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Fixed point approximation of Pre$§i¢ nonexpansive
mappings in product of CAT (0) spaces

HAFIZ FUKHAR-UD-DIN'2, VASILE BERINDE®>! and ABDUL RAHIM KHAN!

ABSTRACT. We obtain a fixed point theorem for Prei¢ nonexpansive mappings on the product of C AT (0)
spaces and approximate this fixed points through Ishikawa type iterative algorithms under relaxed conditions
on the control parameters. Our results are new in the literature and are valid in uniformly convex Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

An interesting generalization of Banach contraction principle has been obtained in 1965
by Presi¢ [26]:

Theorem 1.1. ([26]) Let (X, d) be a complete metric space, k a positive integer,
a1, 00,08, ..., € R+,Zf:1 a;=a<land f: X* — X a mapping satisfying
k—1
d(f (0,21, tho1) , f (21,72, k) < Y viprd (24, 241)
=0
forall xg,x1, ..., 2, € X. Then f has a unique fixed point x*, that is, there exists a unique v* € X
such that f (x*,x*,...,x*) = x* and the sequence defined by

Tn+1 :f(xn_k+1,...,l‘n), n:k_17k7k+17
converges to x* for any xg, 1, ..., Tp—1 € X.

We note that Theorem 1.1 collapses into the classical Banach contraction principle for
k=1
A mapping T': X — X is called an a-contraction if there exists « € [0, 1) such that

d(Tz,Ty) < ad(z,y) ,forall z,y € X.

When a = 1, T is called nonexpansive.

Some generalizations of Theorem 1.1 have been obtained in [7, 27] (see also [22, 23,
24, 25]). Nonexpansive mappings do not inherit much from contraction mappings. More
precisely, if C' is a nonempty closed subset of a Banach space £ and T' : C' — C' is nonex-
pansive, then 7" may not have a fixed point (unlike the case 7" is an a—contraction). Even
in the case when T has a fixed point, the Picard iteration associated with 7" may fail to
converge to the fixed point of T'.

For the above known facts and also many other reasons, a richer geometrical structure
of the ambient space is needed in order to ensure the existence of a fixed point and the
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convergence of an iterative algorithm (more general than Picard iterative algorithm) to a
fixed point of a nonexpansive mapping 7'

Here are the details of a class of metric spaces with rich geometrical structure.

A geodesic path from z to y in a metric space (X,d) is a mapping ¢ : [0,d (z,y)] = X
such that ¢(0) = z, ¢(d(z,y)) = y, and d(c(t),c(t')) = |t —¢| for all ¢,¢’ € [0,d (z,y)]-
The image of c is called a geodesic segment. The space X is known as uniquely geodesic
space if every two points of X are joined by a unique geodesic segment.

A geodesic triangle A (x1, z2, z3) in a geodesic metric space X consists of three points
z1,T2,x3 € X and a geodesic segment between each pair of these points. A com-
parison triangle for a geodesic triangle A (21,22, 23) in X is a triangle A (21,22, 23) =
A ((Z’l, (32, 53) in R2 such that dRQ (fi, fj) =d (CL’i, l’j) for all ’L,j = ]., 2, 3.

A geodesic space X is a CAT'(0) space if the following inequality

d(z,y) <dgre (Z,7)

holds for all z,y € Ain X and z,5 € A in R?.

Since a CAT(0) space (X, d) is uniquely geodesic, we use [z, y] to denote the geodesic
segment between x and y and (1 — ) z & ay to denote the unique point z € [z,y] such
that

d(z,z) =ad(z,y) and d(z,y) = (1 —a)d(z,y).

A subset C' of a CAT (0) space is convex if [z,y] C C forallz,y € C.

A few examples of C AT (0) spaces are: (i) Hilbert spaces—the only Banach spaces which
are C'AT(0); (ii) R—trees: a metric space X is an R—tree if for ,y € X, there is a unique
geodesic [z, y] and [z, y]N[y, z] = {y} implies that [z, z| = [z, y]U[y, z]; (iii) Classical hyper-
bolic spaces H"”; (iv) Complete simply connected Riemannian manifolds with nonpositive
sectional curvature; (v) Euclidean buildings. These examples illustrate that the class of
C'AT(0) spaces encompasses both smooth and singular objects.

There are several ways to construct new C'AT(0) spaces from known ones. Clearly, a
convex subset of a CAT'(0) space, endowed with the induced metric, is itself a C AT'(0)
space. Another key feature of the C'AT(0) inequality is its inheritance under Cartesian
products, that s, given any two C AT (0) spaces: (X1,d;) and (Xa, dz), the Cartesian prod-
uct X = X; x Xo, endowed with the metric d defined by d? = d? + d3, is a C AT(0) space.

Fixed point theorems in C'AT'(0) spaces (specially in R—trees) are applicable in biology,
computer science and graph theory (see e.g., [6, 10]).

Kirk [17] proved the existence of fixed points for nonexpansive mappings in C AT'(0)
spaces as follows: If C' is a bounded, closed and convex subset of a complete C'AT'(0)
space X, then a nonexpansive mapping 7' : C' — C has a fixed point.

On the other hand, the iterative construction of fixed points of nonlinear mappings is
itself a fascinating field of research (see [2]). The fixed point problems for nonexpansive
mappings and their generalizations have been studied extensively on linear as well as
nonlinear domains (see e.g. [1, 11, 12, 13, 14, 15, 16, 18, 19, 20]).

For a bounded sequence {z, } C X, we define a functional r(., {z,}) : X — RT by

r(xz,{z,}) = limsupd(z, z,),

n—oo

forallz € X.
The asymptotic radius rc({x,}) of {x,,} with respect to a subset C' C X is defined as

rol{an}) = inf r (@, {wa}),
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while the asymptotic center Ac({z,}) of {z,,} with respect to C'is, by definition, the set

Ac({zn}) ={y € C:r(y {zn}) = re({za})}-

A sequence {x,} A-converges to x € C'if x is the unique asymptotic center of {u, } for
every subsequence {uy, } of {z,} (see [9]; in this case, we write x as A-limit of {z, }, i.e., A—
limy, 00 &, = x). A sequence {z,} is said to polar converge to a point x € X (see [8]) if for
every y € X with y # x, there exists ny > 1 such that d(z,,,x) < d(z,,y) for all n > ng.
A sequence {z,} is said to converge A-strongly to a point z if the limit lim,,_, o d (25, )
exists and for any y # z, lim, oo d (2, ) < liminf, .. d(z,,y). The notion of polar
convergence was introduced by Devillanova et al. [8] who have also discussed the rela-
tionship between polar convergence and A-convergence in metric spaces.

In the sequel, we shall need the following well known results.

Lemma 1.1. [9] If X is a C AT(0) space, then
d(Z, ax D (1 - Oé)y) < Oéd(Z,LL’) + (1 - a)d(zay)

forany o € [0,1) and z,y,z € X.
Lemma 1.2. [9] A geodesic space X is a C AT (0) space if and only if

d(z 00 & (1-a)y)® < ad (2,0)* + (1 — a)d (2,9)* — a(l - a)d (x, 1)
forany o € [0,1) and z,y,z € X.

Lemma 1.3. [11] Let C be a nonempty, closed and convex subset of a complete C AT (0) space X.
Then every bounded sequence {x,} in X has a unique asymptotic center with respect to C.

Lemma 1.4. [11] Let C be a nonempty closed and convex subset of a C AT (0) space X. Let {x, }
be a bounded sequence in C such that Ac({xn}) = {z} and rc({zn}) = p. If {ym} is another
sequence in C such that lim,,—s oo 7(Ym, {Tn}) = p, then lim,, o0 Ym = .

2. FIXED POINTS OF PRESIC NONEXPANSIVE MAPPINGS
We recall the definition of a Pre$i¢ nonexpansive mapping, first introduced in [4].
Let (X, d) be a metric space, k a positive integer, and let a1, a2, a3, ..., ar € Ry be real
numbers such that Zle a; = a < 1. A mapping f : X*¥ — X satisfying

d(.f (x()a'rlv"'axk:—l)af(x17x27~"7xk)) S ai-‘rld(miaxi-‘rl)a

e
Ju

s
I
o

for all zg, x1, ...,z € X, is called a Presi¢ nonexpansive mapping.

Since, in the definition of Pre$i¢ nonexpansive mappings, we have a < 1, it follows that
this class of mappings includes the class of Presi¢ contractions appearing in Theorem 1.1.
In the case k = 1, the PreSi¢ nonexpansiveness condition reduces to Banach contractive
condition if & < 1 and to the usual nonexpansiveness condition if o = 1 (see [4]).

Example 2.1. Let I = [0, 1] be the unit interval with the usual Euclidean norm and let f :
I* — I'be givenby f (z,y,2) = %, forall z,y,z € I. Then f is Presi¢ nonexpansive
but is not a Pres$i¢ contraction.

Proof. In this case, the Presi¢ nonexpansive condition reads as follows: there exists a1, oz,
as € Ry with a; + as + a3 = a < 1 such that for all g, z1, 22, x3 € I, we have

|f (o, 1, 22) — f (21,22, 23)| < 01 |wg — 21| + 2 |x1 — o] + g |z2 — 23]
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By the definition of f, the above inequality becomes
2 1 2

5(1'0—1'1)4-*(1'1—1‘2)4—*

5 5(332—333) <y lzo — x|+ az |z — 22| + a3 w2 — 23]

which obviously holds for oy = 2 = a3, a; = 1 by using the triangle inequality.
By the fact that the set of all fixed points of f, F' (f), coincides with the whole interval
I and by Theorem 1.1, it follows that f is not a Pre$i¢ contraction. O

Here is a fixed point theorem for Presi¢ nonexpansive mappings.

Theorem 2.2. Let C be a bounded, closed and convex subset of a complete C AT (0) space X, k a
positive integer, and let f : X* — X be a Presi¢ nonexpansive mapping. Then f has a fixed point,
that is, there exists v* € X such that f (z*, 2, ...,z*) = z*.

Proof. DefineT : C' — C by

Then, for any z,y € C, we have
d(T (z),T () =d(f (@, 2, ;2), [ (4,4, 9))
y)

<d(f(z,z,...z), f(x,..,z,y) +d(f (x,....z,9), [ (x,...,z,9,9)) + ...
y)

+d (f (@, 9, y)s f @y, y) < ard(z,y) + ap—1d (z,y) + ... + aud (2, 9)
k

=Y aid(z,y) = ad (z,y) < d(z,y).
i=1
This proves that 7' is nonexpansive. By Kirk’s fixed point theorem ([17]), there exists
x* € Csuch that T (z*) = o* = f (z*, 2", ..., 2%). O

Next, we study approximation of fixed point of Presi¢ nonexpansive mapping defined
on the product of CAT (0) spaces.

Let C be a convex subset of a C AT (0) space X, k a positive integer, and let f : C¥ — C
be a Presi¢ nonexpansive mapping.

Starting with 21 € C, we construct the following algorithms.

(i) The Mann iterative algorithm [20] in a C AT'(0) space is defined by

(21) Tn+1l = (1 - an) Ty oy f (xn;xna ~-~axn)7 n>1,

where {a,, } is a sequence in [0, 1] .
(ii) The Ishikawa iterative algorithm [15] is defined by

(22) Tnt+1 = (1 - Oén) ZTn @ Cl{nf (ynvyn; ) yn) yYn = (1 - ﬂn) Tn @ ﬁnf (Z’n,l'n, ,Zn) s
where {a,,} and {3, } are sequences in [0, 1] .

Lemma 2.5. Let C be a closed and convex subset of a C AT (0) space X, k a positive integer, and
f : C* — C, a Presi¢ nonexpansive mapping. Then for {z,,} in (2.2), lim,_, o d (z,,, x*) exists
foreach x* € F (f).

Proof. DefineT : C' — C by
T(z)=f(z2,...,2), z€C.

Then by Theorem 2.2, T is nonexpansive with F' (T') = F (f).
Applying Lemma 1.1 to the algorithm(2.2) and doing routine calculations, we get that
lim,, 00 d (2, x*) exists for each z* € F (f). O
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Lemma 2.6. Let C be a closed and convex subset of a C AT (0) space X, k a positive integer, and
[ : C* — C, a Presi¢ nonexpansive mapping. Suppose that {c,} and {B,,} satisfy either of the
following two sets of conditions:

()30 an (1 — o) = oo and limsup,,_, o Bn < 1.

(i1) Y071 Brn (1 — B) = oo and liminf,,_, o ay > 0.

IfF (f) # 0, then for {x,} in (2.2), we have that linn_1>ioréfd (Tns [ (T, Ty ooy ) = 0.

Proof. Suppose that conditions () holds. Since limsup,,_,., 8, < 1, there exists b € (0, 1)
such that 5, < bforalln > 1. Define T': C'— C as in the proof of Lemma 2.5.

Forany z* € F (f) = F (T), we apply Lemma 1.2 to the algorithm (2.2) to get
d(zni1,2%)° = d (1 = an) Tn ® Ty, 2*)° < (1 — an) d (2n, 2°)° + and (Tyn, ) —
(1= o) d (2, Tyn)? < (1= o) d (2, %) + td (Y, ) — an (1 — ) d (20, Tyn)*
< (1 - an)d(@n, )% + an [((1 — ) d (@n, )% + Bud (Tzn, x*)Q)] —an (1—ayp)-

A (@, Tyn)” < (1= an) d(20,7")” + an [ (1= Ba) d (@, 2") + Bud (2, 27)? ) | -

an (1 — ay) d(Jcn,Tyn)2 = d(mn,x*)2 —ap (1 —ay) d(azn,Tyn)2 )
That is,
o (1= ) d (20, Typn)? < d (#n, 2°)? — d (2pg1, 72,
and therefore - v, (1 — @) d (¢, Tyn)” < 0.
By the condition Y | @, (1 — ;) = 00, it follows that lim inf,,_, d (2, Tyn) = 0.
Now, from

d (xna Txn) < d(Txanyn) =+ d(xanyn) < d(xnvyn) + d(znaTyn)
= d(n (1 = Bn) n © BaT0) + d (50, Tyn) < Bad (2, T2n) + d (2, Tyn)
< bd (zn, Txn) + d (20, Tyn),
we have that

1
liminf d (z,, Tx,) < T liminf d (x,, Ty,) = 0.

n—00 — n—00

Therefore liminf,,_,o d (z,,, Tx,) = 0.

Next, assume that condition (ii) is satisfied. From liminf,,_, ., a;, > 0, we may assume
that there exists a > 0 such that a,, > a foralln > 1.

Now, let us evaluate

d(xn+1,x*)2 =d((1—an)x, ® anTyn,x*)2 <(1—ap)d(@n, ") + and (Typ,x*)
<(1—ayp)d(xn, x*)2—|—and (Yn, x*)2 =and((1—Bn)z, ® ,BnTxn,x*)2+(1 —ap)d(zy,x")

<o (1= Ba)d (20, 2%) + Bud (T, 27)° = By (1= B) d (Tap, n)°
+ (1 - an) d (xnax*)Q <ay, (1 - /Bn) d(xn71'*)2 + anﬂnd ($n7x*)2

—anfn (1= Br) d(Txn7xn)2+(1 —ay)d (xn,x*)2 = d(gcmx*)z—anﬁn (1-5n) d(Txn,gcn)2 )
This implies

2 2

2

*\2 2
ﬁn (1 _B")d(Tmn,J?n)2 S d(«fnax ) ad(xn_,,_hx )
which further implies that 3°° | 8, (1 — 8,) d (T, 2,,)* < 0.
By condition >_°7, 8, (1 — 3,,) = oo, we get that

liminf d (z,,Tx,) =0,

n—oo

that is,

hnilnfd (xn; f (xnaxnv 73;”)) = 0
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O

Recall that a mapping f : C* — C is semi-compact if every bounded sequence {z,,}
has a convergent subsequence whenever d(z.,, f (zn, Zn, ..., n)) — 0.

Let g : [0,00) — [0, 00) be a nondecreasing function with ¢(0) = 0 and g(¢) > 0 for all
t € (0,00). The mapping f : C* — C, with F (f) # 0, satisfies Condition (I) if

d(z, f (z,x,...,x)) = g(d(z, F (f))), for z € C,

where d(z, F (f)) = inf,cpip) d (2, p) .
Now we present our A-convergence and strong convergence results based on Lemma
2.6.

Theorem 2.3. Let C be a closed and convex subset of a complete C AT (0) space X, k a positive
integer, and f : C* — C' a Presi¢ nonexpansive mapping such that F (f) # 0. Suppose that {a, }
and {B,,} satisfy either of the following two sets of conditions:

() >0 an (1 — ) = ocoand limsup,,_, . B, < 1;

(i) 2001 B (1 = B,) = oo and liminf, o0 o, > 0.

Then for {x,,} in (2.2), there is a subsequence {zy, } of {x, } which /\-converges to a fixed point of
-

Proof. In Lemma 2.6, we have shown that liminf, o d (zy, f (@n, Tpn, ..., zn)) = 0 for
the sequence {z,} in (2.2). Therefore there is a subsequence {z,} of {z,} such that
lim, 00 d (2, f (20, 2ns -, 2n)) = 0. It follows from Lemma 2.5 that {z,} is bounded in
C.

By Lemma 1.3, {z,,} has a unique asymptotic center, thatis, Ac({z,}) = {#}. Let {u,}
be any subsequence of {z,} such that Ac({u,}) = {u}.

By Lemma 2.6, we have

lim d (2, f (tn, Un, .., Up)) = 0.

n— o0
We now show that u € F (f). Define a sequence {z;.} in C by z; = f* (u,u,...,u) = TFu
and observe that
k
d(zr, un) < d(T*u, T*u,) + Z ATy, TV uy) < d(w, up) + kd(Tty, uy,).
j=1
Therefore, we have

(2K, {un}) = limsup d(zg, up,) < limsup d(u, u,) = r(u, {u,}).
n—oo n—oo

This implies that |r(z, {un}) — r(u, {u,})| = 0as k — oo. It follows from Lemma 1.4
that limy,_, o 7%u = u. Since C is closed, so limy_ oo T%u = v € C and limy_, oo T u =
Tu.That is, Tu = u.Therefore uw € F (f).If z # u, then by the uniqueness of asymptotic
centres and the fact that lim,,_, o d (2, p) exists for each z* € F (f), we have

lim sup d(uy,, ) < limsup d(uy,, z) < limsup d(z,, 2) < limsup d(z,,u) = lim sup d(uy,, u).

n—oo n—oo n—oo n—oo n—oo

This is a contradiction and therefore z = u, which proves that, indeed, the sequence {z,,}
A-converges to z € F (f). O

Remark 2.1. The C'AT(0) spaces are rotund metric spaces ([8]). The polar and A-convergence
coincide in a complete rotund metric space (see Remark 2.8 and Lemma 3.6 in [8]). The
reader interested in “rotundity” in a normed space is referred to Wilansky ([28], p. 107-111).

As a consequence of Remark 2.1 and Theorem 2.3, we have:
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Theorem 2.4. Let C be a closed and convex subset of a complete C AT(0) space X, k a positive
integer, and f : C* — C' a Presi¢ nonexpansive mapping such that F (f) # (0. Suppose that {c,, }
and {3, } satisfy either of the following two sets of conditions:

()30 an (1 — o) = oo and limsup,,_, o Bn < 1.

(i) >0, Bn (1 = B,) = 0o and liminf,, o0 oy > 0.

Then for {x,} in (2.2), there is a subsequence {z,} of {x,,} which polar converges to a fixed point
of f.

Finally, we state our strong convergence theorem.

Theorem 2.5. Let C be a closed and convex subset of a C AT (0) space X, k a positive integer, and

f : C* — C a Presi¢ nonexpansive mapping such that F (f) # 0. Suppose that {c, } and {3, }
satisfy either of the following two sets of conditions:

()30 an (1 — ay) = coand limsup,,_, . B, < 1.

(i) >°0° ) Bn (1 = B,) = oo and liminf,_, o o, > 0.

Then {z,,} in (2.2) strongly converges to z* € F (f) if one of the following conditions holds:

(i) C'is compact;

(ii) f is semi-compact;

(iii) f satisfies condition (I).

For some other related results that consider nonexpansive type mappings, see the very
recent papers [3]-[5] and [21], where bivariate weakly nonexpansive mappings, Presi¢
nonexpansive mappings and bivariate asymptotically nonexpansive mappings, were con-
sidered, respectively.
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