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From a Dieudonné theorem concerning the Cauchy
problem to an open problem in the theory of weakly Picard
operators

VASILE BERINDE, MADALINA PACURAR AND IOAN A. RUS

ABSTRACT. Let (X,d) be a complete metric space and let f : X — X be a self operator. In this paper we
study the following two problems:

Problem 1. Let f be such that its fixed points set is a singleton, i.e., Fy = {z*}. Under which conditions the
next implication does hold:

f is asymptotically regular = f is a Picard operator?

Problem 2. Let f be such that, Fy # ¢. Under which conditions the following implication does hold:

f is asymptotically regular = f is a weakly Picard operator?

The case of operators defined on a linear L*-space is also studied.

1. INTRODUCTION
Let f € C([a,b] x R™ , R™). We consider the following Cauchy problem:
(1.1) y' = f(z,y), y(a) = yo

and the corresponding sequence of successive approximations

(12) Y () = 1o + / (5, yn(8))ds,n = 0,1,

The following result was given by J. Dieudonné in 1945 ([17]).

Theorem D.

We suppose that the Cauchy problem (1.1) has a unique solution. Then there exists h €]0,b—a|
such that the sequence of successive approximations (1.2) converges to the unique solution of the
Cauchy problem (1.1) uniformly on [a, a+h)], if and only if the sequence {1 —Yn }nen converges
to the null function uniformly on [a, a + h).

This theorem was generalized in 1965 by T. Wazewski ([47]) for the case of a Cauchy
problem in Banach spaces. An abstract result was given by A. Pelczar in 1969 ([31]).

The aim of this paper is to study the following problems (see [3] and [35]; see also [19],
[13], [16], [30], [32], [42], [44], [20], [29], ...).

Problem 1. If f has at most one fixed point, under which conditions we have that:

f is asymptotically reqular = f is a Picard operator?

Problem 2. If Fy # (), under which conditions we have that:

f is asymptotically regular = f is a weakly Picard operator?
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2. PRELIMINARIES

The considerations throughout the paper refer to operators defined on a metric space
(X, d), respectively on an L-space (X, —), sometimes the change of the framework space
being implicit. In the sequel we shall present the necessary notions for both framework
spaces.

2.1. Operators on metric spaces. Let (X, d) be ametric space and f : X — X an operator.
We denote by F the set of all fixed points of f. The operator f is a weakly Picard operator
(WPO) ([34], [41],...) if the sequence {f"(x)} converges for all z € X and its limit (which
generally may depend on z) is a fixed point of f. If an operator f isa WPO and Fy = {z*},
then, by definition, f is called Picard operator (PO). The operator f is 1-WPO if there
exists a function ¢ : Ry — R, increasing, continuous at 0 with ¢(0) = 0 such that

d(z, f*(x)) < P(d(z, f(2)), Vo e X.

An operator f : X — X is called asymptotically regular at z¢ iff d(f" " (z0), f™(z0)) —
0asn — oo. If f is asymptotically regular at any = € X, then it is said to be asymptotically
regular on X, or simply asymptotically regular.

If f: X — X isa WPO then we define the operator /> : X — X, given by f>(x) :=

lim f"(x), forallz € X.

n—oo
2.2. Operators on L-spaces. Let X be a nonempty set and denote by
S(X) = {(In)neN | T, € X, n e N}

the set of all sequences in X.

Let ¢(X) C s(X) be a subset of s(X) and Lim : ¢(X) — X be an operator. Following
Fréchet (see [21], [22], [38], [41], ...) the triple (X, c(X), Lim) is called an L-space iff the
following conditions are satisfied:

(i) Ifz, =z, Vn eN,then (,)nen € ¢(X) and Lim(z,)neny = 2.

(i) If (xn)nen € c(X), Lim(zp)neny = x, and (z,, )ien is a subsequence of (z,,)ren, then
(Zn;)ien € ¢(X) and Lim(xy,)ieny = .

An element of ¢(X) is called a convergent sequence, x = Lim(x,,)nen is called the limit
of this sequence and we shall write z,, = 2 as n — oo.

In what follows we shall denote an L-space by (X, —).

An L-space is called an L*-space if, in addition, it satisfies the following axiom:

(iii) If (xy,)nen does not converge to z, then there exists a subsequence, (z,,):en, of this
sequence, with the property that any subsequence of it does not converge to .

In general the L*-space convergence is not topological, in the sense that there is gen-
erally no topology which generates this convergence. In spite of this fact, one defines the
continuity, compactness etc., in the usual way with respect to the convergence.

The notions of weakly Picard operator and, respectively, of Picard operator are defined
on an L-space similarly to the case of a metric space.

2.3. Danes-Pasicki measure of noncompactness. Let (X, d) be a metric space and let
Py(X), Pep(X) be the family of all nonempty bounded subsets, and nonempty compact
subset of X, respectively. By definition (see [36], ...) a functional app : P,(X) — R4 is
called a Danes$-Pasicki measure of noncompactness if

(1) Osz(Y) =0=Y ¢ PCP(X),VY S Pb(X);

(ii) Y1,Y2 € P(X), Y1 CYa = app(Y1) < app(Ya);

(111) Y € Pb(X), reX => OéDp(Y U {I}) = aDp(Y).
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We remark that Kuratowski’s measure of noncompactness and Hausdorff’s measure of
noncompactness are examples of Danes-Pasicki measure of noncompactness.

2.4. Asymptotic regularity and fixed points. Theorem D of Dieudonné mentioned in the
Introduction is not the only fixed point result involving the property of asymptotic regu-
larity of an operator. There are several other results, as for example:

Theorem 2.1 (Folklore Lemma). Let (X, +, K, —) (K := RV C) be a linear L*-space, Y C X
a nonempty subset of X and f : Y — 'Y be an operator. We suppose that:
(1) Y is compact;
(i) f is continuous;
(i41) f is asymptotically reqular.
Then
(@) wi(z)#0,VoeX;
(b) wy(x) C Fp, Ve X;
(¢) ifcard Fy <1, then fis PO;
(d) ifcardwy(z) <1,Va € X, then fis WPO.

Let (X, d) be a metric space and f : X — X a mapping. Then, for z € X, Oy(z) =
{x, fx, f?x,...} is called the orbit of = under f. The metric space (X, d) is said to be or-
bitally complete if each Cauchy sequence in O (z) converges in X. If (X, d) is a complete
metric space then it is orbitally complete but the reverse is not generally true. The map-
ping f is an a-graphic contraction if it has closed graph and there exist o €]0, 1] such
that

d(f(x), f*(2)) < ad(z, f(2)), ¥z € X.

The mapping f : X — X is called orbitally continuous at a point z € X if, for any
sequence {z,} C Of(z) withz € X, z,, — z as n — oo implies f(z,) — f(z) asn — oco.

Theorem 2.2 (Ishikawa (1976); see [13]). Let X be a Banach space, Y C X a bounded, closed
and convex subset of X and f :' Y — Y a nonexpansive operator. For \ €)0, 1] we consider the

operator fy := (1 — X\)1y + Af. Then f is asymptotically regular w.r.t. Ly

Theorem 2.3 (Belluce-Kirk (1969); [3]). Let (X, d) be a compact metric space and f : X — X
a nonexpansive operator. The following statements are equivalent:

(¢)  f has diminishing orbital diameters on X;

(13) f is asymptotically reqular on X;

(13) f is not an isometry on Oy (z) if

04(Of(x)) > 0, forall x € X.

Theorem 2.4 (I. A. Rus [38]). Let X be a nonempty set and f : X — X be an operator. Then
the following statements are equivalent:
(it) Fy # 0 and there exists a metric on X with respect to which f is asymptotically reqular;
(it) there exists an L-space structure on (X, —), such that f is WPO with respect to —;
(iv) there exist a €]0, 1[ and a complete metric d on X such that:
(a) f is orbitally continuous with respect to d;
(b) fis an a-graphic contraction with respect to d.
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3. THE CASE card Fy <1
First of all we shall improve some results given in [34] and [35]. We have

Theorem 3.5. Let (X, d) be a complete metric space, aupp be a Danes-Pasicki measure of non-
compactness on (X,d) and Y C X be a bounded and closed subset of X. Let f : Y — Y bean
operator. We suppose that:

(1) f is continuous;

(#5) app(f(A)) < app(A), for A CY such that app(A) # 0and f(A) C A;

(i43) f is asymptotically regular;

(iv) card Fy < 1.
Then f is a PO.

Proof. Let z € Y. We remark that
app(Oy(z)) = app(f|Of(z)).
From the condition (ii) it follows that, app(Of(z)) = 0. From the definition of app we

have O¢(z) is a compact subset of Y. From Theorem 2.1 (c) f ‘W is a PO. So, from (iv)
f:Y —=>YisaPO. U

4. APPLICATIONS OF CARBONE’S LEMMA

In a paper published in 1988, A. Carbone gives an interesting general fixed point result
which involves the asymptotic regularity of the operator at some point of the space. In
the same paper [14] he also applies this result to studying the fixed points for Banach
contractions and, respectively, for -contractions in the sense of Matkowski [23] and Rus
[33].

Lemma 4.1 (Carbone, [14]). Let f : X — X be an operator, where (X, d) is an orbitally complete
metric space. Assume that:
(¢) foreach € > 0 there exists §(€) > 0 such that
if d(z, f(x)) < d(e), then f[B(z,€)] C B(z,¢);
() d(f™(zo), [P (x0)) — 0as n — oo, for some xg € X.
Then the sequence f™(xo) converges to a fixed point of f.

The result of Carbone inspires us to consider the following lemma, which brings us
closer to the Problems 1 and 2 formulated in the Introduction of the paper. Its proof is
similar to that of Carbone’s Lemma.

Lemma 4.2 (Lemma of the invariant ball). Let f : X — X be an operator, where (X, d) is an
orbitally complete metric space. Assume that:

(i) thereexistst : Ry — Ry suchthat, foreachr > 0,d(z, f(z)) < t(r) implies f(B(z;r)) C
B(z;r);
(#7) f is asymptotically regular on X.
Then f isa WPO.
Remark 4.1. If cardFy < 1and f satisfies the conditions in Lemma 4.2, then f is a PO.

Remark 4.2. It is obvious that any graphic contraction is asymptotically regular, so we
can formulate a result similar to Lemma 4.2 in which condition (i) is replaced by:

(#7') f is a graphic contraction.

This also implies that f is a WPO and, under the assumption that cardFy < 1,itis a
PO.
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Lemma 4.2 and the above considerations give an answer to Problems 1 and 2 posed
in Introduction. They also enable new proofs of several fixed point theorems for known
classes of generalized contractions and not only. Condition (4¢) has been verified for sev-
eral classes of generalized contractions, see for example [4], as well as condition (ii’), see
for example [24]. The remaining task is to study which classes of generalized contractions
satisfy condition (¢) of Lemma 4.2.

A typical example of generalized contractions, which do not imply continuity, are the
Kannan operators, that is, operators f : X — X such that

d(f(x), f(y)) < ald(z, f(z)) +d(y, f(y))], Y2,y € X,
wherea € [0, 1).
Example 4.1. Any Kannan operator satisfies condition (i) of Lemma 4.2.

1-2
Proof. Lett : Ry — Ry, t(r) = 7ar, Vr > 0. Let r > 0 and let # € X such that

1+a
d(z, f(z)) < t(r), thatis, d(z, f(z)) < 1_2‘17«
Take z € B(x;r). We aim to show that f(z) € B(z;r). We have:

“1+a

d(z, f(2)) < d(z, f(z))+d(f(z), f(2))
< ) +ad(z, f(2)) + ad(z, f(2))
< (1+a) 1;2 r+ ad(z, f(2))
S ]_*2(1)7'+CL[ (Z,,$)+d(£,f( ))}

(

(

= (1-2a)r +ar + ad(z, f(2))
(1 —a)r + ad(z, f(2)).

It follows immediatelly that d(x, f(2)) <, so f(z) € B(z;r).
In conclusion, f(B(x;r)) C B(x;r).
]

Another interesting class of generalized contractions are the strict almost contractions,
introduced in [7]. In [28] there is shown that the conditions in the definition of strict almost
contractions are equivalent to the following: there exist two constants § € [0,1) and L > 0
such that

d(f(x), f(y)) < 0d(x,y) + L min{d(z, f(x)),d(z, f(2)),d(z, f(z)),d(z, f(2))},
forall z,y € X.

Example 4.2. Any strict almost contraction satisfies condition (¢) of Lemma 4.2.

1-46
Proof. Lett : Ry — Ry, t(r) =

1 r,Vr > 0. Letr > 0 and let z € X such that
d(z, f(z)) < t(r), thatis, d(z, f(z)) <

)
1+ L

| &

+
1

T.
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Take z € B(x;r). We aim to show that f(z) € B(x;r). We have:

d(z, f(2)) d(z, f(x)) + d(f (), f(2))

t(r) + 6d(z, z) + Lmin{d(z, f(z)), d(z, f(2)), d(z, f(x)),d(z, f(2))}

t(r) + dr + Ld(z, f(x))

t(r)+d-r+L-t(r)

1—-9

1+L

It follows immediatelly that d(x, f(2)) < r, so f(z) € B(z;7).
In conclusion, f(B(x;r)) C B(x;7).

(VAN VAN VAR VAN

IA

r(1+ L)+ 0.

O

Remark 4.3. The next examples present a WPO (Example 4.3) and a mapping which is
neither WPO nor PO (Example 4.4).

Example 4.3. Let X = [0, 1] be endowed with the usual norm and let f : X — X be given
2 2 1
by f(x) = 3% forx € [0,1/2) and f(z) = 3% + 3 for x € [1/2,1]. Then, see [27], f is an

almost contraction with 6 = 2/3 and L = 6, f has two fixed points, Fy = {0,1} and fisa
WPO.

Example 4.4. Let X = [—1,1] be endowed with the usual norm and let f : X — X be
given by f(z) = —z, for all z € X. Then
1) Fy = {0};

2) {f™(z)} is asymptotically regular if and only if z = 0;
3) {f™(z)} converges if and only if z = 0;

4) Condition (i) in Lemma 4.2 holds if and only if x = 0;
We prove 4) as 1)-3) are immediate. Indeed, since

B(z;r) =[-r+x,2+r]and f(B(z;r)) = [-r — 2, —2 + 7],
the inclusion f(B(z;r)) C B(x;r) implies
—r+r<-z—randr—z<x+r,
whichleadtox <0Oand z > 0,i.e.,z = 0.

Remark 4.4. Lemma 4.2 cannot be applied to the function in Example 4.4, since condi-
tion (ii) does not hold for all x € X. This suggests us to consider the following weaker
condition:

(i7") f is asymptotically regular at some point zy € X.

For some other similar results which give answers to Problem 1, see [1], [2], [25] and
[46].
5. (¥, x)-OPERATORS

Let (X, d) be a complete metric space and f : X — X be an operator with Fy # (). Let
X : X — F be a set retraction and ¢ : R; — R such that ¢/(0) = 0 and ¢ is continuous
at 0. By definition, the operator f is a (¢, x)-operator if 1) and x are as above and

d(e, x(x)) < Y(d(x, [(2)), Vo € X.
Example 5.5. If f : X — X is a ¢)-WPO, then f is a (¢, f°°)-operator.
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Example 5.6. Let (X, d) be a complete metric space, f : X — X with Fy #0and x : X —
F a set retraction such that x (O (z)) = {x(z)}, V2 € X.

We suppose that there exists § : R, — R increasing, (0) = 0 and continuous at 0, and
0 < B < 1 such that

(%) d(f(z), x(z)) < 0(d(z, f(x)) + Bd(z, x(z)), Vz € X.
Then f is a (¢, x)-operator with ¢ = (1 — 8)~*(1g, +6).
Indeed,
d(z,x(x)) < d(z, f(2)) + d(f(z), x(x))
< d(z, f(z)) + 0(d(z, f(z)) + pd(z, x(x)),
and hence L
(o, () < 1 (o, (@),

as required

In the following example, we present a large class of (v, f°°)-operators, see [7], which
do not satisfy always condition ().

Example 5.7. Let (X, d) be a complete metric space and f : X — X an almost contraction
(see [7], [5], [6], ), that is, a mapping for which there exist the constants 6 € (0,1) and
L > 0 such that

(5.3) d(Tz,Ty) < dd(xz,y) + Ld(y,Tz), forall z,ye€ X.

Then f is a (¢, f°°)-operator, with ¢ (t) = ﬁ, teR,.

We prove directly that f is a (¢, f°°)-operator, without using (5.3). Indeed, by the
continuity of the distance we have

(5.4) d(z, f*(x)) = d(z, lim_f"(z)) = lim d(z, f*(z)).

n—oQ

On the other hand, by (5.3) we get in particular
d(f* (), fF(x)) < 88 Yd(x, f(x)),VEk > 1

and hence
d(z, f*(x)) < d(z, f(2)) +d(f(z), f2(2) + - +d(f" (@), [ (x))
(5.5) <A +6+-+6"Vd(z, fz) = 11:5; d(z, f(z)).
So, by (5.4) and (5.5), we obtain
Ao, (@) = T d(a, (@) < Tim = d(e, f(@) = T d(e, (@)

which shows that f is a (v, f°°)-operator, with ¢(t) = 1%6’ teRy.

Note also that f in Example 4.3 satisfies condition (*) with 6(¢t) = t and 8 = 1/3.
However, in order to prove that condition (*) holds, we must have 6 + L < 1 which is not
generally true for any almost contraction.

We also have a kind of reverse of the previous theoretical results:
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Theorem 5.6. Let (X, d) be a complete metric space and f : X — X an operator. We suppose
that:

(7) fisa (¢, x)-operator;

(1) f is asymptotically reqular.
Then, f is -WPO and x = f°.

Proof. From (i) + (i) it follows that

d(f™(x), x(z)) < d(f™(z), [ (x))) = 0 as n — oco.
So,
f(x) = x(z) as n — oo.

6. OPEN PROBLEMS

1. In Section 4, the application of Carbone Lemma has been illustrated for the case
of almost contractions possessing a unique fixed point, i.e., essentially for POs. But an
almost contraction is in general a WPO.

So, the question is if Lemma 4.1 or Lemma 4.2 could be applied in the case of almost
contractions possessing two or more fixed points.

2. In Section 5, we presented an example of (¢, x)-operator for the case of almost con-
tractions. In particular, the identity map on a compact interval of the real axis, see [7],
which is in fact a non expansive map, is an almost contraction whose set of fixed points is
the whole interval.

The question is wether or not nonexpansive mappings in gereral are (1, x)-operators.
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