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Accelerated Averaged Iterative Methods for
the Multiple-Set Split Common Fixed Point
Problem of Demicontractive Mappings

Vasile Berinde and Khairul Saleh

Abstract

In this paper, we propose accelerated averaged iterative algorithms
for solving the multiple-set split common fixed point problem involving
demicontractive mappings. The proposed schemes are obtained by in-
corporating averaged terms into existing algorithms originally developed
for quasi-nonexpansive mappings. This approach allows us to address
the multiple-set split common fixed point problem within the broader
class of demicontractive mappings, which strictly contains the class of
quasi-nonexpansive mappings. For the proposed algorithms, we estab-
lish weak convergence theorems in the framework of real Hilbert spaces.
In addition, numerical experiments are provided to illustrate the con-
vergence behavior of the proposed iterative schemes.

1 Introduction

In recent years, there has been increasing interest in designing convergent iter-
ative algorithms to solve split feasibility problems [10, 13], and split common
fixed point problems, see [15, 41], and their various generalizations.
Let H; and Hs be two Hilbert spaces, C C H; and Q C Hs be two
nonempty closed convex subsets, and A : H; — Hsy a bounded linear operator.
The split feasibility problem (SFP) requires finding

x € C such that Az € Q. (1)
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Let F: H; — H; and G : Ho — Hs be two mappings, D C H; and
Fiz(F):={ueD : Fu=u}

denote the set of fixed points of F. If C = Fiz (F) and Q = Fiz (G), then
Problem (1) becomes

x € Fiz (F) such that Az € Fiz (G), (2)

which is called the split common fized point problem (SCFPP).
Problem (1) has been further generalized to the multiple-sets split feasibility
problem (MSSFP), see [14] or [38], which requires finding

x € ﬂ C; such that Az € Q, (3)
i=1

where Cj, i = 1,2, ...,m, are nonempty closed convex subsets of H;.
Similarly, given integers m,n > 1, the MSSFP can be formulated in a more
general form:

T € m C; such that Ax € m Qj, (4)
i=1 j=1
where Q;, j =1,2,...,n, are nonempty closed convex subsets of Hs.
If the sets C; and @) in (4) are replaced by F'iz (F;) and Fiz (G;), then the
MSSFP reduces to the multiple-set split common fized point problem (MSS-
CFP), which requires finding

x € ﬂ Fix(F;) such that Az € m Fiz(G;), (5)
i=1 j=1

where, for 1 <i < mand 1 < j < n, Fiz(F;) and Fiz(G;) are the sets of
fixed points of F; : Hy — H; and G : Ha — Hy, respectively.

In particular, when m = n = 1, the MSSFP and MSSCFP reduces to the
SFP and SCFP, respectively.

Multiple-set split feasibility problems (MSSFP) are important in real appli-
cations, such as signal processing and image reconstruction, CT image recon-
struction of medical imaging and signal processing, see, for instance [10, 13, 45].

Several iterative schemes have been proposed to solve the above or related
problems. By exploiting several properties of the demicontractive mappings
in connection with the directed mappings, Cui [16] introduced and analyzed
three iterative methods for solving the split common fixed point problem with
multiple output sets for demicontractive mappings in Hilbert spaces, for which
he established the weak convergence under mild conditions, see also Wang [35].
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Eslamian and Kamandi [20] studied a variational inequality problem de-
fined over the solution of multiple-set split common fixed point problem for
a finite family of generalized demimetric mappings (which are closely related
to demicontractive mappings) and presented an accelerated steepest descent
algorithm for solving this problem. In the same context, Eslamian [19] studied
the split common fixed point problem for demimetric mappings and Bregman
relatively nonexpansive mappings.

Zhao et al. [45] introduced some algorithms to solve the MSSCFP in the
class of quasi-nonexpansive mappings. There is a significant interest in solving
MSSCFPs, as shown by the next selected list of recent works [1], [3], [9], [11],
[12], [23], [27], [28], [29], [30], [31], [32], [33], [37], [35], [36], [34], [40], [42], [43]
and [44], see also [2],[17], [18], [21], [22], [26], [46].

In the present paper, by using the possibility of embedding demicontractive
mappings in the class of quasi-nonexpansive mappings, see Berinde [4, 5] and
Berinde and Saleh [6, 7, 8], we propose several averaged self-adaptive inertial
parallel iterative algorithms aimed at solving the MSSCFEFP in a more general
class of demicontractive mappings.

We prove the weak convergence of the proposed algorithms to the solution
of the MSSCFP and also provide some appropriate numerical examples to
illustrate the convergence of our algorithms and their superiority over other
related methods.

2 Preliminaries

Let H be a real Hilbert space with norm || - || and inner product (-,-). Let
D C H be a closed convex set and consider the self-mapping F': D — D.
The mapping F' is said to be Lipschitz if there is a real number L > 0 such
that
|Fu— Fo|| < Llju—v|, Yu,veD.

If L < 1, then F is called Banach contraction or strict contraction and if
L =1, then F is called nonexpansive. Furthermore, F' is called

(a) strictly pseudo-contractive if there exists 5 € (0,1) such that
|Fu— Fol]? < ||lu—||?>+ B8|(I — F)u — (I — F)v||*, Yu,veD. (6)
(b) quasi-nonexpansive if Fiz(F) # () and
|[Fu—v| < |lu—w]|, forallueDandwve Fix(F); (7)

(¢) B-demicontractive if Fiz(F) # () and there exists a positive number
B < 1 such that

|Fu—v|? < lu—v||*+B|lu—Ful?, foralluec Dandv e Fiz(F); (8)
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By the previous definitions, it is obvious that any nonexpansive mapping is
strictly pseudocontractive, any nonexpansive mapping F with Fiz(F) # () is
quasi-nonexpansive and that any quasi-nonexpansive mapping is demicontrac-
tive, too, but the reverses of all these assertions are no more true, as illustrated
by the next two examples. For a complete diagram of the relationships be-

tween the four classes of nonexpanisve type mappings defined before, we refer
to [5].

Example 1. [8] Let H be the real line with the usual norm and D = [0,1].
Define F on D as

3 fo<u<3
u, ifi<u<3
Pay=q TP 0
1’ ’Zfz S u < 10
3, if s <u<l
. . ) . 7
(a) F is B-demicontractive with 8 = 77

(b) F is neither quasi-nonexpasive nor nonexpansive;

(¢c) F is not strictly pseudocontractive (see Berinde and Saleh [8] for details).
The following lemma is due to Berinde [5].

Lemma 1. [5] Let D be a closed convex subset of the Hilbert space H. If
F : D — D is a B-demicontractive mapping, then for any p € (0,1 — ) the
mapping

Fy= Q1= pl+pF

1S quast-nonerpansive.

Let us recall the following two straightforward identities in a real Hilbert
space (see for example Zhao et al. [45]):

2(u,v) = [lul]® + [[0]1> = flu = v]|* = Jlu+v[|* = [Ju]* = ||v]|?
and
low+ (1 =)ol = aflull® + (1 = a)||lv]|* — a(l = a)l|u —v|?

for all u,v € H and « € (0,1). It is easy to see that the following inequality
also holds in Hilbert spaces:

i
Jooto + ens + -+ + @I < 3 il — aweullus — e’ (10)
=0
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where s,t € {0,1,...,7},u; € H(i = 0,1,...,7) and 0 < «; < 1 with
Ym0 =1,

Lemma 2. [25] Let H be a real Hilbert space and let F : H — H be a
quasi-nonexpansive mapping. Set F, = (1 — a)l + oF for a € (0,1). For all
u € H,q € Fix(F), the following assertions hold:

(1) <u_Fuau_Q> > %HU—FU”Q and <’U,—F’U,7q—FU> > ||U_FUH27‘

1
(i) [[Fou—ql* < [lu—ql* — a(l = a)|| Fu — ul|*;
(iii) (u— Fau,u—q) > $||Fu — ul?.

It follows from (iii) of Lemma 2 that the following result is easily obtained.

Proposition 1. [45] Let F' be a quasi-nonexpansive mapping and o € (0,1).
If
F,=(1-a)l+aF,

then
11 = Fa)ull? < 2a(u—q,(I — Fa)u)

for allu € H and q € Fiz(F).

Remark 1. Let F,, = (1—a)I+aF, where F' : H — H is a quasi-nonezpansive
mapping and o € (0,1). We have Fix(F,) = Fix(F) and

[Fo —ul? = o®||[ Fu — ul]*.
It follows from (i) of Lemma 2 that

l—«a
[Fou— gl <[lu—q|* - — [Fau~— ull?,

which tmplies that Fy, is firmly quasi-nonerpansive provided that o = % On

the other hand, if Fisa firmly quasi-nonexpansive mapping, we can easily
obtain F' = %I + %F, where F is a quasi-nonerpansive mapping.

Lemma 3. [24] Let {¢,} C [0,00),{6,} C [0,00), and {dx} C [0,00) be

sequences such that
(1) ki1 — bp < Op(dp — P—1) + s
(ii) Dopo 6k < o005

(iii) {or} C [0,0], where 0 € [0,1).
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Then {¢,} is a convergent sequence and > - [Pr+1— dpl+ < 00, where [t]; =
max{t,0} fort e R.

Lemma 4. [39] Let {u,} be a bounded sequence that satisfies:

(i) every weak limit point of {u,} lies in D, a convex and closed subset of
H;

(ii) impy_yeo ||up — ul| exists for every u € D.

Then {uy,} converges weakly to a point in D.

3 Main Results

In this paper, if no contrarily specified, we shall make use of the following
assumptions:

(A1) 3y, 3y and H; are real Hilbert spaces, A : H; — Hs is a bounded and
linear operator with A # 0;

(AQ) Fz : j‘fl — g‘fl(l < 1 < m) and Gj . g_CQ — 9{2(1 < j < n) are ﬂi‘
demicontractive and j3;-demicontractive mappings, respectively;

Fui = (171/7;)[+V1'Fi7 Gl,j == (17Vj)I+VjGj,

€ (0,1—p;) and v; € (0,1 — ;).
(A3) For 1 <i< mand 1 <j<n, {6,} and {&]} are sequences in [0, 1] such
that 33", 0, = >0, & = 1 for all p > 1, {a},} and {b]} are sequences

i=1

in (0,1),

FI = (1—a ) +a F, and §) = (1 — b)) + .G,

¢ p21,81u£§m{%}’ a p21711n§i§m{ap}’
b= b b= inf b
pzflug%gm{ Pl b PZLllnSjSm{ o}

(A4) The set of solution of the (MSSCFP) of demicontractive mappings £ is
assumed to be nonempty.

Algorithm 1.
Step 1 : Choose two sequences {9} C (0,00) and {¢p} C (0,00) with Y ;| ¢p <
o0. Select initial values ug,u1,y0 € Hi,x € [0,1),c € (0,1],7 > 0 and set
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Y1 = Yo-

Step 2 : Given up—1,up, and y,, p > 1, choose ay, such that 0 < oy, < Oy,
where

apz

min {n, | Pp } ,ifup # up—1 or yYp—1 # 0,

lup — up—1* + lyp—11?

K otherwise.

(11)
Compute
Up = Up + ap(up — Up—1),

2= v — 1y Y A (I - G, Av,,

Yp+1 = (I - Z?ll 5;;[(1 - a;)[ + a;)FVi]) (Zp + (1 - C)yp)a

Up+1 = Zp = CYp+1;
where the step size m, is chosen in such a way that
, , 2
Up Zy‘tzl & H(I -9 )AUPH n ; ;
- = . 20 ijlfzj»H(I_%)A”PH#O
o = Zj:l & HA*(I - 9{9)‘41)@‘

; Yo &I =G5 Av|| = 0.

Step 3 : Update p:=p+ 1 and go to Step 2.

(12)

Remark 2. If ¢, = 0 in Algorithm 1, we can take o, = 0. The proposed
algorithm is reduced to the original algorithm without inertial extrapolation.

Remark 3. From (11), we have
ap([[up = up—1|1* + llyp-111%) < Gp(llup — wp-1]* + llyp-111%) < #p,

SO

> o (llup — up—1 ] + [lyp-111%) < oo. (13)
p=1

Theorem 1. Let {(yp, up)} be the sequence generated by Algorithm 1. Assume
the following conditions hold

(i) I —F; and I — G, are demiclosed at zero for 1 <i<m and 1 <j<mn;

(i) 0<a<a,<a<jand0<b<b,<b<1
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(iii) 0 < liminf, o0 6} < 6} <1 and 0 < liminf, o & <& <1

(iv) 0 <liminf, e ¥p < limsup, ., ¥, <

U=

Then the sequences {u,} and {y,} converge weakly to u* € Q and 0, respec-
tively.

Proof. First we show that lim,_,« ||u, — u|| exists for all u € Q. Let v € Q. It
follows that u € N2, Fiz(F;) and Au € NY_, Fiz(G}). From the definitions of
FJ and §7, and Remark 2 we have u € ﬂ{” Fiz(F)) and Au € Ni_, Fiz(3)).
From Algorlthm 1 and Proposition 1,

2

yps1l® = 251 (I =) (2 + (1 = )yp)
i . 2
<SG = )+ (1 )]

=1

Z 265a;, (I = F))(zp + (1 = O)yp), zp —u+ (1 = )yp)
—1

é(yp+1, Zp — U+ (1 - C)yp>
and
upt1 = ull® = l|2p — ul® = 2¢(zp — u, ypi1) + € [yp4a [ (14)

One can see that
Hup-i-l - u||2 + C||yp+1H2

c 1
~llp = ull = 2eley = w )+l = (5 = = 1) Ipeal?
2 1 2
< lzp — ull® + 2¢(1 = ) {yp+1, 4p) — € i c—=1) lypsll

1
<l = P + (1 = )Ul? = lopss = 1?) = ¢ (3 = 2) I
(15)

Since

(vp — u, A*(I — G} Avy) > —H(I $5) Avp|I?,



ACCELERATED AVERAGED ITERATIVE METHODS 137

it follows that

2

n%—uwzH%—uw—2m@¢—m§jgwu>9@A%>+ﬁ
j=1

S EAT(I - G))Av,
j=1

n

<llwp —ull® = 205 3 (vp — u. A (I = G) Avy ) + 1

j=1
2 1o j
<low = ull® = (5 6
j=1

It can be seen that

2

> _GATI - G})Av,
=1
)

lop —ul® = (1+ap)llup — ul* — ap|lup—1 —ull* +ap (1+ ) [[up — up—a ||, (16)

(1-97) v,

A" (1-9}) Av,

: —Tlp Zfﬁz
j=1

and
lzp = ull® < (1 + ) lup — ull® = apllup—1 — upll* + ap (1 + )l — up—1|?
(el Al n D gl -5 anl).
The conditions in & and (15) yield

lup1 = wl® + ellypa ||

< lup — ull? + ellypl® + ap (llup = ull® = flup—1 = ul®) + ap(1 + ap)lup — tp—1]*

1. . ) L )
AR EOCA [CEEARTY TS o ER R AVEN
j=1

j=1
Letting w, = |Ju, — ul|? + ||y, gives

Wp+1 < wWp + 0y (”“p - U”2 — lup—1 — U||2) +ap(1+ ap)lluy — “p—1||2
A . noo )
= lypll* - ’7P<b ng, ||(1 - 9;) AUpH2 - ’71)251]9 ||A* (7 - 9?7) A%HZ))-
j=1 j=1

Hence,
Wpt1 — wp < ap(wp — wp—1) + 20 (J|lup — “p—1||2 + ||yp—1||2)

1S . ) L )
~ = (5 6210~ 5) An | = g 14 (1 -8 du ).
j=1

j=1

(17)
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If Z?Zl fg”([ — 9%)Avp|| =0, then

Wp1 — wWp < ap(wp — wp—1) + 20 (||lup — up—1H2 + ||yp—1H2) - 02H3/p||2

< ap(wp — wp—1) + 20 ([luy — UpﬂHQ + ||il/p71H2)~ (18)
Otherwise, it follows from (12) and (17) that
Wpt1 — wp < ap(wp — wp—1) + 20 (Jlup — up—1||2 + ||?Jp—1||2)

2

oy (gl -span)

= Pyl =0, (5= 9) A L
Sy 6|47 (1 - 9w,

The conditions in ¥, and c imply that
Wp+1 — wp < ap(wp — wp—1) + 2ap(||lup — uple2 + Hyp71||2)- (20)
Let ¢p = wp, 0, =, and 6, = 20 ([[up — up—1[* + [|yp-1?). From (13),
> 20y (llup = wpr | + gp-1]]?) < oo,
p—1

Applying Lemma 3 to (20), we conclude that lim,_, w), exists. This implies
that {wp,} is bounded, as are {u,}, {vy} and {z,}. From (18)-(19), it follows
that

‘32H9p||2 < ap(wp — wp—1) — (Wpr1 — wp) + 20 ([|luyp — up—1||2 + ||yp—1||2)~
This indicates that lim,_, ||y,|| = 0. Therefore,
: _ 2_ 1 _ 2\ _ 7 .
Tim [ty —ul” = T (i — el %) = i w exiss.
Secondly, we show that limy, o ||(1 — §)Avy|| = 0 for 1 < j <n.

If Z;:l 5%“(1_92)14%“ =0, then v, —2, =7, Z?:l f{;A* (1—9{,)1‘1% =0.
Otherwise, (19) yields

2

L (Sl -spanl)
PR —
Z?:l & || A*(I — Gp)Avy

< ap(wp — wp—1 — (Wp1 — wp) + 20 ([Jup — Up—lH2 + Hyp—1||2) - 02||w||2,
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and hence,
2
(Srag 10 - 5pan”)
=0

p—0o0 n j
>j—16p

. 2
A*(I = 5)) v,

Moreover,
n i ; 2
oSG0 )au|

e \/ S g

As A is a bounded linear operator, the following inequality holds.

|A™(I = §)) Avy | < [IA[] - (T = ) Avy |-

= =0 (21)
A*(I = G}) Av,

Thus,

14 iﬁiH(I _Giyau 2 = im0~ S AvI”
G HA”\/Z;L:l &I(T — ) Avp |12

X1 U = G)) Avy||?

< : : (22)
VI &l AT = 9)) Avy |2
in view of the fact that A # 0. From (21) and (22), it follows that
. y ] 2 _
Jim Zlfg,nu = G3)Aup||* = 0.
=
Taking into account the condition
0<ph_>12051]’§§1j7§1
this implies that _
Tim [[(1 = §) v, | = 0.
One can see that
1D GA I = S)) vyl < | > I AT — ) Auy |2
j=1 j=1
which yields
n Pk 1
12251 &A™ = G)) Auvp|| - (23)

VI ElIA(1 — ) A, |2
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In fact,

T GIUZSDAIE g g

S AT = G Auy |2 =

0 gl = S Av P |, AT - §)Auy|
Vi 1A - 9h) Avy |2 \ /S, 1A (1 — 5)) Au, |2
Iy X0 (T = G3)Auy |2

/S G4 - G) Auy |2

It follows from (21) and (23) that lim,_, ||v, — 2, || = 0. Now we can conclude
that

va - Zp” =

Tim (7 = 83) Auyll = Tim [lop — 2] =0 (24)
for 1 < j < n. Since upy1 = 2p — cYp4+1, We obtain
ph_)ngo [upt1 — 2pll = plig)lo cllyp+1ll = 0. (25)

It follows from (13) that limy oo ap(|Jtp — tp—1]/> + |[yp—1]|?) = 0. Thus,

limy, o0 ap|[up — up-1]|* = 0. Since af,”up —up-1|? < epllup — up—al?, we
have lim, o aplltp — up—1|| = 0. Thus,
ph_>nolo||vp_up|| :ph_gloapuup_uple =0. (26)

From (24) and (26), it follows that lim,_, ||u,—2,| = 0. Using (25), we obtain

limy, o0 ||up+1 — upl| = 0. We conclude that {u,} is asymptotically regular.

Hence, {Au,} is also asymptotically regular, i.e., lim,_, |[|Aupt1 — Au,|| = 0.
Next we show that

lim [|(1 - ?{;)(Zp + (1 - C)ypll =0

p—o0

for 1 <i < m. It can be seen that

up+1 — ull? = ll2p — ull? - 2¢(Yp+1,2p —u) + C2Hyp+1||2a
which yields

ll2p — u||2 = [Jupt1 — u||2 + 2¢(Ypt1,2p — u) — CQH?JP-H”Q'

The boundedness of {z,} implies that lim, o ||z, — | = limy 00 ||tup+1 — ul|
exists. Similarly, since

||Zp — CYp — u||2 = |lzp — u||2 = 2¢(yp, 2p — u) + 02||ypH2
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and

lzp + (1 = c)yp = ull® = lzp = ull® +2(1 = ) {yp, 2p — w) + (1 = )| 1%,

it follows that

Jim [z —cyp—ull = lim {[zp+(1=c)yp—ull = lim |lzp—ul| = lim [jupr1—ull
(27)
From Algorithm 1,
upt1 = (1 — )z —cl—cyp—i—cZ(fo] +(1-c)yp)
=(1—-c)(zp —cyp) + 025’ S"J (1—-0c)yp) (28)

Using (10), (28) and Remark 2, we obtain

m

l[upt1 — ul? < (1 - o)llzp — cyp — ull? + CZCSZ ||3~] zp+ (1= c)yp) — ull?
i=1

< (1= )l —cyp —ull® + cllzp + (1 = )y — ul®

(T = 37) (2 + (1= ) |1>.

This implies that

I = 3) (2 + (1= )|

< (X =)lzp —cyp —ull* +cllzp + (1 = )yp — ull® — lJupss — ull*.
Applying (27) and the conditions in {6;;}, 1 < i < m, we obtain

lim [|(1 = F))(zp + (1 —c)yp)| =0, for 1 < i < m.

p—o0
Finally, we show that v, (u,) C Q. Let @ € y,,(up), i.e., there exists a sub-
sequence {up, } of {up} such that u,, — u as [ — oco. At the same time, it
follows from (26) that y,, — u, Ay, — Aa as | — oco. It can be seen that
Zp, + (1 = ¢)yp, = @ as | — oo. Since I — F,, and I — G, are demiclosed at 0,
from

I-F,=(1-a))I—F,)and I -G, =(1-8)(I-G,,),

p
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we see that I — ), and I — G are demiclosed at 0. Thus, it follows from (24)
and Remark 2 that

i€ (| Fix(F}) = (| Fix(F,,) = | Fiz(F)
=1 =1 =1
and

At e (] Fiz(5)) = ﬂ Fiz(G,,) = [ Fix(G;),

j=1 j=1

which yield @ € Q, s0 wy, (up) C Q. By Lemma 4, u, — u* as p — oo, where u*
is a solution of the MSSCFP. Since y, — 0, it follows that (y,,u,) — (0,u")
as p — oo. L]

Corollary 1. Let 0 < ¢ < 1 and 0 < liminf, ., ¥, < limsuppﬁoo ¥y <
2. Choose ug,u1,yo € Hi, set y1 = Yo, and let {(yp,up)} be the sequences
generated by

Up = Up + ap(Up — up—1),
Zp = Up —Mp Z;'L:l A (I — Po,)Avy,

Ypr1 = — ZZ’L 5;)P0i)(zp + (1 =)yp),

(29)

Up+1 = Zp — ClYp+1,
where 0 < a,, < ay, ay is chosen by (11) with k € [0,1) and Y ;2 | ¢p < o0,
and 1, is chosen by the following way that
DTG PRIAIE
n 1 * ’ =1 j p
Tlp = Zj:l &A% (I — Pg,)Auvp|? = ’
, 2= Gl = Pq,)Avy|| = 0.

with 0 < n < 1. Then {uy} converges weakly to a point u*, where u* is a
solution of the MSFP, and {(yp,up)} converges weakly to (0,u*).

(30)

In addition to assumptions (A1)-(A3), we consider the following assump-
tion:

(A4) for all p > 1, [p]1 = p(mod m) + 1 and [p]s = p(mod n) + 1. Let {0,} C
(0,1), {up} € (0,1),

By, =1 =0p) [ +0pFy,, , G, = (1= )l + ppGy

pl2’

0= sup,>1{0p}, 0 =infp>1{0p}, i =sup,>1{pp}, and p = infp>1{s,}.
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Algorithm 2.

Step 1 : Choose two sequences {¥,} C [0,00) and {p,} C [0,00) with
e pp < 00. Select initials ug,u1,yo € Hi,k € [0,1),¢ € (0,1],n7 > 0 and
set Y1 = Yo.

Step 2 : Given the iterates up—1,up and y,, for p > 1, choose ay such that
0 < oy, < @y, where

. ©p } .
min | K, , if up # Uup—1 or Yp—1 # 0,
{ lup — up—1[I* + [[yp-1? e ?
K, otherwise.
Compute

vp = up + ap(up — up—1),
Zp = vp — NpA*(I — G',,p)Avp,

Yp+1 = (I D 5;;[(1 - a;)[ + G;Fui]) (zp + (1 = c)yp),

Upt+1 = Zp = CYp+1,
where the step-size n, is chosen in such a way that

9,011 — G3) Auy | |
i ) I_SJA Oa
md JArd—ghyav,p T IART

7, (I - Sg))Avp =0.

(31)

Step 3 : Update p :=p+ 1 and go to Step 2.

Theorem 2. Let {(yp, up)} be the sequence generated by Algorithm 2. Assume
the following conditions hold

(i) I —F; and I — G, are demiclosed at zero for 1 <i<m and 1 <j <mn;
(ii) O<g§a;§&§%and0<ﬁgu;§ﬁ§1

(ii)) 0 <liminf, o ¥, <limsup,_, . ¥ <

I~

Then the sequences {u,} and {y,} converge weakly to u* € Q and 0, respec-
tively.

Proof. Firstly, we prove that lim,_,, ||u, —u|| exists for any u € Q. Let u € (,
we have u € Ny Fiz(F;) and Au € N7_, Fiz(G;), and Remark 1 that u €



ACCELERATED AVERAGED ITERATIVE METHODS 144

N2y Fiz(F)) and Au € NY_; Fiz(G)). Similar to the proof of Theorem 1, we
obtain (15) and (16). Since

(v = 0, A" = G, ) Avy) 2 3o (T = G, Ay
it follows that
2 — wll2llop — ull® = 2y (v — u, A*((I — G, ) Avy) + 2 A (L = Gy, ) Avy
< oy =l = (S 10T = Gy ) Avyl* = A°(T = Gy ) Ay ).

Adding (16) into this relation yields
ll2p — UH2 < (T4 ap)llup — u||2 —ap|lu, — UprHQ + ap(1 = ayp) lup — up71||2

= p(= (I = G, ) Av|* = mp|| A (1 = Go,) Ay |1?)

g
i
Similar to the first step in Theorem 1, we have

Wpt1 — wp < ap(wp — wp—1 + 2ap(lup — “p—1||2 + ||yp—1||2)

1 . .
— Ayl - Wp(ﬁll(f — G Avp | = pllA*(I = G, Avp||?)
(32)
where w, = |lu, — ul|? + ||y, ||*. For the case (I — @Vp)Avp =0,
Wpt1 — wp < ap(wp — wp—1 + 2ap([Jup — Up—1H2 + ||yp—1H2) - CQHZJPH2
< ap(wp — wp—1 + 20 (Jlup — “p*lu2 + ||i‘/p71H2)
Otherwise, we deduce from (31) and (32) that
Wp1 — wp < ap(wp — wp—1 + 20p([[up — up—1||2 + ||yp—1||2)
1 I(I = G,,) Avy||*
_CQHy;DHz_ﬁp(? _1917) A . 3 (33)
Iz [A*(I — Gy,)Avy ||
By Theorem 1, we also have lim, o [|lypl| = 0 and lim, o [Ju, — ul]* =

limy, o0 wp exists. Thus, {u,} is bounded and {z,} is bounded.
Secondly, we prove that lim, o ||(I — GAVP)AUPH = 0 and lim,, ||({ —

F)(zp+ (L= c)ypll =0 for 1 < i < m. If (I — CJVP)Avp =0, then v, — 2, =

mpA*(I — G,,) Av, = 0. Otherwise, it follows from (33) that

1 (I = G,,)Avy|*
vy(— =19 2 < a,(w, —wy_1) — (w —w
p(ﬂ p)||A*(I—GVP)Avp||2 = p( P D 1) ( p+1 p)

+ 20‘1)(””17 - up71||2 + ||yp71||2) - 02”?/17”27
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which implies that R
I = G, )Au, | _
HA* (I - GVP)AUPH

(34)
Since A # 0 and

- G, Auy| = I = Gu,)Av|* (I = G, ) Ay |?
4 T AN = Gy Al T AT - Gy vy

we have lim, o ||(I — GVP)Avp|| = 0. It follows from (34) that

. I—G, )Auv,|?
lim [Jv, — 2] = lim [InpA*(I — Gy, )Avy|| = lim 9, It AT
p—o0 p—oo p=oo T AT — Gy,)Avy ||

From the two cases discussed above, we obtain

plin;o (I —Gy,)Avy|| = pan;o llvp — 2|l = 0.

Theorem 1 implies that

lim [[(1 =) (2 + (1 = )y =0

p—o0

for all 1 <i < m, and

plggo l[op = upll = plggo l[up — upll = plggo l[tp+1 — upll = 0.
Finally, we prove that wy,(u,) C Q. Let @ € wy,(uy), i.e., there exists a subse-
quence {up, } of {u,} such that u, — @ as ! — oo. Similar to Theorem 1 we
have y,, — 4, Ay,, — At and vy, + (1 — c)wp, — @ as | — oo. Since {Au,}
is asymptotically regular, for any 1 < 57 < n, we can choose a subsequence
{pj.} C {p} such that Ay, — At asn — oo and [pj,]> = j for all n. It turns
out that

tim (7 = G,) Ay, | = Y (7 = G, ) A, |

p—00
1 ~

= lim —|[(I =Gy, )Ay,, =0  (35)

P00 Hpj,
By the same proof in Theorem 1, we have & € NI, Fix(F,,) = N, Fiz(F;).
Since I — G,,(1 < j < n) are demiclosed at zero, it follows from (35) that
Au € N} Fiz(Gy;) = Nj_Fiz(Gj), so @ € Q. Using Lemma 4, we have
up — u* as p — 0o, where u* is a solution to the MSSCFP. Thus, y, — 0 and
Uup — u* as p — oo. O
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Algorithm 3.

Step 1: Choose two sequences {¥,} C [0,00) and {¢,} C [0,00) with
e pp < 00. Select initials ug,u1,yo € Hi,x € [0,1),¢ € (0,1],n > 0
and set y1 = yo.

Step 2: Given the iterates up—1,up and y,, for p > 1, choose oy, such that
0 <oy < @y, where

i ¥p } .
_ min § K, ,qu Uy 1 OT Yy 0
Gy = { Tty =ty a2 gy a2 7 4 7 M T 20,

K otherwise.

)

Compute
vp = Up + Uy — up—1),

2p = Vp — 1y 25—y AT, (I = Goy) Avy,

Yp+1 = (I - va) (Z;D + (1 - C)yp)7

Up+1 = Zp = CYp+1,

where the step-size n, is chosen as in (12).
Step 3: Update p:=p+ 1 and go to Step 2.

Theorem 3. Let {(yp, up)} be the sequence generated by Algorithm 3. Assume
the following conditions hold

(i) I —F; and I — G, are demiclosed at zero for 1 <i<m and 1 <j<mn;
(i)

(iii) 0 < liminf, oo &) <& <1

(iv) 0 <liminf, ;o ¥p < limsup, ., ¥, <

0<0<0,<0<3and0<B<B<b<1

=

Then the sequences {u,} and {y,} converge weakly to u* € Q and 0, respec-
tively.

Proof. Fix u € Q. We have v € NI, Fiz(F;) and Au € Nj_, Fiz(G;). For
1<i<mand1l<j<n, it follows from Remark 1 that u € ﬂ;"leix(F,,p)
and Au € N7_, Fiz(9]). Hence,

Hyp+1||2 = H(_I - Fup)(zp + (1 =c)yp) — (I - Fup)x||2
<20(ypt1,2p —u+ (1 — C)yp).

The rest of the proof follows from Theorem 1 or Theorem 2. O
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Remark 4. Note that in Theorems 1, 2, and 3 the sequences {u,} and {Au,}
are shown to be asymptotically reqular.

Corollary 2. Let 0 < ¢ <1 and

0 <liminf ¥, <liminfd, <limsupd, < 2.

p—00 p—00 p—r00

Choose ug, u1,yo € H1, set y1 = yo, and let {(yp, up)} be the sequences gener-
ated by

vp = Up + ap(up — Up—1),
Zp = vp — NpA (I — PQ[p]Q)AUp,

Ypr1 = (I — Z;il 5Z>PC7:)(ZP + (1 = )yp)s

Up+1 = Zp — CYp+1,
where 0 < ay, < ay, dj, is chosen by (11) with r € [0,1) and 32, ¢, < 0,
and 1, is chosen by the following way:
ﬂp”(I - PQ[ ]2)A'UP||2
" L , (I— Py, )Av, #0
mp =4 4L = Pay,,) Auv, [ Sz 2 (37)
m, (I - PQ[p]2)AUP =0.

with 0 < n < 1. Then {uy} converges weakly to a point u*, where u* is a
solution of the MSFP, and {(yp,u,)} converges weakly to (0,u*).

4 Numerical illustrations

In this section, we consider a numerical example to illustrate the numerical
behavior of the iterations in algorithms (1), (2) and (3) to approximate the
solution of the multiple-set split common fixed point problem.

Example 2. Let 3 be the real line with the usual norm and D = [0, 1]. Define
the following functions on D.

%u—i—%, z'fOSuS%
u, if3<u<i
Fi(u) = 4 fl<u<? (38)
5 5> 10
3 if & <u<l,



ACCELERATED AVERAGED ITERATIVE METHODS 148

2, ifo<u<1

Fy(u) = (39)
1 .
5 qu - 17
& f0<su<g
u, if3<u<y

Gi(u) = (40)
%, Zf% <u<l1
5 ifu=1,

and

L ifo<u<1

Ga(u) = (41)
1 .
5, ifu=1.

87
The above functions (F1,Fs,G1,G2) are demicontractive but neither quasi-
nonezrpansive nor nonexrpansive, see Berinde and Saleh [6, 8]. We set the
following sequences and constants:

1 3 1+2p
SDP p27 V4 p+23 é’p 3p 9

2 _ 1 1 _ —
gp*]-ip; sz* 3p, kK:=1—k

c=05, n=05 x=0.2.

All assumptions in Theorems 1 2, and 3 are satisfied. Hence, the sequences
{up} and {y,} generated by Algorithms (1), (2) and (3) converge to the solution
of the MSSCFP, namely is u = 0.8 € Q and 0, respectively.

Several numerical experiments were conducted in Python for various choices
of the parameters. The numerical results corresponding to different initial val-
ues, obtained using Algorithms (1), (2), and (3), are reported in Tables 1, 2,
and 3, respectively.

We observe that for the initial value (ug,y0) = (1,0.3), the solution of
the MSSCFP is obtained after 80, 116 and 81 iterations using Algorithms
1, 2 and 3, respectively. For the initial value (ug,yo) = (0.2,0.6), the same
solution is reached after 88, 127 and 82 iterations for Algorithms 1, 2 and
3, respectively. Overall, the three algorithms converge at comparable rates,
although Algorithm 2 converges slightly more slowly than Algorithms 1 and
3.

5 Conclusions

We establish weak convergence theorems for several averaged iterative methods
designed to approximate solutions of the multiple-set split common fixed point
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Table 1: Numerical results for Example 2 with different initial values using

Algorithm 1

Iteration (p) Up Yp Up Yp
0 1 0.3 0.2 0.6
1 0.80246667  0.07506667  0.30677968 -0.03374984
2 0.76434598  0.00056163  0.43840056 -0.09130827
3 0.76323949  -0.0081066  0.54247468 -0.07893457
4 0.76881632  -0.0082679 0.6158808  -0.06004483
5 0.77472902  -0.00712048 0.66638754  -0.04449937
10 0.79169215 -0.00254265 0.76483163 -0.01085815
50 0.79999796  -0.00000066  0.79999139 -0.00000278
75 0.79999999 0.0 0.79999994  -0.00000002
80 0.8 0.0 0.79999998  -0.00000001
82 0.8 0.0 0.79999999 0.0
88 0.8 0.0 0.8 0.0

problem in Hilbert spaces involving demicontractive mappings. These results
are obtained by exploiting known weak convergence theorems for the class of
quasi-nonexpansive operators.
Our analysis rellies on an embedding technique based on average mappings:
if Fis S-demicontractive, then for any p € (0,1 — ), the average operator
F, = (1 — p)I + pF is quasi-nonexpansive.
As demonstrated by the numerical experiments presented in Section 4, the
theoretical results are effectively applicable to the multiple-set split common
fixed point problem within the broader class of demicontractive mappings.
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Table 2: Numerical results for Example 2 with different initial values using

Algorithm 2.

Iteration (p) Up Yp Up Yp
0 1 0.3 0.2 0.6
1 0.8058 0.0684 0.32772190 -0.07563429
2 0.76823506  0.00042349  0.42917651 -0.02988672
3 0.76937237 -0.01335331 0.54817956 -0.11711582
4 0.77096784 0.0 0.60223339 -0.01719371
5 0.77742399 -0.00991142 0.66068916 -0.06493509
10 0.78960016 0.0 0.75107995 -0.00094223
50 0.79996758 0.0 0.79985026 0.0
100 0.79999996 0.0 0.79999982 0.0
116 0.8 0.0 0.79999998 0.0
120 0.8 0.0 0.79999999 0.0
127 0.8 0.0 0.8 0.0

Table 3: Numerical results for Example 2 with different initial values using

Algorithm 3

Iteration (p) Up Yp Up Yp
0 1 0.3 0.2 0.6
1 0.6406 -0.0012 0.42194667 -0.01189333
2 0.61385893  -0.04391352 0.53425992 -0.06491133
3 0.66925123 -0.03875765 0.63466786 -0.05079473
4 0.70214601 -0.03058063 0.68220772  -0.0377717
5 0.73347528  -0.02133576  0.72131988 -0.02579493
10 0.78248105 -0.00536745 0.77985152 -0.00617449
50 0.79999724  -0.00000089  0.79999682  -0.00000103
76 0.79999999 0.0 0.79999998 0.0
80 0.79999999 0.0 0.79999999 0.0
81 0.8 0.0 0.79999999 0.0
82 0.8 0.0 0.8 0.0
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