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THE GENErIALIZFjD RATIO TEST REVISITED
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Atrstract. A new extension of fhe generalized ratio test [1]- [3]' {5] is

,tainecl by taki'g over an icieea from [8J, w]rere the ratio un+t/un is placed

i-fhe ratio a'r+hlun, with k fixed' 'k ) 1'
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1. INTRODUCTION

A generalization of the well-known ratio or D'Alernbert test fr:r positive

.eries was obtained in i1].
Theorem L. Let V-u^ b" a series of positi'ue terms'

lI: t

(1) If there eri'st a conaergent series of non-negatiue

constant nurnber N such that

oo
terms E un, and a

tt:1

un * '  1q< r
u " n * u ^ - '

then the series 7 ^ is con'uergent;

(2)Ifthereeni,sts-ad'ecreasingsequen&ofposi'tiuenumberssuchthatfor
n ) If (f""d) we haue

for, n ) N, (1 )
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\x) rLn > ljn; (ii)

ILn*l 
:

1t,n *'Un 2n2*3n*1

u " + t * U n - U n + l

.  i , o nzr.

r:- -: co[ectivelv (omprl€

',::,:';erges b-v the generaL
-.- ierrns is invariant ':nc

r. i) The Proof ':

1. Theorem 3 be

- The divergence Pa-rt o!

r'- :he corresPonding ven

li'.srrem 2' l3l)' 1
Theorem 4. Let Lru''

-nent senes i lr" ond

r0 {un1 \ ,  nZ1 :
.  ,  L t , n * m l  l D n '  l r l m '  : t i

.-",1 such that

>1,un

then the series f, o^ tt d,iuergent.
-  . t

A typical exemple to show that the generaiized ratio test applies
the rat io test fai ls is the pair  aq, :  $,un: ;#rr t ,  

'n ' ) .  I :

n '

As mentioned in [1]-[3], if rve have a series i.r, f". w]rich the rat
n:1

test fails, then generaily it is not easy to find a suitable "comparison" sen

L z'^.
^ _ 1

The ratio test is obtainecl from Theorem 1 fbr un:0, n ) L'
Nurcombe [8] extended the same ratio test as follows:

Theorem 2. Let f,an be a .seri,es of posi,ti,ae term's, and k, a f'ted' positite

^:* ( g < r, fo, n2 N (fined)
u n + u n
oo

then the series L u* conuerges.
n:1

Proof. Consider the fo subseries,

integer. .i/ iim W .1 (> 1) then lan conaerges (diuerges)'
The main aim of the present paper is to erctend both 'lheorem 1 and

Theorem 2.

2. A NEW EXTENSION OF THE GENERALIZED RATIO
TEST..

By restricting ourselves to the convergence part of tests, we can prove

Theorem 3. Let i ,* be a seri,es of positiue terms and, L-un & conaer-
nz-l n:r

gent seTies of non-negatiue terrns. If there erists a'positiae (urwtant) integer
k such that

i

.hen the series Er''" 
t

3 rbbr  w*={ ,A3q
l) As the generalized I

*. l5l, ProPosition t)' t
- r}-re ratio test familY g

io.betsr Gaussts', and lz
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i
;'hich collectively comprise all thc terms of f ,rr,. Every subseries from

D - l

- -'onverges by the generalized ratio t,*t u"d,-rio"" the sum of series of-.:i'e terms is invariant under arterations in the order of thc terms. f u':-",'erges.
Remarks- 1) The proof given above is essentialy adapted after lg];
:in & : 1. Theorem 3 becomes Theorem 1 and for un: 0, it becomes

.::)I€[l 2.
l, The divergence part of Theorem 3 may bc now easiiy formulated. as
as the corresponding version of another extension of.the generaliz,ed ratio- i'Iheorern 2, [3]).

Tlreorem 4. Iet i, u* be a se,ies of posi,tiae term,s. If there erist an= l
m' ,,'e.rgent series *L,ro and a sequcnce (r^),>, satisfying

i )  0<wn{1 ,n , } I ;
' i i , )  wnrr*  {  u tn. ,ut* ,  Yn,nt  }  ! ;
,md such that

un*'L. - Wn+l

l t n * u n -  u n '

m
then the series I un ,is rcnaergent.

n - l

3) Iilor 6n: gn, 0 < g < 1, from (3) we obtain (1).
1) As the generalized ratio test has at lcast the pou,er of the Raabe test

". [5], Proposition 1), we suggest to thc reader to compare all the t""ts
the ratio test family given here, with other significant compari.on tests

:iaabe's, Gauss's, and various test of the logarithmic scale).

7 ' 2  \
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