, . . . , u

xn

)
;

• ϕ(t, x) is the phase function (the order parameter), used to distinguish between
the states (phases) of material which occupies the region Ω at every time
t ∈ [0, T ]; similarly as above, we denote by ∇ϕ(t, x) = ϕx(t, x) (∇ϕ = ϕx in
short) the gradient of ϕ(t, x) in x, that is

∇ϕ(t, x) =

(
∂

∂x1
ϕ(t, x),

∂

∂x2
ϕ(t, x), . . . ,

∂

∂xn
ϕ(t, x)

)
.

We set
∂

∂xi
ϕ = ϕxi , i = 1, 2, . . . , n, and so ϕx =

(
ϕx1

, ϕx2
, . . . , ϕxn

)
;

• K
(
t, x, u, ux

)
- is a positive and bounded nonlinear real function with bounded

derivatives, having the role of controlling the speed of the diffusion process in
(1)1;

• Ψ(t, x, ϕ, ϕx) - is a positive and bounded nonlinear real function with bounded
derivatives, having the role of controlling the speed of the diffusion process in
(1)2;

• f1(t, x) ∈ Lp(Q), f2(t, x) ∈ Lq(Q) are given functions (see Remark 2 below),
where p and q satisfy

q ≥ p ≥ 2; (4)

• w1(t, x), w2(t, x) ∈W 1− 1
2p ,2−

1
p

p (Σ) are given functions (see Remark 2 below);

• u0 ∈W
2− 2

p
∞ (Ω), with

∂

∂n
u0 −∆Γu0 + hu0 + g1(0, x, u0) = w1(0, x),

and ϕ0 ∈W
2− 2

q
∞ (Ω), with

∂

∂n
ϕ0 −∆

Γ
ϕ0 + c

0
ϕ0 + g

2
(0, x, ϕ0) = w

2
(0, x).

• n=n(x) is the outward unit normal vector to Ω at a point x ∈ ∂Ω. ∂
∂n denotes

differentiation along n;

• ∆Γ is the Laplace-Beltrami operator;
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• Regarding the nonlinearities gk : Σ × IR → IR, k = 1, 2, we will assume the
following hypotheses:

– are Carathéodory functions, i.e., gk(·, ·, z) : Σ → IR is measurable, ∀z ∈
IR;

– gk(t, x, ·) : IR → IR is continuous, ∀(t, x) ∈ Σ, with gk(·, ·, 0) ∈ L∞(Σ)
(see [7, Definition 2.106, p. 42]);

– (G1):
(
gk(t, x, z1) − gk(t, x, z2)

)
(z1 − z2) ≥ b3(z1 − z2)2, ∀(t, x) ∈ Σ,

z1, z2 ∈ IR, for a constant b3 > 0;

– (G2): there is a function Ḡ : Σ× IR2 → IR verifying the relations(
gk(t, x, z1)− gk(t, x, z2)

)2

≤ Ḡ(t, x, z1, z2)(z1 − z2)2,

Ḡ(t, x, z1, z2) ≤ b4(1+ |z
1
|2(r′−1) + |z

2
|2(r′−1)), ∀(t, x) ∈ Σ, z

1
, z

2
∈ IR,

for a constant b4 > 0 and r′ ≥ 1 such that (see (26) below)

r′ ≤ n+ 2

n+ 2− 2p
if

1

p
− 2

n+ 2
> 0; (5)

– (G3): gk(t, x, z)z ≥ b5z2, ∀(t, x) ∈ Σ, z ∈ IR, with b5 > 0.

Lemma 1.1. Assumption (G2) implies that gk, k = 1, 2, fulfils the polynomial
growth condition

|gk(t, x, z)| ≤ b6(1 + |z|r
′
), ∀(t, x) ∈ Σ, z ∈ IR (6)

where b6 is a positive constant.

Proof. Indeed, setting z1 = z and z2 = 0 in (G
2
), we get (k = 1, 2)

|gk(t, x, z)| ≤ |gk(t, x, 0)|+ Ḡ(t, x, z, 0)
1
2 |z|

≤ |gk(t, x, 0)|+ b
1
2
4

(1 + |z|2(r′−1))
1
2 |z|, ∀z ∈ IR.

Since gk(t, x, 0) ∈ L∞(Σ), k = 1, 2, estimate (6) follows.

Remark 1. For the sake of simplicity, in what follows we will take gk, k = 1, 2,
independent of time and space variables, i.e. gk(t, x, z) = gk(z), k = 1, 2, since the
major difficulty in the study of the nonlinear second-order problem (1)-(3) consists,
among other, in treating the nonlinearity gk, k = 1, 2, with respect to z.

Remark 2. Besides classical meanings, like the density of heat sources or sinks
of heat, the pairs of given functions {f1, f2} and {w1, w2} in (1)-(2), can be also
interpreted as distributed and boundary control, respectively, which opens a wide
field of applicability for the nonlinear parabolic system (1)-(3), such as optimal
control.

For reader’s convenience, we will write problem (1) in the equivalent form
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∂

∂t
u(t, x)− ∂

∂uxj

[
K(t, x, u, ux)uxi

]
uxjxi

=A1(t, x, u, ux)− `

2

∂

∂t
ϕ(t, x) + f

1
(t, x) in Q

∂

∂t
ϕ(t, x)− ∂

∂ϕxj

[
Ψ(t, x, ϕ, ϕx]ϕxi

]
ϕxjxi

=A2(t, x, ϕ, ϕx)+p1

[
ϕ(t, x)−ϕ3(t, x)

]
+p2u(t, x)+f2(t, x) in Q,

(7)

with

A1(t, x, u, ux) =
∂

∂u

[
K(t, x, u, ux)uxi

]
uxi +

∂

∂xi

[
K(t, x, u, ux)uxi

]
, (8)

A2(t, x, ϕ, ϕx) =
∂

∂ϕ

[
Ψ(t, x, ϕ, ϕx)ϕxi

]
ϕxi +

∂

∂xi

[
Ψ(t, x, ϕ, ϕx)ϕxi

]
(9)

and (v = u or v = ϕ)

vxi =
∂

∂xi
v(t, x), vxjxi =

∂2

∂xj∂xi
v(t, x), i, j = 1, ..., n.

It is easy to recognize (7)1 and (2)1 as being a quasi-linear one of type (2.4) in [14,
p. 3 and p. 11] (see also [18, p. 229], [9, (1.7), p. 97]), with

a1
ij(t, x, u, ux) =

∂

∂uxj

[
K(t, x, u, ux)uxi

]
, i = 1, ..., n,

a1(t, x, u, ux, ϕ) = −A1(t, x, u, ux) +
`

2

∂

∂t
ϕ− f

1
(t, x).

(10)

Similarly, for (7)2 and (2)2 we have

a2
ij(t, x, ϕ, ϕx) =

∂

∂ϕ
xj

[
Ψ(t, x, ϕ, ϕx)ϕxi

]
, i = 1, ..., n,

a2(t, x, u, ϕ, ϕx) = −A2(t, x, ϕ, ϕx)− p1

[
ϕ−ϕ3

]
− p2u(t, x)− f2(t, x).

(11)

In addition, unless otherwise stated, we assume that equations (1) [or (7)] are
uniformly parabolic, which means fulfilment of the conditions

ν
1
(|u|)ζ2 ≤ ∂

∂zj
K(t, x, u, z)ζiζj ≤ ν2

(|u|)ζ2

ν
1
(|ϕ|)ζ2 ≤ ∂

∂zj
Ψ(t, x, ϕ, z)ζiζj ≤ ν2

(|ϕ|)ζ2,

(12)

for arbitrary u, ϕ, z and ζ = (ζ1, ..., ζn) an arbitrary real vector, where ν
1
(s)

and ν
2
(s) are positive (nonincreasing and nondecreasing, respectively) continuous

functions of s ≥ 0.

In the present paper we study the solvability of the nonlinear second-order
boundary value problems of the form (1)-(3) (or (7) plus (2)-(3)) in the class
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W 1,2
p (Q) ×W 1,2

p (Σ), W 1,2
ν (Q) ×W 1,2

p (Σ). The new mathematical formulation ex-
pressed by (1)-(3) is characterized by the presence of some new physical parameters:
p

1
, p

2
, K
(
t, x, u(t, x), ux(t, x)

)
, Ψ(t, x, ϕ(t, x), ϕx(t, x))), the principal part being in

divergence form and by considering the classical regular potential (reaction term)
(see [3], [4], [6], [11], [14], [15]-[20], [25]-[27]). The most important novelty in our
paper concerns the inhomogeneous dynamic boundary conditions of nonlinear type,
not treated until now (in this new context, that is: the principal is in divergence
form in both unknown functions u(t, x) and ϕ(t, x)) in the mathematical litera-
ture. Thus, significant aspects of the delicate physical features are expected to be
reflected more accurately. In this regard, as applications of problem (1)-(3), we
indicate the moving interface problems, e.g. phase separation and transition (see
[2]-[6], [8]-[11], [15]-[26], [28], [29]), anisotropy effects (see [2], [9], [10], [13], [18],
[26]), image denoising and segmentation (see [1], [11], [26] and references therein)
etc. In addition, the general hypotheses formulated on gk, k = 1, 2, also allows to
take in the dynamic boundary conditions a nonlinearity with a larger growth expo-
nent r′ ≤ (n+ 2)/(n+ 2− 2p) if n+ 2 > 2p (see (5)), for each unknown functions u
and ϕ. It extends the already studied types of boundary conditions and therefore
makes the new formulation of model (1)-(3) to be more able to describe a wide va-
riety of industrial applications of two-phase systems, in particular, the interactions
with the walls in confined systems (i.e. the phase changes at the boundary of Ω).

Different formulations of the nonlinear phase-field transition system (1)-(3) with
different nonlinearities, as well as different physical parameters and boundary con-
ditions, can be found in the works: Benincasa, Favini and Moroşanu [3], Boldrini,
Caretta and Fernández-Cara [4], Cârjă, Miranville and Moroşanu [6], Cavaterra,
Gal, Grasselli and Miranville [8], Conti, Gatti and Miranville [10], Gatti and Mi-
ranville [13], Miranville and Moroşanu [15]-[18], Moroşanu [19]-[22], Moroşanu and
Croitoru [23], Moroşanu and Motreanu [24], Moroşanu and Pavăl [25], [26], Vaz and
all [29]. In the present work we have limited the nonlinear reaction therm in (1)2

to depend only of ϕ because, as we already have mentioned, the major difficulty in
treating the parabolic nonlinear problem (1) lies just in such sort of nonlinearities.
Examples of nonlinearities depending on t, x and ϕ can be found in Moroşanu and
Motreanu [24].

The rest of the paper is organized as follows. In Section 2, we first present the
technical method involved in treating the boundary conditions of dynamic type.
Next, we recall the notations and the methods to be used in the proof of the main
result, Theorem 2.2, formulated at the end of the section. The well-posedness of
solutions to a nonlinear reaction-diffusion equation, supplied with a general class
of nonlinear and non-homogeneous dynamic boundary conditions, is discussed in
Section 3 (Theorem 3.2). The Section 4 provides the proof of the main result
Theorem 2.2.

2. Preliminaries and main result. In order to approach the parabolic nonlinear
system (1)-(3), we will use the same idea as in Cârjă, Miranville and Moroşanu
[6], Choban and Moroşanu [9], Miranville and Moroşanu [15], Moroşanu [20]. In
this regards, let α = u and ξ = ϕ be a further variables such that α(0, x) = u0,
ξ(0, x) = ϕ0 on Γ, while for the remaining data in (1)-(3) we will keep the same
meanings formulated at the beginning. Corresponding, the boundary conditions in
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(2) will be approached in the sequel by

u = α, ϕ = ξ on Σ

∂

∂n
u+

∂

∂t
α−∆Γα+ hα+ g1(α) = w1(t, x) on Σ

∂

∂n
ϕ+

∂

∂t
ξ −∆

Γ
ξ + c

0
ξ + g

2
(ξ) = w

2
(t, x) on Σ

α(0, x) = α0(x), ψ(0, x) = ψ0(x) x ∈ Γ,

(13)

where α0 , ξ0 ∈W
2− 2

p
∞ (Γ).

Accordingly, the problem (7), (2)-(3) can be rewritten suitably as follows

∂

∂t
u(t, x)− ∂

∂uxj
(K(t, x, u, u

x
)uxi)uxjxi

= A1(t, x, u, uxi)−
`

2

∂

∂t
ϕ+ f1(t, x) in Q

u(t, x) = α(t, x) on Σ

∂

∂n
u+

∂

∂t
α−∆

Γ
α+ hα+ g

1
(α) = w

1
(t, x) on Σ

u(0, x) = u0(x) on Ω

α(0, x) = α0(x) x ∈ Γ,

(14)



∂

∂t
ϕ(t, x)− ∂

∂ϕxj

(
Ψ(t, x, ϕ, ϕx)ϕxi

)
ϕxjxi

= A2(t, x, ϕ, ϕxi) + p
1

[
ϕ−ϕ3

]
+p

2
u(t, x)+f

2
(t, x) in Q

ϕ(t, x) = ξ(t, x) on Σ

∂

∂n
ϕ+

∂

∂t
ξ −∆Γξ + c0ξ + g2(ξ) = w2(t, x) on Σ

ϕ(0, x) = ϕ0(x) on Ω

ξ(0, x) = ξ0(x) x ∈ Γ.

(15)

Definition 2.1. Any solution
(
u, α, ϕ, ξ

)
of the nonlinear second-order boundary

value problem (14)-(15) is called the classical solution if it is continuous in
Q, have continuous derivatives ut, ux, uxx, ϕt, ϕx, ϕxx in Q and αt, αx, αxx, ξt,
ξx, ξxx on Σ, satisfy the equation (14)1-(15)1 at all points (t, x) ∈ Q as well as
the conditions (14)2−3-(15)2−3 and (14)4−5-(15)4−5 for (t, x) ∈ Σ and for t = 0,
respectively.

Our main results regarding the existence, uniqueness and regularity of solutions
to problem (14)-(15) (practically, well-posedness of the solutions to the nonlinear
second-order boundary value problem (1)-(3) or (7), (2)-(3)) is the following
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Theorem 2.2. Suppose
{(
u, α

)
,
(
ϕ, ξ
)}
∈
[
C1,2(Q) × C1,2(Σ)

]2
is a classical so-

lution of problem (14)-(15) and for positive numbers:

M , M0, M1, M2, M3, M4, and N , N0, N1, N2, N3, N4,

one has

I1. |u(t, x)| < M for any (t, x) ∈ Q and for any t, x, z, the map K(t, x, u, z) is
continuous, differentiable with respect to x, u, z, its x-derivatives, u-derivatives
and z-derivatives are measurable bounded, satisfies (12)1, and

0 < K
m
≤ K(t, x, u, ux) < K

M
, for (t, x) ∈ Q,

n∑
i=1

[
|K(t, x, u, z)uxi |+

∣∣∣∣ ∂∂u (K(t, x, u, z)uxi)

∣∣∣∣] (1 + |z|)

+

n∑
i,j=1

∣∣∣∣ ∂∂xj (K(t, x, u, z)uxi)

∣∣∣∣ ≤M0(1 + |z|)2.

(16)

I2. For every ε > 0, the functions u(t, x) and K(t, x, u, ux) satisfy the relations

‖u‖
Ls(Q)

≤M1 , ‖K(t, x, u, ux)uxi‖Lr(Q)
< M2 , i = 1, ..., n,

where

r =

{
max{p, 4} p 6= 4
4 + ε p = 4,

s =

{
max{p, 2} p 6= 2
2 + ε p = 2.

I3. The hypotheses (G1)-(G3) (k = 1) are fulfilled.

J1. |ϕ(t, x)| < N for any (t, x) ∈ Q and for any t, x, z, the map Ψ(t, x, ϕ, z) is
continuous, differentiable with respect to x, ϕ, z, its x-derivatives, ϕ-derivatives
and z-derivatives are measurable bounded, satisfies (12)2, and

0 < Ψm ≤ Ψ(t, x, ϕ, ϕx) < Ψ
M
, for (t, x) ∈ Q,

n∑
i=1

[
|Ψ(t, x, ϕ, z)ϕxi |+

∣∣∣∣ ∂∂ϕ (Ψ(t, x, ϕ, z)ϕxi)

∣∣∣∣] (1 + |z|)

+

n∑
i,j=1

∣∣∣∣ ∂∂xj (Ψ(t, x, ϕ, z)ϕxi)

∣∣∣∣ ≤ N0(1 + |z|)2.

(17)

J2. For every ε > 0, the functions ϕ(t, x) and Ψ(t, x, ϕ, ϕx) satisfy the relations

‖ϕ‖
Ls(Q)

≤ N
1
, ‖Ψ(t, x, ϕ, ϕx)ϕxi‖Lr(Q)

< N
2
, i = 1, ..., n,

where the quantities r and s were defined in I2.

J3. The hypotheses (G
1
)-(G

3
) (k = 2) are fulfilled.

Then, there exists a unique solution u ∈W 1,2
p (Q), ϕ ∈W 1,2

ν (Q) (ν = min{q, µ}),
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α, ξ ∈W 1,2
p (Σ) to (14)-(15), p, q 6= 3

2 , and satisfies

‖u‖W 1,2
p (Q) + ‖ϕ‖W 1,2

ν (Q) + ‖α‖W 1,2
p (Σ) + ‖ξ‖W 1,2

p (Σ)

≤ C

[
1 + ‖u0‖

W
2− 2

p
∞ (Ω)

+ ‖ϕ0‖
3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖α0‖
W

2− 2
p

∞ (Γ)
+ ‖ξ0‖

3p−2
p

W
2− 2

p
∞ (Γ)

+‖f1‖Lp′ (Q) + ‖f2‖Lq(Q) + ‖w1‖
W

1− 1
2p
,2− 1

p
p (Σ)

+ ‖w2‖
W

1− 1
2p
,2− 1

p
p (Σ)

]
,

(18)

where the constant C > 0 depends on |Ω| (the measure of Ω), T , n, p, q, b3, b4, b5,
b6 and physical parameters, but is independent of u, ϕ, α, ξ, f1, f2, w1 and w2.

If (u1, α1, ϕ1, ξ1), (u2, α2, ϕ2, ξ2) are two solutions to (14)-(15) corresponding to

(u1
0, α

1
0, ϕ

1
0, ξ

1
0), (u2

0, α
2
0, ϕ

2
0, ξ

2
0) ∈W 2− 2

p
∞ (Ω)×W 2− 2

p
∞ (Γ)×W 2− 2

q
∞ (Ω)×W 2− 2

p
∞ (Γ),

(fa1 , f
a
2 ), (f b1 , f

b
2) ∈ Lp(Q) × Lq(Q), wa1 , w

a
2 , wb1, w

b
2 ∈ W

1− 1
2p ,2−

1
p

p (Σ), respectively,
such that

‖u1‖W 1,2
p (Q), ‖u

2‖W 1,2
p (Q) ≤M3, ‖α1‖W 1,2

p (Σ), ‖α
2‖W 1,2

p (Σ) ≤M4,

‖ϕ1‖W 1,2
p (Q), ‖ϕ

2‖W 1,2
ν (Q) ≤ N3, ‖ξ1‖W 1,2

p (Σ), ‖ξ
2‖W 1,2

p (Σ) ≤ N4,
(19)

then the following estimate holds

max
(t,x)∈Q

|u1 − u2|+ max
(t,x)∈Σ

|α1 − α2|+ max
(t,x)∈Q

|ϕ1 − ϕ2|+ max
(t,x)∈Σ

|ξ1 − ξ2|

≤ C1e
CTmax

{
max

(t,x)∈Ω
|u1

0 − u2
0|, max

(t,x)∈Γ
|α1

0 − α2
0|,

max
(t,x)∈Ω

|ϕ1
0 − ϕ2

0|, max
(t,x)∈Γ

|ξ1
0 − ξ2

0 |,

max
(t,x)∈Q

|fa
1
− f b

1
|, max

(t,x)∈Q
|fa

2
− f b

2
|,

max
(t,x)∈Σ

|wa
1
− wb

1
|, max

(t,x)∈Σ
|wa

2
− wb

2
|
}
,

(20)

where the positive constants C1 > 0, C > 0, are independent of
{
u1, α1, ϕ1, ξ1, fa

1
,

wa
1
, u1

0, α
1
0, ϕ

1
0, ξ

1
0

}
and

{
u2, α2, ϕ2, ξ2, fa

2
, wa

2
, u2

0, α
2
0, ϕ

2
0, ξ

2
0

}
. In particular, the

uniqueness of solution to problem (14)-(15) holds.

Basic tools in our approach are:

• the Leray-Schauder degree theory (see [17, p. 221] and references therein);

• Green’s first identity

−
∫
Ω

y div z dx =

∫
Ω

∇y · z dx−
∫
∂Ω

y
∂

∂n
z dγ,

−
∫
Ω

y∆ z dx =

∫
Ω

∇y · ∇z dx−
∫
∂Ω

y
∂

∂n
z dγ,

(21)
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for any scalar-valued function y and z - a continuously differentiable vector
field in n dimensional space;

• the Lions and Peetre embedding Theorem (see [17, p. 14]) to ensure the
existence of a continuous embedding W 1,2

p (Q) ⊂ Lµ1 (Q), where the real µ
1

is
given by (see (4)):

µ1 =


any positive number ≥ 3p if

1

p
− 2

n+ 2
≤ 0,

p (n+ 2)

n+ 2− 2p
if

1

p
− 2

n+ 2
> 0,

(22)

and, for m ∈ {1, 2, · · · } and 1 ≤ p ≤ ∞, Wm,2m
p (Q) denotes the Sobolev space

on Q:

Wm,2m
p (Q)=

{
y ∈ Lp(Q) :

∂r

∂tr
∂q

∂xq
y ∈ Lp(Q), for 2r + q ≤ 2m

}
, (23)

i.e., the spaces of functions whose t-derivatives and x-derivatives up to the
order m and 2m, respectively, belong to Lp(Q) (see [17, p. 13-14]).

• Also, we shall use the set C1,2(Q̄) (C1,2(Q)) of all continuous functions in
Q̄ (in Q) having continuous derivatives ut, ux, uxx in Q̄ (in Q), as well as

the Sobolev spaces W `
p(Ω), W

`,`/2
p (Σ) with non integral ` for the initial and

boundary conditions, respectively (see [17, p. 14]).

• As far as the techniques used in the paper are concerned, it should be noted
that we derive the a priori estimates in Lp(Q) and Lp(Σ).

In the following we will denote by C several positive constants, being understood
that the extra dependencies will be set out on occurrence.

3. Well-posedness of solutions to the nonlinear second-order reaction-
diffusion equation (15) in the class W 1,2

p (Q) ×W 1,2
p (Σ). We consider the fol-

lowing nonlinear second-order reaction-diffusion problem:

∂

∂t
Φ(t, x)− ∂

∂Φxj

(
Ψ(t, x,Φ,Φx)Φxi

)
Φxjxi

= A2(t, x,Φ,Φxi) + p
1

[
Φ(t, x)−Φ3(t, x)

]
+ f̂

2
(t, x) in Q,

Φ(t, x) = ξ(t, x) on Σ

∂

∂n
Φ +

∂

∂t
ξ −∆Γξ + c0ξ + g2(ξ) = w2(t, x) on Σ

Φ(0, x) = ϕ0(x) on Ω

ξ(0, x) = ξ0(x) x ∈ Γ,

(24)

where A2(t, x,Φ,Φxi) =
∂

∂Φ

[
Ψ(t, x,Φ,Φx)Φxi

]
Φxi +

∂

∂xi

[
Ψ(t, x,Φ,Φx)Φxi

]
, f̂

2
∈

Lp(Q), ϕ0 ∈W
2− 2

q
∞ (Ω) and ϕ0 = ξ0 on Γ .

The equation (24) was introduced by Allen-Cahn (see [17] and reference therein)
to describe the motion of anti-phase boundaries in crystalline solids. Recently, the
Allen-Cahn equation has been widely applied to many complex moving interface
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problems, like: the mixture of two incompressible fluids, the nucleation of solids,
vesicle membranes, etc (see Calatroni and Colli [5], Vaz and Boldrini [29] and ref-
erences therein). For additional details relative to a extensive class of problems of
type (24) (transport phenomena, reaction-diffusion equation, for instance), as well
as different types for the nonlinear term F (Φ) and boundary conditions, we direct
the reader to the books by Miranville and Moroşanu [17], Moroşanu [19].

Definition 3.1. Any solution
(
Φ, ξ

)
of the nonlinear second-order boundary value

problem (24) is called the classical solution if it is continuous in Q, have con-
tinuous derivatives Φt, Φx, Φxx in Q and ξt, ξx, ξxx on Σ, satisfy the equation (24)1

at all points (t, x) ∈ Q as well as the conditions (24)2−3 and (24)4−5 for (t, x) ∈ Σ
and for t = 0, respectively.

The main result of this section establishes the solvability of the problem (24),
characterized by

• the presence of some new physical parameters (p
1
, c

0
,Ψ(t, x,Φ,Φx));

• the principal part in divergence form;
• considering the cubic nonlinearity Φ−Φ3 (a classical regular potential), satis-

fying the condition H0 in [24]:

H0 :
[
Φ(t, x)−Φ3(t, x)

]
|Φ(t, x)|3p−4Φ(t, x) ≤ 1 + |Φ(t, x)|3p−1 − |Φ(t, x)|3p;

• the nonlinear in-homogeneous dynamic boundary conditions.

Precisely, in Theorem 3.2 below we prove the existence, a priori estimates and
regularity for the solution of problem (24) in the class W 1,2

p (Q)×W 1,2
p (Σ) (see (23)

for m = 1).

Theorem 3.2. For any classic solution
(
Φ(t, x), ξ(t, x)

)
∈ C1,2(Q) × C1,2(Σ) of

(24), suppose there are N,N0 , N1 , N2 ∈ (0,∞) such that the hypotheses J1 - J3 are

satisfied.

Then, ∀f̂
2
∈ Lp(Q), ϕ0(x) ∈W 2− 2

q
∞ (Ω), ξ0(x) ∈W 2− 2

p
∞ (Γ), w

2
∈W 1− 1

2p ,2−
1
p

p (Σ),

q 6= 3
2 , there exists a solution Φ ∈W 1,2

p (Q), ξ ∈W 1,2
p (Σ) to (24) and satisfies

‖Φ‖W 1,2
p (Q) + ‖ξ‖W 1,2

p (Σ) ≤ C

[
1 + ‖ϕ0‖

3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+‖f̂2‖Lp(Q) + ‖w2‖
W

1− 1
2p
,2− 1

p
p (Σ)

]
,

(25)

where the constant C > 0 depends on physical parameters but is independent of ϕ,

ξ, f̂
2

and w
2
.

In the particular case of the linear reaction term, the results like those established
by Theorem 3.2 has been proved in Choban and Moroşanu [9].

Proof. In order to prove the Theorem 3.2, we use the Leray-Schauder principle (see
[17, p. 221] and references therein). In this respect, let p′ chosen as follows

µ
1
≥ p′ =


any positive number ≥ pr′ if

1

p
− 2

n+ 2
≤ 0,

any number in

[
pr′,

p(n+ 2)

n+ 2− 2p

]
if

1

p
− 2

n+ 2
> 0.

(26)
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Notice that (26) makes sense due to (5).
Consider the Banach space

BH = W 0,1
p (Q) ∩ L3p(Q)× Lp

′
(Σ),

endowed with the norm ‖ · ‖BH , expresed by

‖(v, v̄)‖BH = ‖v‖Lp(Q) + ‖vx‖Lp(Q) + ‖v̄‖Lp′ (Σ),

and a nonlinear operator H : BH × [0, 1]→ BH defined by

(Φ, ξ) =
(

Φ(v, v̄, λ), ξ(v, v̄, λ)
)

= H(v, v̄, λ) ∀(v, v̄) ∈ BH , ∀λ ∈ [0, 1], (27)

where
(
Φ(v, v̄, λ), ξ(v, v̄, λ)

)
is the unique solution to the following linear second-

order boundary value problem

∂

∂t
Φ(t, x)−

[
λ

∂

∂vxj
(Ψ(t, x, v, vx)vxi)−(1−λ)δji

]
Φxixj

=λ
[
A2(t, x, v, vxi)+p

1

[
v(t, x)− v3(t, x)

]
+f̂

2
(t, x)

]
in Q

Φ(t, x) = ξ(t, x) on Σ

Φ(0, x) = λϕ0(x) on Ω

∂

∂n
Φ +

∂

∂t
ξ −∆

Γ
ξ + c

0
ξ = λ

[
− g

2
(v̄) + w

2
(t, x)

]
on Σ

ξ(0, x) = λξ0(x) x ∈ Γ.

(28)

For beginning, we shall prove the following technical lemma

Lemma 3.3. We assume hypotheses J1 and J2 to be valid, ∀v ∈ W 1,2
p (Q) ⊂

W 0,1
p (Q) ∩ L3p(Q). Then

A2(t, x, v, vxi) + p
1
[v − v3] + f̂

2
(t, x) ∈ Lp(Q). (29)

Proof. Indeed, since v ∈W 1,2
p (Q) ⊂ Lµ1(Q) ⊂ L3p(Q) (see (22)), then ‖v‖L3p(Q) ≤

Konst and thus

‖v3‖Lp(Q) =

(∫
Q

|v3|pdxdt

) 1
p

=

(∫
Q

|v|3pdxdt

) 1
3p

3p 1
p

= ‖v‖3L3p(Q) ≤ (Konst)3,

i.e., the nonlinear term in (29) belongs to Lp(Q), ∀v ∈W 1,2
p (Q) ⊂W 0,1

p (Q)∩L3p(Q)
(see also Miranville and Moroşanu [18]).

Next, we prove thatA2(t, x, v, vxi)) ∈ Lp(Q), ∀v ∈W 1,2
p (Q) ⊂W 0,1

p (Q)∩L3p(Q).

Making use of (9), we get (vxi = ∂
∂xi

v(t, x))

A2(t, x, v, vxi) = ∂
∂xi

[Ψ(t, x, v, vx)vxi ] + ∂
∂v [Ψ(t, x, v, vx)vxi ] vxi

= ∂
∂xi

[Ψ(t, x, v, vx)] vxi + Ψ(t, x, v, vx) ∂
∂xi

(
∂
∂xi

v(t, x)
)

+ ∂
∂v [Ψ(t, x, v, vx)vxi ] vxi

=
{

∂
∂xi

Ψ(t, x, v, vx) + ∂
∂ϕ [Ψ(t, x, v, vx)vxi ] +

∑n
j=1

∂
∂vxj

Ψ(t, x, v, vx)v2
xjxi

}
vxi

+Ψ(t, x, v, vx)v2
xixi + ∂

∂v [Ψ(t, x, v, vx)] (vxi)
2
.
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Denote

T1 = ∂
∂xi

[Ψ(t, x, v, vx)] vxi ,

T2 = ∂
∂v [Ψ(t, x, v, vx)] (vxi)

2
,

T3 = Ψ(t, x, v, vx)v2
xixi ,

Gj = vxi
∂

∂vxj
Ψ(t, x, v, vx)v2

xjxi , j = 1, 2, · · · , n.

According to the hypothesis, we have:

i. ∂
∂xi

Ψ(t, x, v, vx) is measurable bounded and vxi ∈ Lp(Q);

ii. ∂
∂vΨ(t, x, v, vx) is measurable bounded and (vxi)

2 ∈ Lp(Q);

iii. Ψ(t, x, v, vx) is measurable bounded (see (17)1) and v2
xixi is continuous;

iv. ∂
∂vxj

Ψ(t, x, v, vx) is measurable bounded, vxi and v2
xjxi are continuous.

Using classical measure theory, from i.-iv. it results that T1, T2, T3, Gj , j =
1, 2, · · · , n are in Lp(Q) and thus A2(t, x, v, vxi) ∈ Lp(Q).

Finally, we recall that f̂2(t, x) ∈ Lp(Q) and, owing to the above, we easy derive
that the statement expressed by (29) is true.

3.1. The proof of Theorem 3.2 (continued). Let us show that the nonlinear
operator H defined by (27) satisfies the following two properties P1 and P2, that
is:

P1. H is well-defined.

P2. H is continuous and compact.

P1. H is well-defined if the problem (28) has a unique solution. Making use of
Lemma 3.3, from the right-hand side of (28) it follows that ∀v ∈W 0,1

p (Q)∩L3p(Q),

then A2(t, x, v, vx) +p1

[
v−v3

]
+ f̂2(t, x) ∈ Lp(Q). On the other hand, according to

(6), we have that g
2
(t, x, v̄) ∈ L

p′
r′ (Σ) whenever v̄ ∈ Lp′(Σ). Moreover, (5) implies

g
2
(t, x, v̄) ∈ Lp(Σ). Applying Lemma 7.4 in Choban and Moroşanu [9, p. 114]

with

f3 = λ
[
A2(t, x, v, vxi)− p1

[
v(t, x)− v3(t, x)

]
+ f̂2(t, x)

]
∈ Lp(Q) and

g3 = λ [−g2(v̄) + w2(t, x)] ∈ Lp(Σ),

the solution (Φ, ξ) to problem (28) exists and is unique. Furthermore, ∀(v, v̄) ∈ BH ,
∀ λ ∈ [0, 1],

(Φ, ξ) =
(

Φ(v, v̄, λ), ξ(v, v̄, λ)
)
∈W 1,2

p (Q)×W 1,2
p (Σ). (30)

Since µ
1

=
p (n+ 2)

n+ 2− 2p
≥ p if

1

p
− 2

n+ 2
> 0 (see (22)), we can take µ

1
> p in all

cases required by (22) and (26). Consequently, we have the continuous embeddings
(see [17, p. 14]) 

W 1,2
p (Q) ⊂W 0,1

p (Q) ∩ L3p(Q) ⊂ Lp(Q)

W 1,2
p (Σ) ⊂ Lp′(Σ) ⊂ Lp(Σ),

(31)
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which means that H(v, v̄, λ) = (Φ, ξ) ∈ BH for all (v, v̄) ∈ BH and ∀ λ ∈ [0, 1].

P2. Let us now show that H is continuous and compact. In this respect, we
consider vn → v in W 0,1

p (Q)∩L3p(Q), v̄n → v̄ in Lp
′
(Σ) and λn → λ in [0, 1]. Using

the notation

(Φn,λn , ξn,λn) = H(vn, v̄n, λn), (Φn,λ, ξn,λ) = H(vn, v̄n, λ), (Φλ, ξλ) = H(v, v̄, λ),

and considering the difference H(vn, v̄n, λn)−H(vn, v̄n, λ), we obtain from (27) and
(28)



∂

∂t
(Φn,λn − Φn,λ)

−
[
λ

∂

∂vnxj
(Ψ(t, x, vn, vnx )vnxi) + (1− λ)δji

]
(Φn,λnxixj − Φn,λxixj )

= (λn−λ)

{[ ∂

∂vnxj

(
Ψ(t, x, vn, vnx )vnxi

)
−δji

]
Φn,λnxixj

+A2(t, x, vn, vnxi) + p
1

[
vn − (vn)3

]
+ f̂

2
(t, x)

}
in Q

(Φn,λn − Φn,λ)(t, x) = (ξn,λn − ξn,λ)(t, x) on Σ

(Φn,λn − Φn,λ)(0, x) = (λn − λ)ϕ0(x) in Ω

∂

∂n
(Φn,λn − Φn,λ) +

∂

∂t
(ξn,λn − ξn,λ)−∆

Γ
(ξn,λn − ξn,λ)

+c
0
(ξn,λn − ξn,λ) = (λn − λ)[−g2(v̄n) + w

2
(t, x)] on Σ

(ξn,λn − ξn,λ)(0, x) = (λn − λ)ξ0(x) in Γ.

(32)

Knowing that Φn,λn ∈W 1,2
p (Q) and combining Lemma 3.3 with relation (12)2, we

may conclude that the right-hand side in (32)1 belongs to Lp(Q). The embeddings

W
2− 2

p
∞ (Ω) ⊂ W

2− 2
p

p (Ω) and W
2− 2

p
∞ (Σ) ⊂ W

2− 2
p

p (Σ) allow us to apply Lemma 7.4
in Choban and Moroşanu [9, p. 114] with:

f3 = (λn−λ)

{[
∂

∂vnxj

(
Ψ(t, x, vn, vnx )vnxi

)
−δji

]
Φn,λnxixj

+
[
A2(t, x, vn, vnxi) + p

1

[
vn − (vn)3

]
+ f̂

2
(t, x)

]}
∈ Lp(Q),

g3 = (λn − λ) [−g2(v̄n) + w2(t, x)] ∈ Lp(Σ),
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and so we get

‖Φn,λn − Φn,λ‖W 1,2
p (Q) + ‖ξn,λn − ξn,λ‖W 1,2

p (Σ)

≤ C|λn−λ|

{∥∥∥∥[ ∂

∂vnxj

(
Ψ(t, x, vn, vnx )vnxi

)
−δji

]
Φn,λnxixj

∥∥∥∥
Lp(Q)

+‖ϕ0‖
W

2− 2
p

∞ (Ω)
+ ‖ξ0‖

W
2− 2

p
∞ (Γ)

+‖A2(t, x, vn, vnxi)‖Lp(Q) + p
1
‖vn − (vn)3‖Lp(Ω)

+‖f̂
2
‖Lp(Q) + ‖g2(v̄n)‖Lp(Σ) + ‖w

2
‖Lp(Σ)

}
,

for a positive constant C.
Owing to Lemma 3.3, we can conclude that (vn)3 is bounded in Lp(Q), ∀vn ∈

W 0,1
p (Q) ∩ L3p(Q). Moreover, making use of inequality (17)2 and knowing that

Φn,λnxixj ∈ L
p(Q), we derive the boundedness in Lp(Q) of

A2(t, x, vn, vnxi) and

[
∂

∂vnxj

(
Ψ(t, x, vn, vnx )vnxi

)
− δji

]
Φn,λnxixj .

Since W
2− 2

p
∞ (Ω) ⊂ Lp(Ω), it results that the remaining terms on the right-hand

side from the above inequality are also bounded in Lp(Q). Also, the sequence v̄n is

bounded in Lp
′
(Σ), so that by (5) and (6) we derive the boundedness of g2(t, x, v̄n)

in Lp(Σ). Therefore, since λn → λ, we obtain from the previous inequality

‖Φn,λn − Φn,λ‖W 1,2
p (Q) + ‖ξn,λn − ξn,λ‖W 1,2

p (Σ) → 0 for n→∞. (33)

In order to evaluate the difference H(vn, v̄n, λ) − H(v, v̄, λ), we will use again
(27) and (28), so that

∂

∂t
(Φn,λ − Φλ)

−
[
λ

∂

∂vnxj
(Ψ(t, x, vn, vnx )vnxi) + (1− λ)δji

]
(Φn,λxixj − Φλxixj )

= λ

{[
∂

∂vnxj

(
Ψ(t, x, vn, vnx )vnxi

)
− ∂

∂vxj

(
Ψ(t, x, v, vx)vxi

)]
Φλxixj

+
[
A2(t, x, vn, vnxi)−A2(t, x, v, vxi)

]
+p

1

[
(vn−v)−

(
(vn)3−v3

)]}
in Q,

(34)

subject to the dynamic boundary conditions

(Φn,λ − Φλ)(t, x) = (ξn,λ − ξλ)(t, x),

∂

∂n
(Φn,λ − Φλ) +

∂

∂t
(ξn,λ − ξλ)−∆Γ(ξn,λ − ξλ)

+c0(ξn,λ − ξλ) = λ
[
− g2(v̄n) + g2(v̄)

]
on Σ
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and the initial conditions
(Φn,λ − Φλ)(0, x) = 0 in Ω

(ξn,λ − ξλ)(0, x) = 0 in Γ.

Appling Lemma 7.4 in Choban and Moroşanu [9, p. 114] to the linear
in-homogeneous problem (34) with

f3 = λ

{[
∂

∂vnxj

(
Ψ(t, x, vn, vnx )vnxi

)
− ∂
∂vxj

(
Ψ(t, x, v, vx)vxi

)]
Φλxixj

+A2(t, x, vn, vnxi)−A2(t, x, v, vxi) + p1

[
(vn − v)−

(
(vn)3 − v3

)]}
∈ Lp(Q),

g3 = λ [−g2(v̄n) + g2(v̄)] ∈ Lp(Σ)

and ϕ0 = ξ0 = 0, λ ∈ [0, 1], we obtain

‖Φn,λ − Φλ‖W 1,2
p (Q) + ‖ξn,λ − ξλ‖W 1,2

p (Σ)

≤ C

{∥∥∥∥[ ∂

∂vnxj

(
Ψ(t, x, vn, vnx )vnxi

)
− ∂

∂vxj

(
Ψ(t, x, v, vx)vxi

)]
Φλxixj

∥∥∥∥
Lp(Q)

+‖A2(t, x, vn, vnxi)−A2(t, x, v, vxi)‖Lp(Q)

+p
1
‖(vn − v)−

(
(vn)3 − v3

)
‖Lp(Ω) + ‖g2(v̄n)− g2(v̄)‖Lp(Σ)

}
,

for a positive constant C. Then, the convergences: vn → v in W 0,1
p (Q) ∩ L3p(Q),

v̄n → v̄ in Lp
′
(Σ), the continuity of the Nemytskij operator (see Moroşanu and

Motreanu [24] and references therein) and the boundedness of the terms in right-
hand side of above inequality helps us to conclude that

‖Φn,λ − Φλ‖W 1,2
p (Q) + ‖ξn,λ − ξλ‖W 1,2

p (Σ) → 0 for n→∞. (35)

Making use of the relations (33) and (35), we derive the continuity of the nonli-
near operator H defined by (27). Moreover, the mapping H is compact, what can
easily be seen by writting it as the composition

BH × [0, 1]→W 1,2
p (Q)×W 1,2

p (Σ) ↪→ BH = W 0,1
p (Q) ∩ L3p(Q)× Lp

′
(Σ),

where the second map is an compact inclusion due to Lions-Peeter embedding the-
orem (see Miranville and Moroşanu [17, p. 14] and references therein).

3.2. The regularity of the solution
(
Φ(t, x), ξ(t, x)

)
. Now we establish the ex-

istence of a number δ > 0 such that (see (27))

(Φ, ξ, λ) ∈ BH × [0, 1] with (Φ, ξ) = H(Φ, ξ, λ) =⇒ ‖(Φ, ξ)‖BH < δ. (36)
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The equality (Φ, ξ) = H(Φ, ξ, λ) in (36) is equivalent to (see (24) and (28))

∂

∂t
Φ− λdiv

(
Ψ(t, x,Φ,Φx)∇Φ

)
− (1− λ)∆Φ

= λ
[
p1

[
Φ(t, x)− Φ3(t, x)

]
+ f̂2(t, x)

]
in Q

Φ(t, x) = ξ(t, x) on Σ

Φ(0, x) = λϕ0(x) on Ω

∂

∂n
Φ +

∂

∂t
ξ −∆

Γ
ξ + c

0
ξ = λ

[
− g2(ξ) + w

2
(t, x)

]
on Σ

ξ(0, x) = λξ0(x) x ∈ Γ.

(37)

Multiplying (37)1 by |Φ(τ, x)|3p−4Φ(τ, x), integrating over Qt := (0, t) × Ω, t ∈
(0, T ], we get∫

Qt

∂

∂t
|Φ(τ, x)|3p−2 dτdx− λ

∫
Qt

div
(

Ψ(τ, x,Φ,Φx)∇Φ
)
|Φ|3p−4Φ dτdx

−(1− λ)

∫
Qt

∆Φ |Φ|3p−4Φ dτdx

= λp1

∫
Qt

[
Φ(τ, x)− Φ3(τ, x)

]
|Φ(τ, x)|3p−4Φ(τ, x) dτdx

+λ

∫
Qt

f̂
2
(τ, x)|Φ(τ, x)|3p−4Φ(τ, x) dτdx.

(38)

In order to process the terms∫
Qt

div
(
Ψ(τ, x,Φ,Φx)∇Φ

)
|Φ|3p−4Φ dτdx and

∫
Qt

∆Φ |Φ|3p−4Φ dτdx,

we use Green’s first identity and so we obtain

−λ
∫
Qt

div
(

Ψ(τ, x,Φ,Φx)∇Φ
)
|Φ|3p−4Φ dτdx

= λ

∫
Qt

Ψ(τ, x,Φ,Φx)∇Φ · ∇
(
|Φ|3p−4Φ

)
dτdx+λ

∫
Σt

|Φ|3p−4Φ
(
− ∂

∂n
Φ
)
dτdγ,

(39)

−(1− λ)

∫
Qt

∆Φ |Φ|3p−4Φ dτdx

= (1−λ)(p−1)
∫
Qt

|∇Φ|2|Φ|3p−4dτdx+ (1−λ)

∫
Σt

|Φ|3p−4Φ
(
− ∂

∂n
Φ
)
dτdγ,

(40)

where Σt = (0, t)× ∂Ω, t ∈ (0, T ] and
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− ∂

∂n
Φ =

∂

∂t
ξ −∆

Γ
ξ + c

0
ξ + λg

2
(ξ)− λw

2
(t, x)

(see (37)4).
Combining the above equality with the boundary condition (37)2 and, making

use of the hypothesis I2, g3, as well as the relations (39), (40), then (38) leads us
to the following inequality

1

3p− 2

∫
Ω

|Φ(t, x)|3p−2 dx

+λ
1

3p− 2

∫
Γ

|ξ(t, x)|3p−2 dγ + (1− λ)
1

3p− 2

∫
Γ

|ξ(t, x)|3p−2 dγ

+λ

∫
Qt

Ψ(τ, x,Φ,Φx)∇ϕ · ∇
(
|Φ|3p−4Φ

)
dτdx

+(1− λ)3(p− 1)

∫
Qt

|∇Φ|2|Φ|3p−4 dτdx

+λc0

∫
Σt

|ξ|3p−2 dτdγ + (1− λ)c0

∫
Σt

|ξ|3p−2 dτdγ

+λ

∫
Σt

∇Γ

(
|ξ|3p−3

)
· ∇Γξ dτdγ

+(1− λ)

∫
Σt

∇
Γ

(
|ξ|3p−3

)
· ∇

Γ
ξ dτdγ + λb

5

∫
Σt

|ξ|3p−2 dτdγ

≤ λ 1

3p− 2

∫
Ω

|ϕ0(x)|3p−2 dx+ λ
1

3p− 2

∫
Γ

|ξ0(x)|3p−2dγ

+(1− λ)
1

3p− 2

∫
Γ

|ξ0(x)|3p−2dγ + λp
1

∫
Qt

[
Φ− Φ3

]
|Φ|3p−4Φ dτdx

+λ

∫
Qt

f̂2 |Φ|3p−4Φ dτdx+ λ

∫
Σt

w2 |Φ|3p−4Φ dτdγ

(41)

for all t ∈ (0, T ]. The Hölder and Cauchy inequalities, applied to the last terms in
(41), give us

i1)

∫
Qt

f̂
2
|Φ|3p−4Φ dτdx ≤ p− 1

p
ε

p
p−1

∫
Qt

|Φ|3p dτdx+ λ
1

p
ε−p‖f̂

2
‖pLp(Q),

i2) λ

∫
Σt

w2 |Φ|3p−4Φ dτdγ ≤ p− 1

p
ε

p
p−1

∫
Σt

|Φ|3p dτdγ + λ
1

p
ε−p

∫
Σt

|w
2
|p dτdγ.
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By H0 in [24, p. 189], relation (4) and Young’s inequality, we obtain

λp
1

∫
Qt

[
Φ(τ, x)− Φ3(τ, x)

]
|Φ(τ, x)|3p−4Φ(τ, x) dτdx

≤ λp1 |Ω|T + λp1 |Ω|T
1

3p
ε−3p

+
3p− 1

3p
ε

3p
3p−1

∫
Qt

|Φ(τ, x)|3p dτdx− λp
1

∫
Qt

|Φ(τ, x)|3p dτdx.

Owing to the last three inequalities, from (41) we derive the following estimate

1

3p− 2

∫
Ω

|Φ(t, x)|3p−2 dx+

∫
Γ

|ξ(t, x)|3p−2 dγ


+λ

∫
Qt

Ψ(τ, x,Φ,Φx)∇ϕ · ∇
(
|Φ|3p−4Φ

)
dτdx

+3(1− λ)(p− 1)

∫
Qt

|∇Φ|2|Φ|3p−4 dτdx

+λp
1

∫
Qt

|Φ(τ, x)|3p dτdx

+
[
c0 + λb5

] ∫
Σt

|ξ|3p−2 dτdγ +

∫
Σt

∇Γ

(
|ξ|3p−3

)
· ∇Γξ dτdγ

≤ 1

3p− 2

∫
Ω

|Φ0(x)|3p−2 dx+

∫
Γ

|ξ0(x)|3p−2dγ


+

[
3p− 1

3p
ε

3p
3p−1 + 2

p− 1

p
ε

p
p−1

] ∫
Qt

|Φ(τ, x)|3p dτdx

+λp
1
|Ω|T

[
1 +

1

3p
ε−3p

]
+

1

p
ε−p‖f̂

2
‖pLp(Q) +

1

p
ε−p‖w

2
‖3p−2
L3p−2(Σt)

(42)

for all t ∈ (0, T ].
Taking ε small enough, inequality (42) yields

λ‖|Φ|3‖pLp(Q)

≤ C1

(
1 + ‖ϕ0‖3p−2

L3p−2(Ω) + ‖ξ0‖3p−2
L3p−2(Γ) + ‖f̂

2
‖pLp(Q) + ‖w

2
‖3p−2
L3p−2(Σt)

)
,

(43)

for a positive constant C1 = C(|Ω|, T, n, p, p1).
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Further on, due to (43) and making use of the embedding L3p−2(Σ) ⊂ Lp(Σ)
(see (4)), we deduce from (42) that

‖ξ‖pLp(Σ) ≤ C2‖ξ‖3p−2
L3p−2(Σ)

≤ C2

(
1 + ‖ϕ0‖3p−2

L3p−2(Ω) + ‖ξ0‖3p−2
L3p−2(Γ) + ‖f̂2‖

p
Lp(Q) + ‖w2‖

3p−2
L3p−2(Σt)

)
,

(44)

where C2 = C(|Ω|, |Γ|, T, n, p, p
1
, c

0
, b

5
) > 0 denotes a new positive constant.

Moreover, using (43) and Lemma 1.1 in Moroşanu and Motreanu [24], we get

‖Φ− Φ3‖Lp(Q)

≤ C1

(
1 + ‖ϕ0‖

3p−2
p

L3p−2(Ω) + ‖ξ0‖
3p−2
p

L3p−2(Γ) + ‖f̂
2
‖Lp(Q) + ‖w

2
‖

3p−2
p

L3p−2(Σ)

)
.

(45)

Appling Lemma 7.4 in Choban and Moroşanu [9, p. 114] to the linear in-
homogeneous problem (37) with K(t, x, vx) = 1,

f3 = λ
{
p

1

[
Φ− Φ3

]
+ f̂

2
(t, x)

}
∈ Lp(Q),

g3 = λ [−g2(ξ) + w2(t, x)] ∈ Lp(Σ),

in conjunction with the embeddings W
2− 2

p
∞ (Ω) ⊂W 2− 2

p
p (Ω), W

2− 2
p

∞ (Γ) ⊂W 2− 2
p

p (Γ),
we obtain

‖Φ‖W 1,2
p (Q) + ‖ξ‖W 1,2

p (Σ)

≤ C3

{
‖ϕ0‖

W
2− 2

p
∞ (Ω)

+ ‖ξ0‖
W

2− 2
p

∞ (Γ)
+ λp

1
‖Φ− Φ3‖Lp(Ω)

+‖f̂
2
‖Lp(Q) + λ‖g

2
(ξ)‖Lp(Σ) + ‖w

2
‖Lp(Σ)

}
,

(46)

for a constant C3 = C(|Ω|, |Γ|, T, n, p, p
1
) > 0.

Using now (6) (k = 2) and (45), then (46) becomes

‖Φ‖W 1,2
p (Q) + ‖ξ‖W 1,2

p (Σ)

≤ C4

{
1 + ‖ϕ0‖

W
2− 2

p
∞ (Ω)

+ ‖ξ0‖
W

2− 2
p

∞ (Γ)
+ ‖ϕ0‖

3p−2
p

L3p−2(Ω) + ‖ξ0‖
3p−2
p

L3p−2(Γ)

+‖f̂
2
‖Lp(Q) + ‖ξ‖Lp′ (Σ) + ‖w

2
‖Lp(Σ)

}
,

(47)

for a constant C4 = C(|Ω|, |Γ|, T, n, p, p
1
, b

6
) > 0.

Owing to the embeddings (see and (31)2)

W 1,2
p (Σ) ⊂ Lp

′
(Σ) ⊂ Lp(Σ),

a standard interpolation inequality (see [17, p. 14, (1.31)]) yields that ∀ε > 0,
∃C(ε) > 0 such that

‖ξ‖Lp′ (Σ) ≤ ε‖ξ‖W 1,2
p (Σ) + C(ε)‖ξ‖Lp(Σ),
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and thus from (47), we get

‖Φ‖W 1,2
p (Q) + (1− εC4)‖ξ‖W 1,2

p (Σ)

≤ C5

{
1 + ‖ϕ0‖

W
2− 2

p
∞ (Ω)

+ ‖ξ0‖
W

2− 2
p

∞ (Γ)
+ ‖ϕ0‖

3p−2
p

L3p−2(Ω) + ‖ξ0‖
3p−2
p

L3p−2(Γ)

+‖f̂
2
‖Lp(Q) + ‖ξ‖Lp(Σ) + ‖w

2
‖
W

1− 1
2p
,2− 1

p
p (Σ)

}
,

(48)

for a new constant C5 = C(ε)C4 > 0. We specify that, in writing (48), we have

used the embedding W
1− 1

2p ,2−
1
p

p (Σ) ⊂ Lp(Σ).
The continuous embedding in (31) ensures that

‖Φ‖Lp(Q) + ‖ξ‖Lp(Σ) ≤ C
(
‖Φ‖W 1,2

p (Q) + ‖ξ‖W 1,2
p (Σ)

)
wherefrom, for ε > 0 with 1 − εC4 > 0, and thanks to (44) and (48), we may
conclude that a constant δ > 0 can be found such that the property expressed in
(36) is true.

Denoting BHδ :=
{

(Φ, ξ) ∈ BH : ‖(Φ, ξ)‖BH < δ
}
, relation (27) implies that

(Φ, ξ, λ) 6= (Φ, ξ) ∀(Φ, ξ) ∈ ∂BHδ , ∀λ ∈ [0, 1],

provided that δ > 0 is sufficiently large. Furthermore, following the same reasoning
as in [6], we conclude that problem (15) has a solution (Φ, ξ) ∈W 1,2

p (Q)×W 1,2
p (Σ)

(for more details, see [20, p. 195]). Estimate (25) follows from (48) combined with
(44). This completes the proof of the Theorem 3.2.

Remark 3. The nonlinear operator H in (27) depends on λ ∈ [0, 1] and its fixed
point for λ = 1 are solutions of problem (28).

4. The validity of the nonlinear second-order reaction-diffusion problem
(14)-(15) in the class W 1,2

p (Q)×W 1,2
p (Σ), W 1,2

ν (Q)×W 1,2
p (Σ).

Proof. In this section we will apply the Leray-Schauder principle in order to prove
the first part of the result about problems (14)-(15) established by Theorem 2.2.
On this line, taking positive integers p, p′ as in (4) and (26), we consider the Banach
space

BS = W 0,1
p (Q)× Lp

′
(Σ),

endowed with the norm ‖ · ‖BS , expresed by

‖(y, ȳ)‖BS = ‖y‖Lp(Q) + ‖yx‖Lp(Q) + ‖ȳ‖Lp′ (Σ),

and a nonlinear operator S : BS × [0, 1]→ BS defined by

(u, α) = S(y, ȳ, λ) =
(
u(y, ȳ, λ), α(y, ȳ, λ)

)
, ∀(y, ȳ) ∈ BS , ∀λ ∈ [0, 1], (49)
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where (u, α) is the unique solution to the following linear boundary value problem
(see (14))

∂

∂t
u(t, x)−

[
λ

∂

∂yxj
(K(t, x, y, yx)yxi)− (1− λ)δji

]
uxixj

= λ
[
A1(t, x, y, yxi)−

`

2

∂

∂t
Φ(t, x) + f

1
(t, x)

]
in Q

u(t, x) = α(t, x) on Σ

∂

∂n
u+

∂

∂t
α−∆Γα+ hα = λ

[
− g1(ȳ) + w1(t, x)

]
on Σ

u(0, x) = λu0(x) on Ω

α(0, x) = λα0(x) x ∈ Γ,

(50)

and Φ represents the unique solution to the nonlinear parabolic boundary value

problem (24) corresponding to f̂
2
(t, x) = p

2
y(t, x) + f

2
(t, x), i.e.

∂

∂t
Φ(t, x)− ∂

∂Φxj

(
Ψ(t, x,Φ,Φx)Φxi

)
Φxjxi

= A2(t, x,Φ,Φxi) + p1

[
Φ− Φ3

]
+ p2y(t, x) + f2(t, x) in Q,

Φ(t, x) = ξ(t, x) on Σ

∂

∂n
Φ +

∂

∂t
ξ −∆

Γ
ξ + c

0
ξ + g

2
(ξ) = w

2
(t, x) on Σ

Φ(0, x) = ϕ0(x) on Ω

ξ(0, x) = ξ0(x) x ∈ Γ.

(51)

Let us recall that

f
1
(t, x) ∈ Lp(Q), f

2
(t, x) ∈ Lq(Q) and w

1
(t, x), w

2
(t, x) ∈W 1− 1

2p ,2−
1
p

p (Σ)

are given functions, while p and q satisfy the relation (4).

4.1. The properties of the homotopy S in (49). S is well-defined. Making
use of (49), i.e. y ∈W 0,1

p (Q) ⊂ Lp(Q), and owing to the embedding Lq(Q) ⊂ Lp(Q)
(see (4)), we have that p

2
y + f

2
∈ Lp(Q). Applying Theorem 3.2 to the nonlinear

parabolic problem (51), we deduce that there exists a unique solution (Φ, ξ) ∈

W 1,2
p (Q)×W 1,2

p (Σ), which entitles us to conclude that − `
2

∂

∂t
Φ + f1(t, x) ∈ Lp(Q).

Now, using the assumptions I1, I2 and (8) (see Lemma 3.3), from the right-hand
side of (50) it follows that ∀y ∈W 0,1

p (Q), then

λ

[
A

1
(t, x, y, yxi)−

`

2

∂

∂t
Φ(t, x) + f

1
(t, x)

]
∈ Lp(Q).

Next, according to (6) (k = 1) we have that g
1
(ȳ) ∈ L

p′
r′ (Σ) whenever ȳ ∈ Lp′(Σ),

i.e. g
1
(ȳ) ∈ Lp(Σ) (see (5)). Hence λ

[
−g

1
(ȳ) + w

1
(t, x)

]
∈ Lp(Σ), ∀ȳ ∈ Lp

′
(Σ)

(we have used the embedding W
1− 1

2p ,2−
1
p

p (Σ) ⊂ Lp(Σ)). Applying Theorem 2.1
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in Choban and Moroşanu [9, p. 98], we can conclude that the solution (u, α) to
the second-order boundary value problem (50) exists and is unique. Furthermore,

∀(y, ȳ) ∈W 0,1
p (Q)× Lp′(Σ) and ∀ λ ∈ [0, 1],

(u, α) =
(
u(y, ȳ, λ), α(y, ȳ, λ)

)
= S(y, ȳ, λ) ∈W 1,2

p (Q)×W 1,2
p (Σ). (52)

Owing to the continuous inclusions (see [17, p. 14])

W 1,2
p (Q) ⊂W 0,1

p (Q) ⊂ Lp(Q) (53)

and making use of (31)2, we derive that S(y, ȳ, λ) = (u, α) ∈ W 0,1
p (Q) × Lp′(Σ)

for all (y, ȳ) ∈ W 0,1
p (Q)× Lp′(Σ) and ∀ λ ∈ [0, 1], which express that the mapping

introduced in (49) is well defined.

The following lemmas highlight continuity and compactness properties of the
nonlinear operator Φ in (49).

Lemma 4.1. The mapping S in (49) has the following properties:

i. S(·, λ) : BS → BS is compact for every λ ∈ [0, 1], i.e., it is continuous and maps

bounded sets into relatively compact sets;
ii. for every ε > 0 and every bounded set A ⊂W 0,1

p (Q), Ā ⊂ Lp′(Σ), there exists

δ > 0 such that

‖S(y, ȳ, λn)− S(y, ȳ, λ)‖BS < ε

whenever y ∈ A, ȳ ∈ Ā and |λn − λ| < δ.

Proof. i. Let us check the continuity of S(·, λ), ∀λ ∈ [0, 1], at the point (y, ȳ) ∈ BS .

Let yn → y in W 0,1
p (Q), ȳn → ȳ in Lp

′
(Σ) and we set (un,λ, αn,λ) = S(yn, ȳn, λ),

(uλ, αλ) = S(y, ȳ, λ), for any (yn, ȳn), (y, ȳ) ∈ BS . Relation (49) and problem (50)
enables us to write the difference S(yn, ȳn, λ)− S(y, ȳ, λ) as follows

∂

∂t
(un,λ − uλ)

−
[
λ

∂

∂ynxj
(K(t, x, yn, ynx )ynxi) + (1− λ)δji

]
(un,λxixj−u

λ
xixj )

= λ

{[ ∂

∂ynxj

(
K(t, x, yn, ynx )ynxi

)
− ∂

∂yxj

(
K(t, x, y, yx)yxi

)]
uλxixj

+A
1
(t, x, yn, ynxi)−A1

(t, x, y, yxi)−
`

2

∂

∂t
(Φn−Φ)

}
in Q,

(54)

subject to the dynamic boundary conditions

(un,λ − uλ)(t, x) = (αn,λ − αλ)(t, x),

∂

∂n
(un,λ−uλ)+

∂

∂t
(αn,λ−αλ)−∆

Γ
(αn,λ−αλ)+h(αn,λ−αλ)

= λ
[
− g

1
(ȳn) + g

1
(ȳ)
]

on Σ



170 VASILE BERINDE, ALAIN MIRANVILLE AND COSTICĂ MOROŞANU

and the initial conditions
(un,λ − uλ)(0, x) = 0 in Ω

(αn,λ − αλ)(0, x) = 0 in Γ.

The right-hand side in (54)1 belongs to Lp(Q), since uλxixj ∈ W 1,2
p (Q) ⊂ Lp(Q).

The embeddings W
2− 2

p
∞ (Ω) ⊂ W

2− 2
p

p (Ω) and W
2− 2

p
∞ (Σ) ⊂ W

2− 2
p

p (Σ) allow us to
apply Lemma 7.4 in Choban and Moroşanu [9, p. 114] with:

f3 = λ

{[
∂

∂ynxj

(
K(t, x, yn, ynx )ynxi

)
− ∂
∂yxj

(
K(t, x, y, yx)yxi

)]
uλxixj

+A1(t, x, yn, ynxi)−A1(t, x, y, yxi)− `
2
∂
∂t (Φn − Φ)

}
∈ Lp(Q),

g3 = λ [−g1(ȳn) + g
1
(ȳ)] ∈ Lp(Σ),

and so we get

‖un,λ − uλ‖W 1,2
p (Q) + ‖αn,λ − αλ‖W 1,2

p (Σ)

≤ C
{∥∥∥∥[ ∂

∂ynxj

(
K(t, x, yn, ynx )ynxi

)
− ∂

∂yxj

(
K(t, x, y, yx)yxi

)]
uλxixj

∥∥∥∥
Lp(Q)

+‖A1(t, x, yn, ynxi)−A1(t, x, y, yxi)‖Lp(Q) +
`

2

∥∥∥∥ ∂∂t (Φn − Φ)

∥∥∥∥
Lp(Q)

+‖g1(ȳn)− g1(ȳ)‖Lp(Σ)

}
,

(55)

for a positive constant C(|Ω|, |Γ|, T, n, p).
Applying now Theorem 3.2 to problem (51) with (Φn − Φ, ξn − ξ) in place of

(Φ, ξ) and ϕn0 − ϕ0 = 0, ξn0 − ξ0 = 0, wn2 − w2 = 0, f̂2(t, x) = p2

[
yn(t, x)− y(t, x)

]
,

we get (see (49))

‖Φn − Φ‖W 1,2
p (Q) + ‖ξn − ξ‖W 1,2

p (Σ) ≤ C1‖yn − y‖Lp(Q), (56)

for a constant C1 = C(|Ω|, T, `, p
2
) > 0. Combining relations (55) and (56) we

obtain the estimate

‖un,λ − uλ‖W 1,2
p (Q) + ‖αn,λ − αλ‖W 1,2

p (Σ)

≤ C
{∥∥∥∥[ ∂

∂ynxj

(
K(t, x, yn, ynx )ynxi

)
− ∂

∂yxj

(
K(t, x, y, yx)yxi

)]
uλxixj

∥∥∥∥
Lp(Q)

+‖A1(t, x, yn, ynxi)−A1(t, x, y, yxi)‖Lp(Q) + C1‖yn − y‖Lp(Q)

+‖g1(ȳn)− g1(ȳ)‖Lp(Σ)

}
,

(57)

Then, the convergence yn → y in W 0,1
p (Q), the continuity of A1(t, x, yn, ynxi) and

∂

∂ynxj

(
K(t, x, yn, ynx )ynxi

)
, as well as the continuity of the Nemytskii operator, com-

bined with the inequality (57), permit us to conclude that

‖un,λ − uλ‖W 1,2
p (Q) + ‖αn,λ − αλ‖W 1,2

p (Σ) → 0 for n→∞. (58)
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Making use of the continuous embedding W 1,2
p (Q) ⊂ W 0,1

p (Q) and relations

(56), (58), we derive the continuity of the map S(·, λ) at (y, ȳ) ∈ BS , for each
λ ∈ [0, 1]. Furthermore, Φ is compact. Indeed, since µ1 > p (see (22)), the inclusion
W 1,2
p (Q) ↪→ W 0,1

p (Q) is compact (see [17, p. 14]). Owing that S(·, λ) is expressed
as the composition (see (53))

BS = W 0,1
p (Q)× Lp

′
(Σ)→W 1,2

p (Q)×W 1,2
p (Σ) ↪→W 0,1

p (Q)× Lp
′
(Σ) = BS , (59)

where W 1,2
p (Q) × W 1,2

p (Σ) ↪→ W 0,1
p (Q) × Lp

′
(Σ) is a compact inclusion due to

the Lions-Peetre embedding Theorem (see [17, p. 14]), the compactness of S(·, λ)
follows.

ii. Let us fix ε > 0, A ⊂ W 0,1
p (Q) and Ā ⊂ Lp

′
(Σ). Consider (un, αn, λn) and

(u, α, λ) solving (50), corresponding to any y ∈ A and any ȳ ∈ Ā. We have

∂

∂t
(un,λn − uλ)

−
[
λ

∂

∂yxj
(K(t, x, y, yx)yxi) + (1− λ)δji

]
(un,λnxixj −u

λ
xixj )

= (λn − λ)

{[ ∂

∂yxj

(
K(t, x, y, yx)yxi

)
−δji

]
un,λnxixj

+A1(t, x, y, yxi) + f1(t, x)

}
− `

2

∂

∂t
(λnΦn−λΦ) in Q

(un,λn − uλ)(t, x) = (αn,λn − αλ)(t, x),

∂

∂n
(un,λn−uλ)+

∂

∂t
(αn,λn−αλ)−∆

Γ
(αn,λn−αλ)+h(αn,λn−αλ)

= (λn − λ)
[
− g

1
(ȳ) + w

1
(t, x)

]
on Σ

(un,λn − uλ)(0, x) = (λn − λ)u0(x) in Ω

(αn,λ − αλ)(0, x) = (λn − λ)α0(x) in Γ.

(60)

Applying now Theorem 3.2 to problem (51) with (Φn−Φ, ξn− ξ) in place of (Φ, ξ)

and ϕn0 −ϕ0 = 0, ξn0 − ξ0 = 0, wn2 −w2 = 0, f̂
2
(t, x) = (λn−λ)

[
p

2
y(t, x) + f

2
(t, x)

]
,

give us the estimate (see (49))

‖Φn−Φ‖W 1,2
p (Q) +‖ξn−ξ‖W 1,2

p (Σ) ≤ C1|λn−λ|‖p2
y+f

2
‖Lp(Q) ≤ C2|λn−λ|, (61)

where C2 = C(A, p2 , C1) > 0.
The right-hand side in (60)1 belongs to Lp(Q), since un,λnxixj ∈W

1,2
p (Q) ⊂ Lp(Q).

Again, the embeddings W
2− 2

p
∞ (Ω) ⊂W 2− 2

p
p (Ω) and W

2− 2
p

∞ (Σ) ⊂W 2− 2
p

p (Σ) allow us
to apply Lemma 7.4 in Choban and Moroşanu [9, p. 114] with:

f3 = (λn − λ)

{[
∂

∂yxj

(
K(t, x, y, yx)yxi

)
−δji

]
un,λnxixj

A1(t, x, y, yxi) + f
1
(t, x)

}
− `

2
∂
∂t

(
λnΦn − λΦ

)
∈ Lp(Q),
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g3 = (λn − λ) [−g1(ȳ) + w1(t, x)] ∈ Lp(Σ),

and so we get

‖un,λn − uλ‖W 1,2
p (Q) + ‖αn,λn − αλ‖W 1,2

p (Σ)

≤ C
{∥∥∥∥ ∂∂t (λnΦn − λΦ)

∥∥∥∥
Lp(Q)

|λn − λ|
∥∥∥∥[ ∂

∂yxj

(
K(t, x, y, yx)yxi

)
− δji

]
un,λnxixj

∥∥∥∥
Lp(Q)

+|λn − λ|
[
‖A1(t, x, y, yxi)‖Lp(Q) + ‖f

1
‖Lp(Q)

+‖g
1
(ȳ)‖Lp(Σ) + ‖w1‖

W
1− 1

2p
,2− 1

p
p (Σ)

}
,

(62)

for a positive constant C(|Ω|, |Γ|, T, n, p, `).
We note that∥∥∥∥ ∂∂t (λnΦn − λΦ)

∥∥∥∥
Lp(Q)

=

∥∥∥∥ ∂∂t (λnΦn − λΦn + λΦn − λΦ)

∥∥∥∥
Lp(Q)

= |λn − λ|
∥∥∥∥ ∂∂tΦn

∥∥∥∥
Lp(Q)

+ λ

∥∥∥∥ ∂∂t (Φn − Φ)

∥∥∥∥
Lp(Q)

.

(63)

Estimate (25) in Theorem 3.2 ensures that

∥∥∥∥ ∂∂tΦn
∥∥∥∥
Lp(Q)

is uniformly bounded

with respect to y ∈ A, because A is bounded. Also, g1(ȳ) is bounded in Lp(Σ)

because ȳ ∈ Ā and Ā is bounded in Lp
′
(Σ) ⊂ Lp(Σ) (see relation (31)). Then,

making use of (61) and (63), from (62) we conclude that there is a constant
C3(|Ω|, |Γ|, T, n, p, `, A, Ā, C2) > 0 such that

‖un,λn − uλ‖W 1,2
p (Q) + ‖αn,λn − αλ‖W 1,2

p (Σ) ≤ C3|λn − λ|

which allows us to derive that the assertion ii is verified.

4.2. The regularity of the solution
{(
u, α

)
,
(
ϕ, ξ
)}

in Theorem 2.2. Now we
establish the existence of a number δ2 > 0 such that (see (49))

(u, α, λ) ∈ BS × [0, 1] with (u, α) = S(u, α, λ) =⇒ ‖(u, α)‖BS < δ2. (64)
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The equality (u, α) = S(u, α, λ) in (64) is equivalent to (see (7), (14) and (50))



∂

∂t
u(t, x)− λ div

[
K(t, x, u, ux)∇u(t, x)

]
− (1− λ)∆u(t, x)

= λ
[
− `

2

∂

∂t
ϕ(t, x) + f

1
(t, x)

]
in Q

u(t, x) = α(t, x) on Σ

∂

∂n
u+

∂

∂t
α−∆

Γ
α+ hα = λ

[
− g

1
(α) + w

1
(t, x)

]
on Σ

u(0, x) = λu0(x) on Ω

α(0, x) = λα0(x) x ∈ Γ,

(65)

where ϕ(t, x) = Φ(t, x) is the unique solution to the nonlinear parabolic boundary

value problem (51) with f̂
2
(t, x) = p

2
u(t, x) + f

2
(t, x), i.e.

∂

∂t
ϕ(t, x)− ∂

∂ϕxj

[
Ψ(t, x, ϕ, ϕx)ϕxi

]
ϕxjxi

= A2(t, x, ϕ, ϕxi) + p
1

[
ϕ− ϕ3

]
+ p

2
u(t, x) + f

2
(t, x) in Q

ϕ(t, x) = ξ(t, x) on Σ

∂

∂n
ϕ+

∂

∂t
ξ −∆

Γ
ξ + c

0
ξ + g

2
(ξ) = w

2
(t, x) on Σ

ϕ(0, x) = ϕ0(x) on Ω

ξ(0, x) = ξ0(x) x ∈ Γ.

(66)

Theorem 3.2 guarantees that a unique solution (ϕ, ξ) ∈ W 1,2
p (Q) ×W 1,2

p (Σ) exists

for problem (66). In addition, the continuous inclusion W 1,2
p (Q) ⊂ Lµ1 (Q) ⊂ Lp(Q)

(see (22)), as well as the estimate (25), imply that∥∥∥∥ ∂∂tϕ
∥∥∥∥
Lp(Q)

≤ C‖ϕ‖W 1,2
p (Q)

≤ C̃

[
1 + ‖ϕ0‖

3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+‖u‖Lp(Q) + ‖f2‖Lp(Q) + ‖w2‖
W

1− 1
2p
,2− 1

p
p (Σ)

]
,

(67)

for a constant C̃ = C(|Ω|, T, n, p, q, p1 , p2 , c0 , b3, b4, b5, b6) > 0.
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Multiplying (65))1 by |u|p−2u and integrating over Qt := (0, t) × Ω, t ∈ (0, T ],
we get

1

p

∫
Ot

∂

∂t
|u(t, x)|p dτdx

−λ
∫
Qt

div
(
K(t, x, u, ux)∇u

)
|u|p−2u dτdx−(1−λ)

∫
Qt

∆u|u|p−2u dτdx

= λ

∫
Qt

− `
2

∂

∂t
ϕ(t, x)|u|p−2u dτdx+ λ

∫
Qt

f1 |u|p−2u dτdx.

(68)

In order to process the terms∫
Qt

div
(
K(t, x, u, ux)∇u

)
|u|p−2u dτdx and

∫
Qt

∆u |u|p−2u dτdx,

we use Green’s first identity (21)1 and (21)2, respectively, to obtain

−λ
∫
Qt

div
(
K(t, x, u, ux)∇u

)
|u|p−2u dτdx

=λ

∫
Qt

K(t, x, u, ux)∇u · ∇
(
|u|p−2u

)
dτdx+λ

∫
Σt

|u|p−2u
(
− ∂

∂n
u
)
dτdγ,

(69)

−(1−λ)

∫
Qt

∆u |u|p−2u dτdx

=(1−λ)(p−1)

∫
Qt

|∇u|2|u|p−2dτdx+(1−λ)

∫
Σt

|u|p−2u
(
− ∂

∂n
u
)
dτdγ,

(70)

where Σt = (0, t)× ∂Ω, t ∈ (0, T ] and (see (65)3)

− ∂

∂n
u =

∂

∂t
α−∆Γα+ hα+ λg1(α)− λw1(t, x).

Combining the above equality with the boundary condition (65)2 and making use of
the left inequality in (16)1, the hypothesis I2, (G)3 (k = 1), as well as the relations
(69), (70), then (68) leads us to the following inequality

1

p

∫
Ω

|u(t, x)|p dx+ λ
1

p

∫
Γ

|α(t, x)|p dγ + (1− λ)
1

p

∫
Γ

|α(t, x)|p dγ

+λ

∫
Qt

K(t, x, u, ux)∇u · ∇
(
|u|p−2u

)
dτdx+(1−λ)(p−1)

∫
Qt

|∇u|2|u|p−2dτdx

+λh

∫
Σt

|α|p dτdγ + (1− λ)h

∫
Σt

|α|p dτdγ + λb
5

∫
Σt

|α|p dτdγ

(71)
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+λ

∫
Σt

∇
Γ

(
|u|p−1

)
· ∇

Γ
u dτdγ +(1−λ)

∫
Σt

∇
Γ

(
|u|p−1

)
· ∇

Γ
u dτdγ

≤ λ1

p

∫
Ω

|u0(x)|p dx+ λ
1

p

∫
Γ

|α0(x)|pdγ + (1− λ)
1

p

∫
Γ

|α0(x)|pdγ

+λ

∫
Qt

−`
2

∂

∂t
ϕ(t, x)|u|p−2udτdx+λ

∫
Qt

f
1
|u|p−2udτdx+λ

∫
Σt

w
1
|α|p−2α dτdγ

for all t ∈ (0, T ]. Hölder’s and Cauchy’s inequality, applied to the last terms in
above inequality, give us

j1. λ

∫
Qt

− `
2

∂

∂t
ϕ(t, x)|u|p−2u dτdx ≤ p− 1

p

∫
Qt

|u|p dτdx+ λ
`

2p

∫
Qt

∣∣∣∣ ∂∂tϕ(t, x)
∣∣∣∣p dτdx,

j2. λ

∫
Qt

f1 |u|
p−2u dτdx ≤ p− 1

p

∫
Qt

|u|p dτdx+ λ
1

p

∫
Qt

|f1 |
p dτdx,

j3. λ

∫
Σt

w1 |α|
p−2α dτdγ ≤ p− 1

p

∫
Σt

|α|p dτdγ + λ
1

p

∫
Σt

|w1 |
p dτdγ.

Combining j1-j3 and (67), after some simple computations in the left-hand side of
(71), we get to the following estimate∫

Ω

|u(t, x)|p dx+

∫
Γ

|α(t, x)|p dγ

+pλ

∫
Qt

K(t, x, u, ux)∇u · ∇
(
|u|p−2u

)
dτdx+p(1−λ)(p−1)

∫
Qt

|∇u|2|u|p−2dτdx

+ph

∫
Σt

|u|p dτdγ + pλb
5

∫
Σt

|α|p dτdγ + p

∫
Σt

∇
Γ

(
|u|p−1

)
· ∇

Γ
u dτdγ

≤
∫
Ω

|u0(x)|p dx+

∫
Γ

|α0(x)|pdγ

+
`

2
C̃

[
1 + ‖ϕ0‖

3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+ ‖f
2
‖Lp(Q) + ‖w

2
‖
W

1− 1
2p
,2− 1

p
p (Σ)

]

+

[
`

2
C̃+3(p−1)

]∫
Qt

|u|pdτdx+(p−1)

∫
Σt

|α|pdτdγ+

∫
Qt

|f1 |pdτdx+

∫
Σt

|w1 |pdτdγ

(72)

for all t ∈ (0, T ].
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In particular, it follows from (72) that∫
Ω

|u(t, x)|p dx+

∫
Γ

|α(t, x)|p dγ

≤ C4

[
1 + ‖u0‖pLp(Ω) + ‖α0‖pLp(Γ) + ‖ϕ0‖

3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+‖f
1
‖Lp(Q) + ‖w

1
‖
W

1− 1
2p
,2− 1

p
p (Σ)

+ ‖f
2
‖Lp(Q) + ‖w

2
‖
W

1− 1
2p
,2− 1

p
p (Σ)

]

+C4

t∫
0

[∫
Ω

|u|pdx+

∫
Γ

|α|pdγ
]
dτ

(73)

By Gronwall’s lemma, from (73) we get

‖u‖Lp(Q) + ‖α‖Lp(Σ)

≤ C(T,C4)

[
1 + ‖u0‖pLp(Ω) + ‖α0‖pLp(Γ) + ‖ϕ0‖

3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+‖f1‖Lp(Q) + ‖w1‖
W

1− 1
2p
,2− 1

p
p (Σ)

+ ‖f2‖Lp(Q) + ‖w2‖
W

1− 1
2p
,2− 1

p
p (Σ)

] (74)

Appling now Lemma 7.4 in Choban and Moroşanu [9, p. 114] to the linear
inhomogeneous problem (65) with

f3 = λ

[
− `

2

∂

∂t
ϕ(t, x) + f1(t, x)

]
∈ Lp(Q),

g3 = λ
[
− g

1
(α) + w

1
(t, x)

]
∈ Lp(Σ),

(75)

we obtain

‖u‖W 1,2
p (Q) + ‖α‖W 1,2

p (Σ)

≤ C3

{
‖u0‖

W
2− 2

p
∞ (Ω)

+ ‖α0‖
W

2− 2
p

∞ (Γ)

+λ

∥∥∥∥ ∂∂tϕ
∥∥∥∥
Lp(Q)

+ λ‖g1(α)‖Lp(Σ)

+‖f1‖Lp(Q) + ‖w1‖
W

1− 1
2p
,2− 1

p
p (Σ)

}
,

for a constant C3 = C(|Ω|, |Γ|, T, n, p, `) > 0. Using now (6) (k = 1), (67) and the
standard interpolation inequality (see [17, p. 14, (1.31)]) ‖α‖Lp′ (Σ) ≤ ε‖α‖W 1,2

p (Σ) +
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C(ε)‖α‖Lp(Σ), then the above inequality becomes

‖u‖W 1,2
p (Q) + (1− εC3)‖α‖W 1,2

p (Σ)

≤ C4

{
‖u0‖

W
2− 2

p
∞ (Ω)

+ ‖α0‖
W

2− 2
p

∞ (Γ)

+C̃

[
1 + ‖ϕ0‖

3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+‖f2‖Lp(Q) + ‖w2‖
W

1− 1
2p
,2− 1

p
p (Σ)

]
,

+λ ‖u‖Lp(Q) + λ‖α‖Lp(Σ)

+‖f
1
‖Lp(Q) + ‖w

1
‖
W

1− 1
2p
,2− 1

p
p (Σ)

}
,

(76)

for a new constant C5 = C(ε)C4 > 0.

The continuous embeddingW 1,2
p (Q)×W 1,2

p (Σ) ⊂ BΦ = W 0,1
p (Q)×Lp′(Σ) ensures

that

‖(u, α)‖BΦ ≤ C
(
‖u‖W 1,2

p (Q) + ‖α‖W 1,2
p (Σ)

)
which, for ε > 0 with 1 − εC4 > 0, and thanks to (74) and (76), ensures that a
constant δ2 > 0 can be found such that the property expressed in (64) is true.

Denoting BΦ
δ2

:=
{

(u, α) ∈ BΦ : ‖(u, α)‖BΦ < δ2
}

, Lemma 4.1, relation (64) and
the homotopy invariance of the Leray-Schauder degree, enable us to conclude that
problem (50) has a solution

(u, α) ∈W 1,2
p (Q)×W 1,2

p (Σ)

which is determined by the unique solution (ϕ, ξ) ∈W 1,2
p (Q)×W 1,2

p (Σ) to (66).

4.3. The maximum regularity of the solution ϕ(t, x) in Theorem 2.2.
Thanks to the embedding W 1,2

p (Q) ⊂ Lµ1(Q) (see (22)), we can apply Theorem
3.2 for

f̂(t, x) = p2u(t, x) + f2(t, x) ∈ Lν(Q), where ν = min{q, µ1}.

This ensures the existence of a solution

(ϕ, ξ) ∈W 1,2
ν (Q)×W 1,2

p (Σ)

to problem (15). Corresponding, estimate (25) in Theorem 3.2 yields

‖ϕ‖W 1,2
ν (Q) + ‖ξ‖W 1,2

p (Σ) ≤ C

[
1 + ‖ϕ0‖

3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+‖u‖Lν(Q) + ‖f2‖Lq(Q) + ‖w
2
‖
W

1− 1
2p
,2− 1

p
p (Σ)

]
,

(77)

where the embedding Lq(Q) ⊂ Lν(Q) has been used too.
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Lemma 7.4 in Choban and Moroşanu [9, p. 114] applied to the linear inho-
mogeneous problem (65) (see (75)), combined with the estimate (25) (expressed by
(67)) and (74), implies the estimate

‖u‖W 1,2
p (Q) + ‖α‖W 1,2

p (Σ) ≤ C3

{
‖u0‖

W
2− 2

p
∞ (Ω)

+ ‖α0‖
W

2− 2
p

∞ (Γ)

+

∥∥∥∥ ∂∂tϕ
∥∥∥∥
Lp(Q)

+‖g
1
(t, x, α)‖Lp(Σ)+‖f

1
‖Lp(Q)+‖w

1
‖
W

1− 1
2p
,2− 1

p
p (Σ)

}

≤ C3

{
‖u0‖

W
2− 2

p
∞ (Ω)

+ ‖α0‖
W

2− 2
p

∞ (Γ)

+C̃

[
1 + ‖ϕ0‖

3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+‖u‖Lp(Q) + ‖f2‖Lp(Q) + ‖w2‖
W

1− 1
2p
,2− 1

p
p (Σ)

]

+ ‖f1‖Lp(Q) + ‖w1‖
W

1− 1
2p
,2− 1

p
p (Σ)

}
,

(78)

for a new positive constant C5 = C(C3, `, b5, b7).
On the basis of the interpolation inequality, written for the embeddings W 1,2

p (Q)
⊂ Lν(Q) ⊂ Lp(Q), we have the following relation (ε, C(ε) > 0)

‖u‖Lν(Q) ≤ ε‖u‖W 1,2
p (Q) + C(ε)‖u‖Lp(Q). (79)

Adding (77)-(78) and making use of (76) and (79), we find that

(1− εC3) ‖u‖W 1,2
p (Q) + ‖ϕ‖W 1,2

ν (Q) + (1− εC3) ‖α‖W 1,2
p (Σ) + ‖ξ‖W 1,2

p (Σ)

≤ C5

[
1 + ‖u0‖

W
2− 2

p
p (Ω)

+ ‖α0‖
W

2− 2
p

p (Γ)
+ ‖ϕ0‖

3p−2
p

W
2− 2

q
q (Ω)

+ ‖ξ0‖
3p−2
p

W
2− 2

p
p (Γ)

+[C3C(ε)+C5] ‖u‖Lp(Q)

+‖f1‖Lp(Q)+‖f2‖Lp(Q)+‖w1‖
W

1− 1
2p
,2−1

p
p (Σ)

+‖w2‖
W

1− 1
2p
,2−1

p
p (Σ)

]
.

(80)

Let us fix an ε > 0 such that 1− εC3 > 0. Then C(ε) becomes a constant indepen-
dent of ε and thus relation (80), combined with (74), implies estimate (18). This
completes the proof of the first part in Theorem 2.2.

4.4. Proof of Theorem 2.2 continued. In this subsection we prove the second
part of Theorem 2.2 which comes down to checking the estimate (20) and the unique-
ness of the solution to problem (1)-(3) (or (14)-(15)). For this goal we consider the
solutions

u1, u2 ∈W 1,2
p (Q), ϕ1, ϕ2 ∈W 1,2

ν (Q), α1, α2, ξ1, ξ2 ∈W 1,2
p (Σ),

as in the statement of Theorem 2.2. Thus

U = u1 − u2 ∈W 1,2
p (Q), Φ = ϕ1 − ϕ2 ∈W 1,2

ν (Q),
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A = α1 − α2 ∈W 1,2
p (Σ), X = ξ1 − ξ2 ∈W 1,2

p (Σ).

Subtracting the equations in (15)1 corresponding to (ϕ1, ξ1), (ϕ2, ξ2) and then using
the relation (25) in Theorem 3.2 corresponding to the settings

f̂a2 = p2u
1 + fa2 , f̂ b2 = p2u

2 + f b2 ∈ Lν(Q), ϕ1
0, ϕ

2
0, ξ1

0 , ξ
2
0 ,

as well as the embeddings W 1,2
ν (Q) ⊂ Lp(Q), W 1,2

p (Σ) ⊂ Lp(Σ), we find that

∥∥∥∥ ∂∂tΦ
∥∥∥∥
Lp(Q)

+

∥∥∥∥ ∂∂tX
∥∥∥∥
Lp(Σ)

≤ C
[
‖Φ‖W 1,2

ν (Q) + ‖X‖W 1,2
p (Σ)

]
≤ C

[
1 + ‖ϕ1

0 − ϕ2
0‖

3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ1
0 − ξ2

0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+‖U‖Lν(Q)

+‖fa2 − f b2‖Lν(Q) + ‖wa2 − wb2‖
W

1− 1
2p
,2− 1

p
p (Σ)

]
,

(81)

for a new positive constant C.
Let us recall that

a1
ij(t, x, u

1, u1
x) =

∂

∂uxj
a1
i (t, x, u

1, u1
x) =

∂

∂uxj
K(t, x, u1, u1

x)u1
xi , i = 1, ..., n;

a1
ij(t, x, u

2, u2
x) =

∂

∂uxj
a1
i (t, x, u

2, u2
x) =

∂

∂uxj
K(t, x, u2, u2

x)u2
xi , i = 1, ..., n.

Following [2, p. 176], [9, p. 107], [11, p. 2268], [14, p. 137], [18, p. 241] and [26,
11] we write the increments of a1

ij and A1 in the form

a1
ij(t, x, u

1, u1
x)− a1

ij(t, x, u
2, u2

x) =

1∫
0

d

dλ
a1
i,j

(
t, x, uλ, uλx

)
dλ,

A1(t, x, u1, u1
x)−A1(t, x, u2, u2

x) =

1∫
0

d

dλ
A1

(
t, x, uλ, uλx

)
dλ

where

uλ(t, x) = λu1(t, x) + (1− λ)u2(t, x),

uλx(t, x) = λu1
x(t, x) + (1− λ)u2

x(t, x),

A1(t, x, u, uxi) =
∂

∂u
K(t, x, u, ux)uxi +

∂

∂xi
K(t, x, u, ux)uxi .
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Then

a1
ij(t, x, u

1, u1
x)u1

xixj
− a1

ij(t, x, u
2, u2

x)u2
xixj

= a1
ij(t, x, u

1, u1
x)U

xixj

+u2
xixj

[
Uxi

1∫
0

∂

∂uλxj
a1
i,j

(
t, x, uλ, uλx

)
dλ+ U

1∫
0

∂

∂uλ
a1
i,j

(
t, x, uλ, uλx

)
dλ

]
,

(82)

A1(t, x, u1, u1
x)−A1(t, x, u2, u2

x)

=

1∫
0

d

dλ
A1

(
t, x, uλ, uλx

)
dλ

= Uxi

1∫
0

∂

∂uλxj
A1

(
t, x, uλ, uλx

)
dλ+ U

1∫
0

∂

∂uλ
A1

(
t, x, uλ, uλx

)
dλ.

(83)

We subtract the equation (14) for u2(t, x) from the equations (14) for u1(t, x)
and, owing to (82) and (83), we obtain the following linear problem endowed with
nonlinear dynamic boundary conditions, that is

∂

∂t
U−â1

ij(t, x)Uxixj =−̂a1
i (t, x)Uxi−â1(t, x)U− `

2

∂

∂t
Φ + fa

1
− f b

1
in Q

U(t, x) = A(t, x) on Σ

U(0, x) = (u1
0 − u2

0)(x) in Ω

∂

∂n
U +

∂

∂t
A−∆ΓA+ hA

= −
[
g1(α1)− g1(α2)

]
+ (wa

1
− wb

1
) on Σ

A(0, x) = (α1
0 − α2

0)(x) on Γ,

(84)

where

â1
ij(t, x) = a1

ij(t, x, u
1, u1

x),

â1
i (t, x) = −u2

xixj

1∫
0

∂

∂uλxj
a1
i,j

(
t, x, uλ, uλx

)
dλ+

1∫
0

∂

∂uλxj
A1

(
t, x, uλ, uλx

)
dλ,

â1(t, x) = −u2
xixj

1∫
0

∂

∂uλ
a1
i,j

(
t, x, uλ, uλx

)
dλ+

1∫
0

∂

∂uλ
A1

(
t, x, uλ, uλx

)
dλ.

By hypothesis we have (u1
0−u2

0) ∈W 2− 2
p

∞ (Ω) ⊂W 2− 2
p

p (Ω), (α1
0−α2

0) ∈W 2− 2
p

∞ (Γ) ⊂

W
2− 2

p
p (Γ), −â1

i (t, x)Uxi − â1(t, x)U − `

2

∂

∂t
Φ + (fa

1
− f b

1
) ∈ Lp(Q) (recall that

U(t, x) ∈ W 1,2
p (Q), Φ(t, x) ∈ W 1,2

ν (Q)) and −
[
g1(t, x, α1) − g1(t, x, α2)

]
∈ Lp(Σ).
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So, Theorem 2.1 in [6, relation (2.7)] applied to problem (84) for the unknown
functions U(t, x) = (u1 − u2)(t, x) and A(t, x) = (α1 − α2)(t, x), gives the estimate

‖U‖p
W 1,2
p (Q)

+ ‖A‖p
W 1,2
p (Σ)

≤ C

[
‖u1

0−u2
0‖
p

W
2− 2

p
∞ (Ω)

+‖α1
0−α2

0‖
p

W
2− 2

p
∞ (Γ)

+‖∇U‖pLp(Q) + ‖U‖pLp(Q) +

∥∥∥∥ ∂∂tΦ
∥∥∥∥p
Lp(Q)

+‖g1(α1)− g1(α2)‖pLp(Σ)

+‖fa1 − f b1‖
p
Lp(Q) + ‖wa

1
− wb

1
‖pLp(Σ)

]
,

(85)

where C = C(|Ω|, |Γ|, T, n, p, p
1
, p

2
, p

3
) > 0. Appling again Theorem 2.1 in [6,

relation (2.4)] and making use of the embedding W 1,2
p (Q) ⊂ Lp(Q), we have

‖∇U‖pLp(Q) + ‖U‖pLp(Q) ≤ C̃
[
1 + ‖u1

0−u2
0‖
p

W
2− 2

p
∞ (Ω)

+‖α1
0−α2

0‖
p

W
2− 2

p
∞ (Γ)

+‖fa1 − f b1‖
p
Lp(Q) + ‖wa

1
− wb

1
‖p
W

1− 1
2p
,2− 1

p
p (Σ)

]
.

(86)

Let us now focus our attention on the term ‖g1(t, x, α1)− g1(t, x, α2)‖pLp(Σ) from

the right-hand side of (84). Firstly, we recall that is true the following sequence of
embeddings (see [17, p. 103, relation (2.198)]):

W 1,2
p (Σ) ⊂ Lp

′
(Σ) ⊂ L`1(Σ) ⊂ Lp(Σ) ⊂ L2(Σ). (87)

From (G2), Hölder’s inequality, relations (19) and (87), we derive that

‖g1(t, x, α1)− g1(t, x, α2)‖Lp(Σ) ≤ C7‖α1 − α2‖L`1 (Σ). (88)

where C7 = C(|Ω|, T, p, b2)
(

1 + 2M2
4

)
. Using the embedding in (87), the standard

interpolation inequalities (see [17, p. 14, (1.31)]) yield that ∀ε > 0, ∃C(ε) > 0 such
that

‖y‖L`1 (Σ) ≤ ε‖y‖W 1,2
p (Σ) + C(ε)‖y‖Lp(Σ), ∀y ∈W 1,2

p (Σ). (89)

Combining (86), (88) and (89), estimate (85) leads to

‖U‖p
W 1,2
p (Q)

+ (1− εC7)‖A‖p
W 1,2
p (Σ)

≤ C
[
‖u1

0−u2
0‖
p

W
2− 2

p
∞ (Ω)

+‖α1
0−α2

0‖
p

W
2− 2

p
∞ (Γ)

C6C̃

[
1 + ‖u1

0−u2
0‖
p

W
2− 2

p
∞ (Ω)

+‖α1
0−α2

0‖
p

W
2− 2

p
∞ (Γ)

+‖fa
1
− f b

1
‖pLp(Q) + ‖wa

1
− wb

1
‖p
W

1− 1
2p
,2− 1

p
p (Σ)

]

+C8‖α1 − α2‖Lp(Σ) + ‖fa1 − f b1‖
p
Lp(Q) + ‖wa

1
− wb

1
‖pLp(Σ)

]
,

(90)

where C8 = C(ε)C7 > 0.
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In order to handle the term ‖α1−α2‖Lp(Σ), we rely on a priori estimates in Lp(Σ).

In this respect, we multiply (84)1 by |U |p−2U = |u1 − u2|p−2(u1 − u2). Integrating
over Qt, t ∈ (0, T ] and using Green’s first identity as well as the Cauchy-Schwarz
inequality, we get

1

p

∫
Ot

∂

∂t
|U(t, x)|p dτdx

+(p− 1)

∫
Qt

|∇U |2 · ∇
(
â1
ij(t, x)|U |p−2

)
dτdx

+

∫
Σt

|U |p−1
(
− ∂

∂n
U
)
dτdγ

≤
∫
Qt

|â1
i (t, x)| |∇U | |U |p−1 dτdx

+p
2

∫
Qt

|U |p dτdx+ λ

∫
Qt

|fa
1
− f b

1
| |U |p−1 dτdx.

(91)

Using the boundary conditions (84)2, (84)4 and Hölder’s inequality, then (91) be-
comes

1

p

∫
Ot

∂

∂t
|U(t, x)|p dτdx+

1

p

∫
Σt

∂

∂t
|Z(t, x)|p dτdγ

+(p− 1)

∫
Qt

|∇U |2 · ∇
(
âij(t, x)|U |p−2

)
dτdx

+p3

∫
Σt

|Z(t, x)|p dτdγ + (p− 1)

∫
Σt

|∇ΓZ|2 |Z|p−2 dτdγ

+

∫
Σt

[
g1(t, x, α1)− g1(t, x, α2)

]
|Z|p−2Z dτdγ

(92)

≤ C̃
[
‖∇(u1 − u2)‖pLp(Q) + ‖u1 − u2‖pLp(Q)

+‖u1 − u2‖pLp(Q) + ‖α1 − α2‖pLp(Σ)

+‖fa1 − f b1‖
p
Lp(Q) + ‖wa1 − wb1‖

p
Lp(Σ)

]
where C̃ = C(|Ω|, |Γ|, p, p

2
,M

1
,M

4
) > 0.

In particular, owing to hypothesis (G1) and (86), it follows from (92) that∫
Ω

|u1 − u2|p dx+

∫
Γ

|α1 − α2|p dγ

≤ C9

[
‖u1

0 − u2
0‖
p
Lp(Ω) + ‖α1

0 − α2
0‖
p
Lp(Γ)

(93)
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+‖fa1 − f b1‖
p
Lp(Q) + ‖wa

1
− wb

1
‖pLp(Σ)

+

t∫
0

[∫
Ω

|u1 − u2|p dx+

∫
Γ

|α1 − α2|p dγ
]
dτ

]
.

where C9 = C(C̃, p3 , b1) > 0.
Making uses of Gronwall’s inequality, we can deduce from (93) that

‖U‖pLp(Q) + ‖A‖pLp(Σ)

≤ expC9T

[
‖u1

0 − u2
0‖
p
Lp(Ω) + ‖α1

0 − α2
0‖
p
Lp(Γ)

+‖fa1 − f b1‖
p
Lp(Q) + ‖wa

1
− wb

1
‖pLp(Σ)

]
.

(94)

Making use of relations (94), from (90) we finally derive that

‖U‖W 1,2
p (Q) + (1− εC7)‖A‖W 1,2

p (Σ)

≤ C10

[
1 + ‖u1

0−u2
0‖
W

2− 2
p

∞ (Ω)
+‖α1

0−α2
0‖
W

2− 2
p

∞ (Γ)

+‖fa1 − f b1‖Lp(Q) + ‖wa
1
− wb

1
‖
W

1− 1
2p
,2− 1

p
p (Σ)

]

+C8 expC9T

[
‖u1

0 − u2
0‖
p
Lp(Ω) + ‖α1

0 − α2
0‖
p
Lp(Γ)

+‖fa1 − f b1‖
p
Lp(Q) + ‖wa

1
− wb

1
‖pLp(Σ)

]
.

(95)

Adding (81) with (95) and making use of the standard interpolation inequalities
(written for W 1,2

p (Q) ⊂ Lν(Q) ⊂ Lp(Q)) combined with (94), we find that

(1− εC7)‖U‖W 1,2
p (Q) + (1− εC7)‖A‖W 1,2

p (Σ) + ‖Φ‖W 1,2
ν (Q) + ‖X‖W 1,2

p (Σ)

≤ C10

[
1 + ‖u1

0−u2
0‖
W

2− 2
p

∞ (Ω)
+‖α1

0−α2
0‖
W

2− 2
p

∞ (Γ)

+‖ϕ1
0 − ϕ2

0‖
3p−2
p

W
2− 2

q
∞ (Ω)

+ ‖ξ1
0 − ξ2

0‖
3p−2
p

W
2− 2

p
∞ (Γ)

+‖fa1 − f b1‖Lp(Q) + ‖wa
1
− wb

1
‖
W

1− 1
2p
,2− 1

p
p (Σ)

+‖fa
2
− f b

2
‖Lq(Q) + ‖wa

2
− wb

2
‖
W

1− 1
2p
,2− 1

p
p (Σ)

]
,

(96)

where the embedding Lq(Q) ⊂ Lν(Q) has been used too.

For ε >0 with 1−εC7 > 0, the embedding W
1− 1

2p ,2−
1
p

p (Σ)⊂Lp(Σ) and estimate
(96) implies the estimate (20), which finishes the proof of Theorem 2.2.

As a consequence, the uniqueness of solution to problem (1)-(3) (or (14)-(15)) is
valid.
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Corollary 1. For the same initial conditions, the problem (14)-(15) possesses a
unique classical solution.

Proof. Let fa1 = f b1 , fa2 = f b2 , wa1 = wb1 and wa2 = wb2 in the Theorem 2.2. Then (20)
demonstrates the corollary (see also [9, Corollary 5.1, p. 111]).

5. Conclusions. The main problem addressed in this paper is a nonlinear second-
order anisotropic phase-field transition system with principal part in divergence
form, endowed with inhomogeneous dynamic boundary conditions (in both unknown
u(t, x) and ϕ(t, x)) and non-constant mobility K(t, x, u(t, x), ux(t, x)),
Ψ(t, x, ϕ(t, x), ϕx(t, x)). Under general assumptions on the boundary nonlinearities
gk, k = 1, 2, and provided that the initial and boundary data meet appropriate regu-
larity as well as compatibility conditions, it is proven the well-posedness (existence,
estimate, uniqueness and regularity) of a classical solution to the phase-field transi-
tion system in this new formulation (Theorem 2.2). Precisely, the Leray-Schauder
principle as well as the Lp theory of linear and quasi-linear parabolic equations, via
Lemma 7.4 (see [9]), are applied to prove the qualitative properties of solution
(u, ϕ, α, ξ). In other words, we can not directly apply the Lp theory to the problem
(1)-(3). Thus, it makes the result in Lemma 7.4 in Choban and Moroşanu [9, p.
114] himself very important.

Moreover, the a priori estimates are made in Lp(Q) and Lp
′
(Σ) which per-

mit to derive regularity properties of higher order for unknown functions, that
is (u, ϕ, α, ξ) ∈W 1,2

p (Q)×W 1,2
ν (Q)×W 1,2

p (Σ)×W 1,2
p (Σ). Thus, classical methods

such as bootstrap (see Moroşanu and Motreanu [24]), can be avoided. This approach
could be applied in future to study other kind of the first and second boundary value
problems.

From the perspective of applicability, it is natural to find the suitable type of
nonlinearities on the ∂Ω, able to describe the complexity of many important physical
phenomena, among which we mention effect of surface tension, separating zone of
solid and liquid states etc. So, one of the most important characteristics of our
improved mathematical model (1)-(3) is the nonlinear term gk, k = 1, 2, in the
dynamic boundary conditions which allows to consider a nonlinearity with a larger
growth exponent r′ ≤ (n + 2)/(n + 2 − 2p) if n + 2 > 2p (see (5). It extends the
already studied types of boundary conditions (see [6], [9], [11], [13], [14], [15]-[18],
[20], [26]) and therefore makes the new formulation of model (1)-(3) to be more able
to describe a wide variety of industrial applications, in particular, the interactions
with the walls in confined systems (i.e. the phase changes at the boundary of Ω).

Let’s also remark that, due to the presence of the terms K(t, x, u(t, x), ux(t, x)),
Ψ(t, x, ϕ(t, x), ϕx(t, x)), the nonlinear operator in (1) does not represent the gradi-
ent of the energy functional. Therefore, the new proposed second-order nonlinear
problem can not be obtained from the minimisation of any energy cost functional,
i.e. (1) is not a variational PDE model.

The qualitative results obtained here can be involved later in the quantitative
approaches of the mathematical model (1)-(3) as well as in the study of distributed
and/or boundary nonlinear optimal control problems governed by such a nonlinear
problem. Amongst other things, we wish to be exploited all this in our future works.

At the end we want to underline the solutions dependence in Theorem 2.2 on
physical parameters, which can be useful in future investigations regarding the error
analysis and numerical simulations.
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[11] A. Croitoru, C. Moroşanu and G. Tănase, Well-posedness and numerical simulations of an

anisotropic reaction-diffusion model in case 2D, Journal of Applied Analysis and Computation
(JAAC), 11 (2021), 2258-2278.

[12] I. Fonseca and W. Gangbo, Degree Theory in Analysis and Applications, Clarendon: Oxford,
1995.

[13] S. Gatti and A. Miranville, Asymptotic behavior of a phase-field system with dynamic bound-

ary conditions, Differential Equations: Inverse and Direct Problems, Lecture Notes Pure
Applied Mathematics, Chapman & Hall/CRC, Boca Raton, FL, 251 (2006), 149-170.

[14] O. A. Ladyzenskaja, V. A. Solonnikov and N. N. Uralceva, Linear and Quasi-Linear Equations
of Parabolic Type, Vol. 23, Translations of Mathematical Monographs, American Mathemat-
ical Society, 1968.
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[20] C. Moroşanu, Well-posedness for a phase-field transition system endowed with a polynomial
nonlinearity and a general class of nonlinear dynamic boundary conditions, Journal of Fixed

Point Theory and Applications, 18 (2016), 225-250.

http://www.ams.org/mathscinet-getitem?mr=MR2722295&return=pdf
http://dx.doi.org/10.1090/surv/165
http://dx.doi.org/10.1090/surv/165
http://www.ams.org/mathscinet-getitem?mr=MR3901755&return=pdf
http://dx.doi.org/10.1016/j.amc.2019.01.004
http://dx.doi.org/10.1016/j.amc.2019.01.004
http://dx.doi.org/10.1016/j.amc.2019.01.004
http://www.ams.org/mathscinet-getitem?mr=MR2747743&return=pdf
http://dx.doi.org/10.1007/s10957-010-9742-x
http://dx.doi.org/10.1007/s10957-010-9742-x
http://dx.doi.org/10.1007/s10957-010-9742-x
http://www.ams.org/mathscinet-getitem?mr=MR2526803&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2009.03.063
http://dx.doi.org/10.1016/j.jmaa.2009.03.063
http://www.ams.org/mathscinet-getitem?mr=MR3005023&return=pdf
http://dx.doi.org/10.1016/j.na.2012.11.010
http://dx.doi.org/10.1016/j.na.2012.11.010
http://www.ams.org/mathscinet-getitem?mr=MR3281854&return=pdf
http://dx.doi.org/10.1016/j.na.2014.10.003
http://dx.doi.org/10.1016/j.na.2014.10.003
http://dx.doi.org/10.1016/j.na.2014.10.003
http://www.ams.org/mathscinet-getitem?mr=MR2267795&return=pdf
http://dx.doi.org/10.1007/978-0-387-46252-3
http://dx.doi.org/10.1007/978-0-387-46252-3
http://www.ams.org/mathscinet-getitem?mr=MR2577805&return=pdf
http://dx.doi.org/10.1016/j.na.2009.11.002
http://dx.doi.org/10.1016/j.na.2009.11.002
http://www.ams.org/mathscinet-getitem?mr=MR4345548&return=pdf
http://dx.doi.org/10.37193/CJM.2022.01.08
http://dx.doi.org/10.37193/CJM.2022.01.08
http://www.ams.org/mathscinet-getitem?mr=MR2861821&return=pdf
http://dx.doi.org/10.3934/dcdss.2012.5.485
http://dx.doi.org/10.3934/dcdss.2012.5.485
http://www.ams.org/mathscinet-getitem?mr=MR4321487&return=pdf
http://dx.doi.org/10.11948/20200359
http://dx.doi.org/10.11948/20200359
http://www.ams.org/mathscinet-getitem?mr=MR1373430&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2275977&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0241822&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3432081&return=pdf
http://dx.doi.org/10.1016/j.apm.2015.04.039
http://dx.doi.org/10.1016/j.apm.2015.04.039
http://dx.doi.org/10.1016/j.apm.2015.04.039
http://www.ams.org/mathscinet-getitem?mr=MR3485909&return=pdf
http://dx.doi.org/10.3934/dcdss.2016011
http://dx.doi.org/10.3934/dcdss.2016011
http://dx.doi.org/10.3934/dcdss.2016011
https://www.aimsciences.org/fileAIMS/cms/news/info/28df2b3d-ffac-4598-a89b-9494392d1394.pdf
http://www.ams.org/mathscinet-getitem?mr=MR4283926&return=pdf
http://dx.doi.org/10.1007/s00245-019-09643-5
http://dx.doi.org/10.1007/s00245-019-09643-5
http://dx.doi.org/10.2174/97816080535061120101
http://dx.doi.org/10.2174/97816080535061120101
http://www.ams.org/mathscinet-getitem?mr=MR3506285&return=pdf
http://dx.doi.org/10.1007/s11784-015-0274-8
http://dx.doi.org/10.1007/s11784-015-0274-8


186 VASILE BERINDE, ALAIN MIRANVILLE AND COSTICĂ MOROŞANU
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