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Accelerated Averaged Iterative Methods for
the Multiple-Set Split Common Fixed Point

Problem of Demicontractive Mappings

Vasile Berinde and Khairul Saleh

Abstract

In this paper, we propose accelerated averaged iterative algorithms
for solving the multiple-set split common fixed point problem involving
demicontractive mappings. The proposed schemes are obtained by in-
corporating averaged terms into existing algorithms originally developed
for quasi-nonexpansive mappings. This approach allows us to address
the multiple-set split common fixed point problem within the broader
class of demicontractive mappings, which strictly contains the class of
quasi-nonexpansive mappings. For the proposed algorithms, we estab-
lish weak convergence theorems in the framework of real Hilbert spaces.
In addition, numerical experiments are provided to illustrate the con-
vergence behavior of the proposed iterative schemes.

1 Introduction

In recent years, there has been increasing interest in designing convergent iter-
ative algorithms to solve split feasibility problems [10, 13], and split common
fixed point problems, see [15, 41], and their various generalizations.

Let H1 and H2 be two Hilbert spaces, C ⊆ H1 and Q ⊆ H2 be two
nonempty closed convex subsets, and A : H1 → H2 a bounded linear operator.

The split feasibility problem (SFP) requires finding

x ∈ C such that Ax ∈ Q. (1)
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Let F : H1 → H1 and G : H2 → H2 be two mappings, D ⊂ H1 and

Fix(F ) := {u ∈ D : Fu = u}

denote the set of fixed points of F. If C = Fix (F ) and Q = Fix (G), then
Problem (1) becomes

x ∈ Fix (F ) such that Ax ∈ Fix (G), (2)

which is called the split common fixed point problem (SCFPP).
Problem (1) has been further generalized to themultiple-sets split feasibility

problem (MSSFP), see [14] or [38], which requires finding

x ∈
m⋂
i=1

Ci such that Ax ∈ Q, (3)

where Ci, i = 1, 2, ...,m, are nonempty closed convex subsets of H1.
Similarly, given integers m,n ≥ 1, the MSSFP can be formulated in a more

general form:

x ∈
m⋂
i=1

Ci such that Ax ∈
n⋂

j=1

Qj , (4)

where Qj , j = 1, 2, ..., n, are nonempty closed convex subsets of H2.
If the sets Ci and Qj in (4) are replaced by Fix (Fi) and Fix (Gj), then the

MSSFP reduces to the multiple-set split common fixed point problem (MSS-
CFP), which requires finding

x ∈
m⋂
i=1

Fix(Fi) such that Ax ∈
n⋂

j=1

Fix(Gj), (5)

where, for 1 ≤ i ≤ m and 1 ≤ j ≤ n, F ix(Fi) and Fix(Gj) are the sets of
fixed points of Fi : H1 → H1 and Gj : H2 → H2, respectively.

In particular, when m = n = 1, the MSSFP and MSSCFP reduces to the
SFP and SCFP, respectively.

Multiple-set split feasibility problems (MSSFP) are important in real appli-
cations, such as signal processing and image reconstruction, CT image recon-
struction of medical imaging and signal processing, see, for instance [10, 13, 45].

Several iterative schemes have been proposed to solve the above or related
problems. By exploiting several properties of the demicontractive mappings
in connection with the directed mappings, Cui [16] introduced and analyzed
three iterative methods for solving the split common fixed point problem with
multiple output sets for demicontractive mappings in Hilbert spaces, for which
he established the weak convergence under mild conditions, see also Wang [35].
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Eslamian and Kamandi [20] studied a variational inequality problem de-
fined over the solution of multiple-set split common fixed point problem for
a finite family of generalized demimetric mappings (which are closely related
to demicontractive mappings) and presented an accelerated steepest descent
algorithm for solving this problem. In the same context, Eslamian [19] studied
the split common fixed point problem for demimetric mappings and Bregman
relatively nonexpansive mappings.

Zhao et al. [45] introduced some algorithms to solve the MSSCFP in the
class of quasi-nonexpansive mappings. There is a significant interest in solving
MSSCFPs, as shown by the next selected list of recent works [1], [3], [9], [11],
[12], [23], [27], [28], [29], [30], [31], [32], [33], [37], [35], [36], [34], [40], [42], [43]
and [44], see also [2],[17], [18], [21], [22], [26], [46].

In the present paper, by using the possibility of embedding demicontractive
mappings in the class of quasi-nonexpansive mappings, see Berinde [4, 5] and
Berinde and Saleh [6, 7, 8], we propose several averaged self-adaptive inertial
parallel iterative algorithms aimed at solving the MSSCFP in a more general
class of demicontractive mappings.

We prove the weak convergence of the proposed algorithms to the solution
of the MSSCFP and also provide some appropriate numerical examples to
illustrate the convergence of our algorithms and their superiority over other
related methods.

2 Preliminaries

Let H be a real Hilbert space with norm ∥ · ∥ and inner product ⟨·, ·⟩. Let
D ⊂ H be a closed convex set and consider the self-mapping F : D → D.

The mapping F is said to be Lipschitz if there is a real number L ≥ 0 such
that

∥Fu− Fv∥ ≤ L∥u− v∥, ∀u, v ∈ D.

If L < 1, then F is called Banach contraction or strict contraction and if
L = 1, then F is called nonexpansive. Furthermore, F is called

(a) strictly pseudo-contractive if there exists β ∈ (0, 1) such that

∥Fu− Fv∥2 ≤ ∥u− v∥2 + β∥(I − F )u− (I − F )v∥2, ∀u, v ∈ D. (6)

(b) quasi-nonexpansive if Fix(F ) ̸= ∅ and

∥Fu− v∥ ≤ ∥u− v∥, for all u ∈ D and v ∈ Fix(F ); (7)

(c) β-demicontractive if Fix(F ) ̸= ∅ and there exists a positive number
β < 1 such that

∥Fu−v∥2 ≤ ∥u−v∥2+β∥u−Fu∥2, for all u ∈ D and v ∈ Fix(F ); (8)
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By the previous definitions, it is obvious that any nonexpansive mapping is
strictly pseudocontractive, any nonexpansive mapping F with Fix(F ) ̸= ∅ is
quasi-nonexpansive and that any quasi-nonexpansive mapping is demicontrac-
tive, too, but the reverses of all these assertions are no more true, as illustrated
by the next two examples. For a complete diagram of the relationships be-
tween the four classes of nonexpanisve type mappings defined before, we refer
to [5].

Example 1. [8] Let H be the real line with the usual norm and D = [0, 1].
Define F on D as

F (u) =



2
3 , if 0 ≤ u ≤ 2

3

u, if 2
3 < u < 3

4

3
4 , if 3

4 ≤ u < 9
10

1
3 , if 9

10 ≤ u ≤ 1.

(9)

(a) F is β-demicontractive with β =
7

17
;

(b) F is neither quasi-nonexpasive nor nonexpansive;

(c) F is not strictly pseudocontractive (see Berinde and Saleh [8] for details).

The following lemma is due to Berinde [5].

Lemma 1. [5] Let D be a closed convex subset of the Hilbert space H. If
F : D → D is a β-demicontractive mapping, then for any µ ∈ (0, 1 − β) the
mapping

Fµ = (1− µ)I + µF

is quasi-nonexpansive.

Let us recall the following two straightforward identities in a real Hilbert
space (see for example Zhao et al. [45]):

2⟨u, v⟩ = ∥u∥2 + ∥v∥2 − ∥u− v∥2 = ∥u+ v∥2 − ∥u∥2 − ∥v∥2

and

∥αu+ (1− α)v∥2 = α∥u∥2 + (1− α)∥v∥2 − α(1− α)∥u− v∥2

for all u, v ∈ H and α ∈ (0, 1). It is easy to see that the following inequality
also holds in Hilbert spaces:

∥α0u0 + α1u1 + · · ·+ αrur∥2 ≤
r∑

i=0

αi∥ui∥2 − αsαt∥us − ut∥2, (10)
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where s, t ∈ {0, 1, . . . , r}, ui ∈ H(i = 0, 1, . . . , r) and 0 ≤ αi ≤ 1 with∑r
i=0 αi = 1.

Lemma 2. [25] Let H be a real Hilbert space and let F : H → H be a
quasi-nonexpansive mapping. Set Fα = (1 − α)I + αF for α ∈ (0, 1). For all
u ∈ H, q ∈ Fix(F ), the following assertions hold:

(i) ⟨u− Fu, u− q⟩ ≥ 1
2∥u− Fu∥2 and ⟨u− Fu, q − Fu⟩ ≥ 1

2∥u− Fu∥2;

(ii) ∥Fαu− q∥2 ≤ ∥u− q∥2 − α(1− α)∥Fu− u∥2;

(iii) ⟨u− Fαu, u− q⟩ ≥ α
2 ∥Fu− u∥2.

It follows from (iii) of Lemma 2 that the following result is easily obtained.

Proposition 1. [45] Let F be a quasi-nonexpansive mapping and α ∈ (0, 1).
If

Fα = (1− α)I + αF,

then
∥(I − Fα)u∥2 ≤ 2α⟨u− q, (I − Fα)u⟩

for all u ∈ H and q ∈ Fix(F ).

Remark 1. Let Fα = (1−α)I+αF, where F : H → H is a quasi-nonexpansive
mapping and α ∈ (0, 1). We have Fix(Fα) = Fix(F ) and

∥Fα − u∥2 = α2∥Fu− u∥2.

It follows from (ii) of Lemma 2 that

∥Fαu− q∥2 ≤ ∥u− q∥2 − 1− α

α
∥Fαu− u∥2,

which implies that Fα is firmly quasi-nonexpansive provided that α = 1
2 . On

the other hand, if F̂ is a firmly quasi-nonexpansive mapping, we can easily
obtain F̂ = 1

2I +
1
2F, where F is a quasi-nonexpansive mapping.

Lemma 3. [24] Let {ϕp} ⊂ [0,∞), {θp} ⊂ [0,∞), and {δk} ⊂ [0,∞) be
sequences such that

(i) ϕk+1 − ϕp ≤ θp(ϕp − ϕk−1) + δk;

(ii)
∑∞

k=1 δk < ∞;

(iii) {δk} ⊂ [0, θ], where θ ∈ [0, 1).
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Then {ϕp} is a convergent sequence and
∑∞

k=1[ϕk+1−ϕp]+ < ∞, where [t]+ =
max{t, 0} for t ∈ R.

Lemma 4. [39] Let {up} be a bounded sequence that satisfies:

(i) every weak limit point of {up} lies in D, a convex and closed subset of
H;

(ii) limp→∞ ∥up − u∥ exists for every u ∈ D.

Then {up} converges weakly to a point in D.

3 Main Results

In this paper, if no contrarily specified, we shall make use of the following
assumptions:

(A1) H1,H2 and H3 are real Hilbert spaces, A : H1 → H2 is a bounded and
linear operator with A ̸= 0;

(A2) Fi : H1 → H1(1 ≤ i ≤ m) and Gj : H2 → H2(1 ≤ j ≤ n) are βi-
demicontractive and βj-demicontractive mappings, respectively;

Fνi
= (1− νi)I + νiFi, Gνj

= (1− νj)I + νjGj ,

νi ∈ (0, 1− βi) and νj ∈ (0, 1− βj).

(A3) For 1 ≤ i ≤ m and 1 ≤ j ≤ n, {δip} and {ξjp} are sequences in [0, 1] such

that
∑m

i=1 δ
i
p =

∑n
j=1 ξ

j
p = 1 for all p ≥ 1, {aip} and {bjp} are sequences

in (0, 1),

Fj
p = (1− aip)I + aipFνi and Gj

p = (1− bjp)I + bjpGνj ,

ā = sup
p≥1,1≤i≤m

{aip}, a = inf
p≥1,1≤i≤m

{aip},

b̄ = sup
p≥1,1≤j≤m

{bjp}, b = inf
p≥1,1≤j≤m

{bjp},

(A4) The set of solution of the (MSSCFP) of demicontractive mappings Ω is
assumed to be nonempty.

Algorithm 1.
Step 1 : Choose two sequences {ϑp} ⊂ (0,∞) and {φp} ⊂ (0,∞) with

∑∞
k=1 φp <

∞. Select initial values u0, u1, y0 ∈ H1, κ ∈ [0, 1), c ∈ (0, 1], η > 0 and set
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y1 = y0.

Step 2 : Given up−1, up and yp, p ≥ 1, choose αp such that 0 ≤ αp ≤ ᾱp,
where

ᾱp =

min

{
κ,

φp

∥up − up−1∥2 + ∥yp−1∥2

}
, if up ̸= up−1 or yp−1 ̸= 0,

κ, otherwise.

(11)
Compute

vp = up + αp(up − up−1),

zp = vp − ηp
∑n

j=1 ξ
j
pA

∗bjp
(
I −Gνj

)
Avp,

yp+1 =
(
I −

∑m
i=1 δ

i
p[(1− aip)I + aipFνi ]

)
(zp + (1− c)yp),

up+1 = zp − cyp+1,

where the step size ηp is chosen in such a way that

ηp =


ϑp

∑n
j=1 ξ

j
p

∥∥(I − Gj
p)Avp

∥∥2∑n
j=1 ξ

j
p

∥∥∥A∗(I − G
j
p)Avp

∥∥∥2 ,
∑n

j=1 ξ
j
p

∥∥(I − Gj
p)Avp

∥∥ ̸= 0

η,
∑n

j=1 ξ
j
p

∥∥(I − Gj
p)Avp

∥∥ = 0.

(12)

Step 3 : Update p := p+ 1 and go to Step 2.

Remark 2. If φp ≡ 0 in Algorithm 1, we can take αp ≡ 0. The proposed
algorithm is reduced to the original algorithm without inertial extrapolation.

Remark 3. From (11), we have

αp(∥up − up−1∥2 + ∥yp−1∥2) ≤ ᾱp(∥up − up−1∥2 + ∥yp−1∥2) ≤ φp,

so
∞∑
p=1

αp(∥up − up−1∥2 + ∥yp−1∥2) < ∞. (13)

Theorem 1. Let {(yp, up)} be the sequence generated by Algorithm 1. Assume
the following conditions hold

(i) I − Fi and I −Gj are demiclosed at zero for 1 ≤ i ≤ m and 1 ≤ j ≤ n;

(ii) 0 < a ≤ aip ≤ ā ≤ 1
2 and 0 < b ≤ bip ≤ b̄ ≤ 1
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(iii) 0 < lim infp→∞ δip ≤ δip ≤ 1 and 0 < lim infp→∞ ξip ≤ ξip ≤ 1

(iv) 0 < lim infp→∞ ϑp ≤ lim supp→∞ ϑp < 1
b̄
.

Then the sequences {up} and {yp} converge weakly to u∗ ∈ Ω and 0, respec-
tively.

Proof. First we show that limp→∞ ∥up − u∥ exists for all u ∈ Ω. Let u ∈ Ω. It
follows that u ∈ ∩m

i=1Fix(Fi) and Au ∈ ∩p
j=1Fix(Gj). From the definitions of

Fj
p and Gj

p, and Remark 2 we have u ∈ ∩m
i=1Fix(Fj

p) and Au ∈ ∩p
j=1Fix(Gj

p).
From Algorithm 1 and Proposition 1,

∥yp+1∥2 =

∥∥∥∥∥
m∑
i=1

δip(I − Fj
p)(zp + (1− c)yp)

∥∥∥∥∥
2

≤
m∑
i=1

δip
∥∥(I − Fj

p)(zp + (1− c)yp)
∥∥2

≤
m∑
i=1

2δipa
i
p

〈
(I − Fj

p)(zp + (1− c)yp), zp − u+ (1− c)yp
〉

≤ 2ā⟨yp+1, zp − u+ (1− c)yp⟩

and
∥up+1 − u∥2 = ∥zp − u∥2 − 2c⟨zp − u, yp+1⟩+ c2∥yp+1∥2. (14)

One can see that

∥up+1 − u∥2 + c∥yp+1∥2

= ∥zp − u∥2 − 2c⟨zp − u, yp+1⟩+
c

ā
∥yp+1∥2 − c

(
1

ā
− c− 1

)
∥yp+1∥2

≤ ∥zp − u∥2 + 2c(1− c)⟨yp+1, yp⟩ − c

(
1

ā
− c− 1

)
∥yp+1∥2

≤ ∥zp − u∥2 + c(1− c)(∥yp∥2 − ∥yp+1 − yp∥2)− c

(
1

ā
− 2

)
∥yp+1∥2.

(15)

Since

⟨vp − u,A∗(I − Gj
pAvp⟩ ≥

1

2b̄
∥(I − Gj

p)Avp∥2,
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it follows that

∥zp − u∥2 = ∥vp − u∥2 − 2ηp

〈
vp − u,

n∑
j=1

ξjpA
∗(I − G

j
p)Avp

〉
+ η2

p

∥∥∥∥ n∑
j=1

ξjpA
∗(I − G

j
p)Avp

∥∥∥∥2

≤∥vp − u∥2 − 2ηp

n∑
j=1

〈
vp − u, ξjpA

∗(I − G
j
p)Avp

〉
+ η2

p

∥∥∥∥ n∑
j=1

ξjpA
∗(I − G

j
p)Avp

∥∥∥∥2

≤∥vp − u∥2 − ηp

(
1

b̄

n∑
j=1

ξjp

∥∥∥(1− G
j
p

)
Avp

∥∥∥2

− ηp

n∑
j=1

ξjp

∥∥∥A∗
(
I − G

j
p

)
Avp

∥∥∥2
)
.

It can be seen that

∥vp−u∥2 = (1+αp)∥up−u∥2−αp∥up−1−u∥2+αp(1+αp)∥up−up−1∥2, (16)

and

∥zp − u∥2 ≤ (1 + αp)∥up − u∥2 − αp∥up−1 − up∥2 + αp(1 + αp)∥up − up−1∥2

− ηp

(
1

b̄

n∑
j=1

ξjp
∥∥(1− Gj

p

)
Avp

∥∥2 − ηp

n∑
j=1

ξjp
∥∥A∗ (I − Gj

p

)
Avp

∥∥2).
The conditions in ᾱ and (15) yield

∥up+1 − u∥2 + c∥yp+1∥2

≤ ∥up − u∥2 + c∥yp∥2 + αp

(
∥up − u∥2 − ∥up−1 − u∥2

)
+ αp(1 + αp)∥up − up−1∥2

− c2∥yp∥2 − ηp

(
1

b̄

n∑
j=1

ξjp
∥∥(1− Gj

p

)
Avp

∥∥2 − ηp

n∑
j=1

ξjp
∥∥A∗ (I − Gj

p

)
Avp

∥∥2).
Letting ωp = ∥up − u∥2 + c∥yp∥2 gives

ωp+1 ≤ ωp + αp

(
∥up − u∥2 − ∥up−1 − u∥2

)
+ αp(1 + αp)∥up − up−1∥2

− c2∥yp∥2 − ηp

(
1

b̄

n∑
j=1

ξjp
∥∥(1− Gj

p

)
Avp

∥∥2 − ηp

n∑
j=1

ξjp
∥∥A∗ (I − Gj

p

)
Avp

∥∥2).
Hence,

ωp+1 − ωp ≤ αp(ωp − ωp−1) + 2αp(∥up − up−1∥2 + ∥yp−1∥2)

− c2∥yp∥2 − ηp

(
1

b̄

n∑
j=1

ξjp
∥∥(1− Gj

p

)
Avp

∥∥2 − ηp

n∑
j=1

ξjp
∥∥A∗ (I − Gj

p

)
Avp

∥∥2).
(17)
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If
∑n

j=1 ξ
j
p∥(I − Gj

p)Avp∥ = 0, then

ωp+1 − ωp ≤ αp(ωp − ωp−1) + 2αp(∥up − up−1∥2 + ∥yp−1∥2)− c2∥yp∥2

≤ αp(ωp − ωp−1) + 2αp(∥up − up−1∥2 + ∥yp−1∥2). (18)

Otherwise, it follows from (12) and (17) that

ωp+1 − ωp ≤ αp(ωp − ωp−1) + 2αp(∥up − up−1∥2 + ∥yp−1∥2)

− c2∥yp∥2 − ϑp

(
1

b̄
− ϑp

) (∑n
j=1 ξ

j
p

∥∥(I − Gj
p)Avp

∥∥2)2

∑n
j=1 ξ

j
p

∥∥∥A∗(I − G
j
p)Avp

∥∥∥2 . (19)

The conditions in ϑp and c imply that

ωp+1 − ωp ≤ αp(ωp − ωp−1) + 2αp(∥up − up−1∥2 + ∥yp−1∥2). (20)

Let ϕp = ωp, θp = αp and δp = 2αp(∥up − up−1∥2 + ∥yp−1∥2). From (13),

∞∑
p−1

2αp(∥up − up−1∥2 + ∥yp−1∥2) < ∞.

Applying Lemma 3 to (20), we conclude that limp→∞ ωp exists. This implies
that {ωp} is bounded, as are {up}, {vp} and {zp}. From (18)-(19), it follows
that

c2∥yp∥2 ≤ αp(ωp − ωp−1)− (ωp+1 − ωp) + 2αp(∥up − up−1∥2 + ∥yp−1∥2).

This indicates that limp→∞ ∥yp∥ = 0. Therefore,

lim
p→∞

∥up − u∥2 = lim
p→∞

(ωp − c∥yp∥2) = lim
p→∞

ωp exists.

Secondly, we show that limp→∞ ∥(I − Gj
p)Avp∥ = 0 for 1 ≤ j ≤ n.

If
∑n

j=1 ξ
j
p∥(I−Gj

p)Avp∥ = 0, then vp−zp = ηp
∑n

j=1 ξ
j
pA

∗(I−Gj
p)Avp = 0.

Otherwise, (19) yields

ϑp(
1

b̄
)

(∑n
j=1 ξ

j
p

∥∥(I − Gj
p)Avp

∥∥2)2

∑n
j=1 ξ

j
p

∥∥∥A∗(I − G
j
p)Avp

∥∥∥2
≤ αp(ωp − ωp−1 − (ωp+1 − ωp) + 2αp(∥up − up−1∥2 + ∥yp−1∥2)− c2∥ω∥2,



ACCELERATED AVERAGED ITERATIVE METHODS 139

and hence,

lim
p→∞

(∑n
j=1 ξ

j
p

∥∥(I − Gj
p)Avp

∥∥2)2

∑n
j=1 ξ

j
p

∥∥∥A∗(I − G
j
p)Avp

∥∥∥2 = 0

Moreover,

lim
p→∞

∑n
j=1 ξ

j
p

∥∥(I − Gj
p)Avp

∥∥2√∑n
j=1 ξ

j
p

∥∥∥A∗(I − G
j
p)Avp

∥∥∥2 = 0 (21)

As A is a bounded linear operator, the following inequality holds.

∥A∗(I − Gj
p)Avp∥ ≤ ∥A∥ · ∥(I − Gj

p)Avp∥.

Thus,

1

∥A∥

√√√√ n∑
j=1

ξjp∥(I − G
j
p)Avp∥2 =

∑n
j=1 ξ

j
p∥(I − Gj

p)Avp∥2

∥A∥
√∑n

j=1 ξ
j
p∥(I − G

j
p)Avp∥2

≤
∑n

j=1 ξ
j
p∥(I − Gj

p)Avp∥2√∑n
j=1 ξ

j
p∥A∗(I − G

j
p)Avp∥2

(22)

in view of the fact that A ̸= 0. From (21) and (22), it follows that

lim
p→∞

n∑
j=1

ξjp∥(I − Gj
p)Avp∥2 = 0.

Taking into account the condition

0 < lim
p→∞

ξjp ≤ ξjp ≤ 1

this implies that
lim
p→∞

∥(I − Gj
p)Avp∥ = 0.

One can see that

∥
n∑

j=1

ξjpA
∗(I − Gj

p)Avp∥ ≤

√√√√ n∑
j=1

ξjp∥A∗(I − G
j
p)Avp∥2

which yields
∥
∑n

j=1 ξ
j
pA

∗(I − Gj
p)Avp∥√∑n

j=1 ξ
j
p∥A∗(I − G

j
p)Avp∥2

≤ 1. (23)
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In fact,

∥vp − zp∥ =
ϑp

∑n
j=1 ξ

j
p∥(I − Gj

p)Avp∥2∑n
j=1 ξ

j
p∥A∗(I − G

j
p)Avp∥2

∥
n∑

j=1

ξjpA
∗(I − Gj

p)Avp∥

=
ϑp

∑n
j=1 ξ

j
p∥(I − Gj

p)Avp∥2√∑n
j=1 ξ

j
p∥A∗(I − G

j
p)Avp∥2

∥
∑n

j=1 ξ
j
pA

∗(I − Gj
p)Avp∥√∑n

j=1 ξ
j
p∥A∗(I − G

j
p)Avp∥2

≤
ϑp

∑n
j=1 ξ

j
p∥(I − Gj

p)Avp∥2√∑n
j=1 ξ

j
p∥A∗(I − G

j
p)Avp∥2

It follows from (21) and (23) that limp→∞ ∥vp−zp∥ = 0. Now we can conclude
that

lim
p→∞

∥(I − Gj
p)Avp∥ = lim

p→∞
∥vp − zp∥ = 0 (24)

for 1 ≤ j ≤ n. Since up+1 = zp − cyp+1, we obtain

lim
p→∞

∥up+1 − zp∥ = lim
p→∞

c∥yp+1∥ = 0. (25)

It follows from (13) that limp→∞ ap(∥up − up−1∥2 + ∥yp−1∥2) = 0. Thus,
limp→∞ ap∥up − up−1∥2 = 0. Since a2p∥up − up−1∥2 ≤ αp∥up − up−1∥2, we
have limp→∞ ap∥up − up−1∥ = 0. Thus,

lim
p→∞

∥vp − up∥ = lim
p→∞

ap∥up − up−1∥ = 0. (26)

From (24) and (26), it follows that limp→∞ ∥up−zp∥ = 0. Using (25), we obtain
limp→∞ ∥up+1 − up∥ = 0. We conclude that {up} is asymptotically regular.
Hence, {Aup} is also asymptotically regular, i.e., limp→∞ ∥Aup+1−Aup∥ = 0.

Next we show that

lim
p→∞

∥(I − Fj
p)(zp + (1− c)yp∥ = 0

for 1 ≤ i ≤ m. It can be seen that

∥up+1 − u∥2 = ∥zp − u∥2 − 2c⟨yp+1, zp − u⟩+ c2∥yp+1∥2,

which yields

∥zp − u∥2 = ∥up+1 − u∥2 + 2c⟨yp+1, zp − u⟩ − c2∥yp+1∥2.

The boundedness of {zp} implies that limp→∞ ∥zp − u∥ = limp→∞ ∥up+1 − u∥
exists. Similarly, since

∥zp − cyp − u∥2 = ∥zp − u∥2 − 2c⟨yp, zp − u⟩+ c2∥yp∥2
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and

∥zp + (1− c)yp − u∥2 = ∥zp − u∥2 + 2(1− c)⟨yp, zp − u⟩+ (1− c)2∥yp∥2,

it follows that

lim
p→∞

∥zp−cyp−u∥ = lim
p→∞

∥zp+(1−c)yp−u∥ = lim
p→∞

∥zp−u∥ = lim
p→∞

∥up+1−u∥.
(27)

From Algorithm 1,

up+1 = (1− c)zp − c(1− c)yp + c

m∑
i=1

δipF
j
p(zp + (1− c)yp)

= (1− c)(zp − cyp) + c

m∑
i=1

δipF
j
p(zp + (1− c)yp) (28)

Using (10), (28) and Remark 2, we obtain

∥up+1 − u∥2 ≤ (1− c)∥zp − cyp − u∥2 + c

m∑
i=1

δip∥Fj
p(zp + (1− c)yp)− u∥2

≤ (1− c)∥zp − cyp − u∥2 + c∥zp + (1− c)yp − u∥2

− c
1− ᾱ

ᾱ

m∑
i=1

δip∥(I − Fj
p)(zp + (1− c)yp)∥2.

This implies that

c
1− ᾱ

ᾱ

m∑
i=1

δip∥(I − Fj
p)(zp + (1− c)yp)∥2

≤ (1− c)∥zp − cyp − u∥2 + c∥zp + (1− c)yp − u∥2 − ∥up+1 − u∥2.

Applying (27) and the conditions in {δip}, 1 ≤ i ≤ m, we obtain

lim
p→∞

∥(I − Fj
p)(zp + (1− c)yp)∥ = 0, for 1 ≤ i ≤ m.

Finally, we show that yw(up) ⊂ Ω. Let û ∈ yw(up), i.e., there exists a sub-
sequence {upl

} of {up} such that upl
⇀ û as l → ∞. At the same time, it

follows from (26) that ypl
⇀ û,Aypl

⇀ Aû as l → ∞. It can be seen that
zpl

+ (1− c)ypl
⇀ û as l → ∞. Since I −Fνi and I −Gνj are demiclosed at 0,

from

I − Fi
p = (1− αi

p)(I − Fνi) and I − Gj
p = (1− βj

p)(I −Gνj ),
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we see that I − Fi
p and I − Gj

p are demiclosed at 0. Thus, it follows from (24)
and Remark 2 that

û ∈
m⋂
i=1

Fix(Fi
p) =

m⋂
i=1

Fix(Fνi
) =

m⋂
i=1

Fix(Fi)

and

Aû ∈
n⋂

j=1

Fix(Gj
p) =

n⋂
j=1

Fix(Gνj
) =

n⋂
j=1

Fix(Gj),

which yield û ∈ Ω, so ωw(up) ⊂ Ω. By Lemma 4, up ⇀ u∗ as p → ∞, where u∗

is a solution of the MSSCFP. Since yp → 0, it follows that (yp, up) ⇀ (0, u∗)
as p → ∞.

Corollary 1. Let 0 < c ≤ 1 and 0 ≤ lim infp→∞ ϑp ≤ lim supp→∞ ϑp <
2. Choose u0, u1, y0 ∈ H1, set y1 = y0, and let {(yp, up)} be the sequences
generated by 

vp = up + αp(up − up−1),

zp = vp − ηp
∑n

j=1 ξ
j
pA

∗(I − PQj
)Avp,

yp+1 = (I −
∑m

i=1 δ
i
pPCi

)(zp + (1− c)yp),

up+1 = zp − cyp+1,

(29)

where 0 ≤ αp ≤ āk, āk is chosen by (11) with κ ∈ [0, 1) and
∑∞

k=1 φp < ∞,
and ηp is chosen by the following way that

ηp =


ϑp

∑n
j=1 ξ

j
p∥(I − PQj )Avp∥2∑n

j=1 ξ
j
p∥A∗(I − PQj

)Avp∥2
,

∑n
j=1 ξ

j
p∥(I − PQj )Avp∥ ≠ 0

η,
∑n

j=1 ξ
j
p∥(I − PQj

)Avp∥ = 0.

(30)

with 0 < η < 1. Then {up} converges weakly to a point u∗, where u∗ is a
solution of the MSFP, and {(yp, up)} converges weakly to (0, u∗).

In addition to assumptions (A1)-(A3), we consider the following assump-
tion:

(A4) for all p ≥ 1, [p]1 = p(mod m) + 1 and [p]2 = p(mod n) + 1. Let {θp} ⊂
(0, 1), {µp} ⊂ (0, 1),

F̂νp
= (1− θp)I + θpFν[p]1

, Ĝνp
= (1− µp)I + µpGν[p]2

,

θ̄ = supp≥1{θp}, θ = infp≥1{θp}, µ̄ = supp≥1{µp}, and µ = infp≥1{µp}.
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Algorithm 2.
Step 1 : Choose two sequences {ϑp} ⊂ [0,∞) and {φp} ⊂ [0,∞) with∑∞

k=1 φp < ∞. Select initials u0, u1, y0 ∈ H1, κ ∈ [0, 1), c ∈ (0, 1], η > 0 and
set y1 = y0.

Step 2 : Given the iterates up−1, up and yp, for p ≥ 1, choose ak such that
0 ≤ αp ≤ āk, wheremin

{
κ,

φp

∥up − up−1∥2 + ∥yp−1∥2

}
, if up ̸= up−1 or yp−1 ̸= 0,

κ, otherwise.

Compute

vp = up + αp(up − up−1),

zp = vp − ηpA
∗(I − Ĝνp

)Avp,

yp+1 =
(
I −

∑m
i=1 δ

i
p[(1− aip)I + aipFνi ]

)
(zp + (1− c)yp),

up+1 = zp − cyp+1,

where the step-size ηp is chosen in such a way that

ηp


ϑp∥(I − Gj

p)Avp∥2

∥A∗(I − G
j
p)Avp∥2

, (I − Gj
p)Avp ̸= 0,

η, (I − Gj
p)Avp = 0.

(31)

Step 3 : Update p := p+ 1 and go to Step 2.

Theorem 2. Let {(yp, up)} be the sequence generated by Algorithm 2. Assume
the following conditions hold

(i) I − Fi and I −Gj are demiclosed at zero for 1 ≤ i ≤ m and 1 ≤ j ≤ n;

(ii) 0 < α ≤ αi
p ≤ ᾱ ≤ 1

2 and 0 < µ ≤ µi
p ≤ µ̄ ≤ 1

(iii) 0 < lim infp→∞ ϑp ≤ lim supp→∞ ϑp < 1
µ̄ .

Then the sequences {up} and {yp} converge weakly to u∗ ∈ Ω and 0, respec-
tively.

Proof. Firstly, we prove that limp→∞ ∥up−u∥ exists for any u ∈ Ω. Let u ∈ Ω,
we have u ∈ ∩m

i=1Fix(Fi) and Au ∈ ∩n
j=1Fix(Gj), and Remark 1 that u ∈
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∩m
i=1Fix(Fj

p) and Au ∈ ∩n
j=1Fix(Gj

p). Similar to the proof of Theorem 1, we
obtain (15) and (16). Since

⟨vp − u,A∗(I − Ĝνp
)Avp⟩ ≥

1

2µ̄
∥(I − Ĝνp

)Avp∥2,

it follows that

∥zp − u∥2∥vp − u∥2 − 2ηp⟨vp − u,A∗((I − Ĝνp)Avp⟩+ η2p∥A∗(I − Ĝνp)Avp∥2

≤ ∥vp − u∥2 − ηp(
1

µ̄
∥(I − Ĝνp)Avp∥2 − ηp∥A∗(I − Ĝνp)Avp∥2).

Adding (16) into this relation yields

∥zp − u∥2 ≤ (1 + αp)∥up − u∥2 − αp∥up − up−1∥2 + αp(1− αp)∥up − up−1∥2

− ηp(
1

µ̄
∥(I − Ĝνp)Avp∥2 − ηp∥A∗(I − Ĝνp)Avp∥2)

Similar to the first step in Theorem 1, we have

ωp+1 − ωp ≤ αp(ωp − ωp−1 + 2αp(∥up − up−1∥2 + ∥yp−1∥2)

− c2∥yp∥2 − ηp(
1

µ̄
∥(I − Ĝνp)Avp∥2 − ηp∥A∗(I − Ĝνp)Avp∥2)

(32)

where ωp = ∥up − u∥2 + c∥yp∥2. For the case (I − Ĝνp)Avp = 0,

ωp+1 − ωp ≤ αp(ωp − ωp−1 + 2αp(∥up − up−1∥2 + ∥yp−1∥2)− c2∥yp∥2

≤ αp(ωp − ωp−1 + 2αp(∥up − up−1∥2 + ∥yp−1∥2)

Otherwise, we deduce from (31) and (32) that

ωp+1 − ωp ≤ αp(ωp − ωp−1 + 2αp(∥up − up−1∥2 + ∥yp−1∥2)

− c2∥yp∥2 − ϑp(
1

µ̄
− ϑp)

∥(I − Ĝνp)Avp∥4

∥A∗(I − Ĝνp
)Avp∥2

(33)

By Theorem 1, we also have limp→∞ ∥yp∥ = 0 and limp→∞ ∥up − u∥2 =
limp→∞ ωp exists. Thus, {up} is bounded and {zp} is bounded.

Secondly, we prove that limp→∞ ∥(I − Ĝνp
)Avp∥ = 0 and limp→∞ ∥(I −

Fj
p)(zp + (1 − c)yp∥ = 0 for 1 ≤ i ≤ m. If (I − Ĝνp)Avp = 0, then vp − zp =

ηpA
∗(I − Ĝνp)Avp = 0. Otherwise, it follows from (33) that

ϑp(
1

µ̄
− ϑp)

∥(I − Ĝνp
)Avp∥4

∥A∗(I − Ĝνp)Avp∥2
≤ αp(ωp − ωp−1)− (ωp+1 − ωp)

+ 2αp(∥up − up−1∥2 + ∥yp−1∥2)− c2∥yp∥2,
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which implies that
∥(I − Ĝνp

)Avp∥2

∥A∗(I − Ĝνp
)Avp∥

= 0. (34)

Since A ̸= 0 and

1

∥A∥
∥(I − ĜνpAvp∥ =

∥(I − Ĝνp
)Avp∥2

∥A∥∥(I − Ĝνp
)Avp∥

≤
∥(I − Ĝνp

)Avp∥2

∥A∗(I − Ĝνp
)Avp∥

,

we have limp→∞ ∥(I − Ĝνp)Avp∥ = 0. It follows from (34) that

lim
p→∞

∥vp − zp∥ = lim
p→∞

∥ηpA∗(I − Ĝνp)Avp∥ = lim
p→∞

ϑp

∥(I − Ĝνp
)Avp∥2

∥A∗(I − Ĝνp)Avp∥
= 0.

From the two cases discussed above, we obtain

lim
p→∞

∥(I − Ĝνp
)Avp∥ = lim

p→∞
∥vp − zp∥ = 0.

Theorem 1 implies that

lim
p→∞

∥(I − Fi
p)(zp + (1− c)yp∥ = 0

for all 1 ≤ i ≤ m, and

lim
p→∞

∥vp − up∥ = lim
p→∞

∥up − up∥ = lim
p→∞

∥up+1 − up∥ = 0.

Finally, we prove that ωw(up) ⊂ Ω. Let û ∈ ωw(up), i.e., there exists a subse-
quence {upl

} of {up} such that upl
⇀ û as l → ∞. Similar to Theorem 1 we

have ypl
⇀ û,Aypl

⇀ Aû and vpl
+ (1 − c)ωpl

⇀ û as l → ∞. Since {Aup}
is asymptotically regular, for any 1 ≤ j ≤ n, we can choose a subsequence
{pjk} ⊂ {p} such that Aypjk

⇀ Aû as n → ∞ and [pjk ]2 = j for all n. It turns
out that

lim
p→∞

∥(I −Gνj )Aypjk
∥ = lim

p→∞
∥(I −Gν[pjk

]2
)Aypjk

∥

= lim
p→∞

1

µpjk

∥(I − Ĝνpjk
)Aypjk

∥ = 0 (35)

By the same proof in Theorem 1, we have û ∈ ∩m
i=1Fix(Fνi

) = ∩m
i=1Fix(Fi).

Since I − Gνj
(1 ≤ j ≤ n) are demiclosed at zero, it follows from (35) that

Aû ∈ ∩n
j=1Fix(Gνj

) = ∩n
j=1Fix(Gj), so û ∈ Ω. Using Lemma 4, we have

up ⇀ u∗ as p → ∞, where u∗ is a solution to the MSSCFP. Thus, yp ⇀ 0 and
up ⇀ u∗ as p → ∞.
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Algorithm 3.
Step 1: Choose two sequences {ϑp} ⊂ [0,∞) and {φp} ⊂ [0,∞) with∑∞

k=1 φp < ∞. Select initials u0, u1, y0 ∈ H1, κ ∈ [0, 1), c ∈ (0, 1], η > 0
and set y1 = y0.

Step 2: Given the iterates up−1, up and yp, for p ≥ 1, choose αp such that
0 ≤ αp ≤ ᾱp, where

ᾱp =

min

{
κ,

φp

∥up − up−1∥2 + ∥yp−1∥2

}
, if up ̸= up−1 or yp−1 ̸= 0,

κ, otherwise.

Compute 

vp = up + αp(up − up−1),

zp = vp − ηp
∑n

j=1 ξ
j
pA

∗bjp
(
I −Gνj

)
Avp,

yp+1 =
(
I − F̂νp

)
(zp + (1− c)yp),

up+1 = zp − cyp+1,

where the step-size ηp is chosen as in (12).
Step 3: Update p := p+ 1 and go to Step 2.

Theorem 3. Let {(yp, up)} be the sequence generated by Algorithm 3. Assume
the following conditions hold

(i) I − Fi and I −Gj are demiclosed at zero for 1 ≤ i ≤ m and 1 ≤ j ≤ n;

(ii) 0 < θ ≤ θp ≤ θ̄ ≤ 1
2 and 0 < β ≤ βk ≤ b̄ ≤ 1

(iii) 0 < lim infp→∞ ξip ≤ ξip ≤ 1

(iv) 0 < lim infp→∞ ϑp ≤ lim supp→∞ ϑp < 1
b̄
.

Then the sequences {up} and {yp} converge weakly to u∗ ∈ Ω and 0, respec-
tively.

Proof. Fix u ∈ Ω. We have u ∈ ∩m
i=1Fix(Fi) and Au ∈ ∩n

j=1Fix(Gj). For

1 ≤ i ≤ m and 1 ≤ j ≤ n, it follows from Remark 1 that u ∈ ∩∞
p=1Fix(F̂νp)

and Au ∈ ∩n
j=1Fix(Gj

p). Hence,

∥yp+1∥2 = ∥(I − F̂νp
)(zp + (1− c)yp)− (I − F̂νp

)x∥2

≤ 2θ̄⟨yp+1, zp − u+ (1− c)yp⟩.

The rest of the proof follows from Theorem 1 or Theorem 2.
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Remark 4. Note that in Theorems 1, 2, and 3 the sequences {up} and {Aup}
are shown to be asymptotically regular.

Corollary 2. Let 0 < c ≤ 1 and

0 ≤ lim inf
p→∞

ϑp ≤ lim inf
p→∞

ϑp ≤ lim sup
p→∞

ϑp < 2.

Choose u0, u1, y0 ∈ H1, set y1 = y0, and let {(yp, up)} be the sequences gener-
ated by 

vp = up + αp(up − up−1),

zp = vp − ηpA
∗(I − PQ[p]2

)Avp,

yp+1 = (I −
∑m

i=1 δ
i
pPCi

)(zp + (1− c)yp),

up+1 = zp − cyp+1,

(36)

where 0 ≤ αp ≤ āk, āk is chosen by (11) with κ ∈ [0, 1) and
∑∞

p=1 φp < ∞,
and ηp is chosen by the following way:

ηp =


ϑp∥(I − PQ[p]2

)Avp∥2

∥A∗(I − PQ[p]2
)Avp∥2

, (I − PQ[p]2
)Avp ̸= 0

η, (I − PQ[p]2
)Avp = 0.

(37)

with 0 < η < 1. Then {up} converges weakly to a point u∗, where u∗ is a
solution of the MSFP, and {(yp, up)} converges weakly to (0, u∗).

4 Numerical illustrations

In this section, we consider a numerical example to illustrate the numerical
behavior of the iterations in algorithms (1), (2) and (3) to approximate the
solution of the multiple-set split common fixed point problem.

Example 2. Let H be the real line with the usual norm and D = [0, 1]. Define
the following functions on D.

F1(u) =



1
2u+ 3

8 , if 0 ≤ u ≤ 3
4

u, if 3
4 < u < 4

5

4
5 , if 4

5 ≤ u < 9
10

1
2 , if 9

10 ≤ u ≤ 1,

(38)
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F2(u) =


4
5 , if 0 ≤ u < 1

1
5 , if u = 1,

(39)

G1(u) =



5
6 , if 0 ≤ u ≤ 5

6

u, if 5
6 < u < 7

8

7
8 , if 7

8 ≤ u < 1

1
8 , if u = 1,

(40)

and

G2(u) =


7
8 , if 0 ≤ u < 1

1
8 , if u = 1.

(41)

The above functions (F1, F2, G1, G2) are demicontractive but neither quasi-
nonexpansive nor nonexpansive, see Berinde and Saleh [6, 8]. We set the
following sequences and constants:

φp =
1

p2
, ϑp =

3

p+ 2
, ξ1p =

1 + 2p

3p
, ξ2p = 1− ξ1p, κ1

p =
1 + p

3p
, κ2

p = 1− κ1
p,

c = 0.5, η = 0.5, κ = 0.2.

All assumptions in Theorems 1 2, and 3 are satisfied. Hence, the sequences
{up} and {yp} generated by Algorithms (1), (2) and (3) converge to the solution
of the MSSCFP, namely is u = 0.8 ∈ Ω and 0, respectively.

Several numerical experiments were conducted in Python for various choices
of the parameters. The numerical results corresponding to different initial val-
ues, obtained using Algorithms (1), (2), and (3), are reported in Tables 1, 2,
and 3, respectively.

We observe that for the initial value (u0, y0) = (1, 0.3), the solution of
the MSSCFP is obtained after 80, 116 and 81 iterations using Algorithms
1, 2 and 3, respectively. For the initial value (u0, y0) = (0.2, 0.6), the same
solution is reached after 88, 127 and 82 iterations for Algorithms 1, 2 and
3, respectively. Overall, the three algorithms converge at comparable rates,
although Algorithm 2 converges slightly more slowly than Algorithms 1 and
3.

5 Conclusions

We establish weak convergence theorems for several averaged iterative methods
designed to approximate solutions of the multiple-set split common fixed point



ACCELERATED AVERAGED ITERATIVE METHODS 149

Table 1: Numerical results for Example 2 with different initial values using
Algorithm 1

Iteration (p) up yp up yp

0 1 0.3 0.2 0.6
1 0.80246667 0.07506667 0.30677968 -0.03374984
2 0.76434598 0.00056163 0.43840056 -0.09130827
3 0.76323949 -0.0081066 0.54247468 -0.07893457
4 0.76881632 -0.0082679 0.6158808 -0.06004483
5 0.77472902 -0.00712048 0.66638754 -0.04449937
· · · · · · · · · · · · · · ·
10 0.79169215 -0.00254265 0.76483163 -0.01085815
· · · · · · · · · · · · · · ·
50 0.79999796 -0.00000066 0.79999139 -0.00000278
· · · · · · · · · · · · · · ·
75 0.79999999 0.0 0.79999994 -0.00000002
· · · · · · · · · · · · · · ·
80 0.8 0.0 0.79999998 -0.00000001
· · · · · · · · · · · · · · ·
82 0.8 0.0 0.79999999 0.0
88 0.8 0.0 0.8 0.0

problem in Hilbert spaces involving demicontractive mappings. These results
are obtained by exploiting known weak convergence theorems for the class of
quasi-nonexpansive operators.

Our analysis rellies on an embedding technique based on average mappings:
if F is β-demicontractive, then for any µ ∈ (0, 1 − β), the average operator
Fµ = (1− µ)I + µF is quasi-nonexpansive.

As demonstrated by the numerical experiments presented in Section 4, the
theoretical results are effectively applicable to the multiple-set split common
fixed point problem within the broader class of demicontractive mappings.
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Table 2: Numerical results for Example 2 with different initial values using
Algorithm 2.

Iteration (p) up yp up yp

0 1 0.3 0.2 0.6
1 0.8058 0.0684 0.32772190 -0.07563429
2 0.76823506 0.00042349 0.42917651 -0.02988672
3 0.76937237 -0.01335331 0.54817956 -0.11711582
4 0.77096784 0.0 0.60223339 -0.01719371
5 0.77742399 -0.00991142 0.66068916 -0.06493509
· · · · · · · · · · · · · · ·
10 0.78960016 0.0 0.75107995 -0.00094223
· · · · · · · · · · · · · · ·
50 0.79996758 0.0 0.79985026 0.0
· · · · · · · · · · · · · · ·
100 0.79999996 0.0 0.79999982 0.0
· · · · · · · · · · · · · · ·
116 0.8 0.0 0.79999998 0.0
· · · · · · · · · · · · · · ·
120 0.8 0.0 0.79999999 0.0
· · · · · · · · · · · · · · ·
127 0.8 0.0 0.8 0.0

Table 3: Numerical results for Example 2 with different initial values using
Algorithm 3

.

Iteration (p) up yp up yp

0 1 0.3 0.2 0.6
1 0.6406 -0.0012 0.42194667 -0.01189333
2 0.61385893 -0.04391352 0.53425992 -0.06491133
3 0.66925123 -0.03875765 0.63466786 -0.05079473
4 0.70214601 -0.03058063 0.68220772 -0.0377717
5 0.73347528 -0.02133576 0.72131988 -0.02579493
· · · · · · · · · · · · · · ·
10 0.78248105 -0.00536745 0.77985152 -0.00617449
· · · · · · · · · · · · · · ·
50 0.79999724 -0.00000089 0.79999682 -0.00000103
· · · · · · · · · · · · · · ·
76 0.79999999 0.0 0.79999998 0.0
· · · · · · · · · · · · · · ·
80 0.79999999 0.0 0.79999999 0.0
81 0.8 0.0 0.79999999 0.0
82 0.8 0.0 0.8 0.0
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algorithms. Stud. Univ. Babeş-Bolyai Math. 70 (2025), no. 2, 321–333.

[8] V. Berinde, K. Saleh, Averaged Iterative Algorithms for Solv-
ing Convex Optimization Problems over the Common Fixed Points
of Demicontractive Mappings. Axioms 15 (2026), Art. no. 8.
https://doi.org/10.3390/axioms15010008

[9] N. Buong, N. D. Nguyen, N. T. Q Anh, Block-iterative schemes for the
split common fixed point problem and applications. Math. Methods Appl.
Sci. 47 (2024), no. 12, 9556–9570.

[10] C. Byrne, Iterative oblique projection onto convex sets and the split fea-
sibility problem. Inverse Problems 18 (2002), no. 2, 441–453.



ACCELERATED AVERAGED ITERATIVE METHODS 152

[11] A. Cegielski, General method for solving the split common fixed point
problem. J. Optim. Theory Appl. 165 (2015), no. 2, 385–404.

[12] L-C. Ceng, P. Cholamjiak, P. Inkrong, J-C. Yao, X. Zhao, Dual-inertial
extragradient rule for pseudomonotonic variational inequalities with split
CFPP constraint with multiple output sets. Commun. Nonlinear Sci. Nu-
mer. Simul. 152 (2026), part B, Paper No. 109212, 29 pp.

[13] Y. Censor, T. Elfving, A multiprojection algorithm using Bregman projec-
tions in a product space. Numer. Algorithms. 8 (1994), no. 2-4, 221–239.

[14] Y. Censor, T. Elfving, N. Kopf, T. Bortfeld, The multiple-sets split feasi-
bility problem and its applications for inverse problems, Inverse Problems.
21 (2005), no. 6, 2071–2084.

[15] Y. Censor, A. Segal, The split common fixed point problem for directed
operators, J. Convex Anal. 16 (2009), no. 2, 587–600.

[16] H. H. Cui, Multiple-sets split common fixed-point problems for demicon-
tractive mappings, J. Math. 2021, Art. ID 3962348, 6 pp.

[17] H. H. Cui, F. H. Wang, The split common fixed point problem with mul-
tiple output sets for demicontractive mappings, Optimization. 73 (2024),
no. 6, 1933–1947.

[18] C. D. Enyi, J. N. Ezeora, G. C. Ugwunnadi, F. Nwawuru, S. E. Mukiawa,
Generalized split feasibility problem: solution by iteration, Carpathian J.
Math. 40 (2024), no. 3, 655–679.

[19] M. Eslamian, Split common fixed point problem for demimetric mappings
and Bregman relatively nonexpansive mappings, Optimization. 73 (2024),
no. 1, 63–87.

[20] M. Eslamian, A. Kamandi, A new accelerated algorithm for solving vari-
ational inequalities over the solution of multiple set split common fixed
point problem. Rend. Circ. Mat. Palermo (2) 73 (2024), no. 5, 2121–2139.

[21] P. Jailoka, C. Suanoom, W. Khuangsatung, S. Suantai, Self-adaptive CQ-
type algorithms for the split feasibility problem involving two bounded
linear operators in Hilbert spaces, Carpathian J. Math. 40 (2024), no. 1,
77–98.

[22] N. Gupta, L. O. Jolaoso, A. Nandal, R. Chugh, Convergence analysis of
multiple-sets split equality common fixed point problem with applications,
Numer. Algebra Control Optim. 15 (2025), no. 2, 273–299.



ACCELERATED AVERAGED ITERATIVE METHODS 153

[23] T. N. H. Mai, N.T Trang, T. M. Tuyen, New explicit algorithms for a
class of the split common solution problem, Math. Methods Appl. Sci. 48
(2025), no. 14, 13639–13651.

[24] P. E. Mainge, Convergence theorems for inertial KM-type algorithms, J.
Comput. Appl. Math. 219 (2008), 223-236.

[25] A. Moudafi, A note on the split common fixed point problem for quasi-
nonexpansive operators, Nonlinear Anal. 74 (2011), 4083-4087.

[26] A. C. Onah, M. O. Osilike, P. U. Nwokoro, J. N. Onah, E. E. Chima,
O. U. Oguguo, Asymptotically α-hemicontractive mappings in Hilbert
spaces and a new algorithm for solving associated split common fixed
point problem, Carpathian J. Math. 40 (2024), no. 3, 691–715.

[27] S. Reich, T. M. Tuyen, Cyclic projection methods for solving the split
common zero point problem in Banach spaces, Fixed Point Theory. 25
(2024), no. 1, 353–370.

[28] S. Reich, T. M. Tuyen, Two projection algorithms for solving the split
common fixed point problem, J. Optim. Theory Appl. 186 (2020), no. 1,
148–168.

[29] S. Satit, R. Kraikaew, Insights on split common fixed point problems with
multiple output sets., Rev. R. Acad. Cienc. Exactas F́ıs. Nat. Ser. A Mat.
RACSAM 120 (2026), no. 1, Paper No. 1, 16 pp.

[30] Y-C. Tang, L-W. Liu, Several iterative algorithms for solving the split
common fixed point problem of directed operators with applications. Op-
timization 65 (2016), no. 1, 53–65.

[31] T. M. Tuyen, N. T. Trang, T. T. Huong, Two parallel algorithms for a
class of split common solution problems. Acta Math. Sci. Ser. B (Engl.
Ed.) 46 (2026), no. 1, 505–518.

[32] T. M. Tuyen, N.S. Ha, An explicit iterative algorithm for solving the
split common solution problem with multiple output sets, Math. Methods
Oper. Res. 102 (2025), no. 1, 105–129.

[33] T. M. Tuyen, S. H. Nguyen, N. T. T. Thuy, A shrinking projection method
for solving the split common null point problem in Banach spaces, Numer.
Algorithms. 81 (2019), no. 3, 813–832.

[34] Y. Q. Wang, X. L. Fang, T-H. Kim, A cyclic viscosity approximation
method for the multiple-set split equality common fixed-point problem,
Linear Nonlinear Anal. 5 (2019), no. 2, 355–369.



ACCELERATED AVERAGED ITERATIVE METHODS 154

[35] F. H. Wang, A new iterative method for the split common fixed point
problem in Hilbert spaces, Optimization. 66 (2017), no. 3, 407–415.

[36] F. H. Wang, H. Yu, An adaptive and expanded framework for multiple-
operator split common fixed point problems. J. Optim, Theory Appl. 207
(2025), no. 1, Paper No. 8, 25 pp.

[37] Y. Wang, W. Liu, Y. L. Song, X. L. Fang, Mixed iterative algorithms for
the multiple-set split equality common fixed-point problem of demicon-
tractive mappings, J. Nonlinear Convex Anal. 19 (2018), no. 11, 1921–
1932.

[38] H. K. Xu, A variable Krasnosel’skii-Mann algorithm and the multiple-set
split feasibility problem. Inverse Problems 22 (2006), no. 6, 2021–2034.

[39] H. K. Xu, Iterative methods for the split feasibility problem in infinite-
dimensional Hilbert spaces, Inverse Probl. 26 (2010), 105018.

[40] L. Xue, H. Cui, Iterative arrangements of the MSCFP for strictly pseu-
docontractive mappings, J. Funct. Spaces. 2022, Art. ID 9054799, 7 pp.

[41] Q. Z. Yang, The relaxed CQ algorithm solving the split feasibility prob-
lem. Inverse Problems 20 (2004), no. 4, 1261–1266.

[42] J. Zhao, S. N. Wang, Mixed iterative algorithms for the multiple-set split
equality common fixed-point problems without prior knowledge of oper-
ator norms, Optimization. 65 (2016), no. 5, 1069–1083.

[43] J. Zhao, S. N. He, Solving the general split common fixed-point problem of
quasi-nonexpansive mappings without prior knowledge of operator norms,
Filomat. 31 (2017), no. 3, 559–573.

[44] J. Zhao, D. F. Hou, H. L. Zong, Parallel iterative algorithm for solving
the multiple-set split common fixed-point problem. J. Nonlinear Convex
Anal. 19 (2018), no. 11, 2007–2019.

[45] J. Zhao, H. Wang, C. Guo, Several accelerated iterative algorithms for
the multiple-set split common fixed-point problem of quasi-nonexpansive
operators, J. Nonlinear Var. Anal. 8 (2024), No. 5, 747-770.

[46] L-J. Zhu, J-C. Yao, Y. H. Yao, Approximating solutions of a split fixed
point problem of demicontractive operators, Carpathian J. Math. 40
(2024), no. 1, 195–206.



ACCELERATED AVERAGED ITERATIVE METHODS 155

Vasile BERINDE,
Department of Mathematics and Computer Science,
Technical University of Cluj-Napoca,
North University Centre at Baia Mare, Victoriei 76, 430122 Baia Mare, Ro-
mania.
Academy of Romanian Scientists, 3 Ilfov, 050044, Bucharest, Romania
Email: vasile.berinde@mi.utcluj.ro

Khairul SALEH,
Department of Mathematics and Natural Sciences,
Prince Mohammad Bin Fahd University,
Al-Khobar 31952, Saudi Arabia.
Email: ksaleh@pmu.edu.sa



ACCELERATED AVERAGED ITERATIVE METHODS 156


