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The role of the Pompeiu-Hausdorff metric in fixed point
theory
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ABSTRACT. The main aim of this note is to highlight the role of the Pompeiu-Hausdorff metric in fixed point
theory and, subsidiarily, to touch some issues related to the history of this fundamental concept in modern
mathematics. This will allow us to conclude that what is nowadays almost generally called Hausdorff metric
(distance) and very seldom Hausdorff-Pompeiu metric (distance) or Pompeiu-Hausdorff metric (distance), should be
fairly and correctly named Pompeiu-Hausdorff metric (distance).

1. INTRODUCTION

The distance between two (closed) sets is nowadays a fundamental tool in mathemat-
ics, computer science and many other autonomous and interdisciplinary research fields.
It is difficult to imagine how researchers could work without it in hand but not too many
past and current researchers that used or are using this concept in their work, in a way
or another, are really aware on how this concept appeared and even how to name it cor-
rectly and completely. Therefore, there is no general awareness about the fact that it was
introduced more than one hundred years ago, in 1905, by D. Pompeiu (1873-1954), and
thereafter established in the general setting of a metric space and largely disseminated, by
F. Hausdorff (1868-1942), since 1914.

To motivate our approach, we would like to start by giving some concrete arguments to
our introductory sentences. Let us search in some important electronic databases in order
to build a closer image on the relevance and use of the Pompeiu-Hausdorff distance.

A search in Web of Science database for the syntagm ”Hausdorff metric” appearing in
either Article title, Abstract or Keywords produces 572 results, articles in various fields of
research that use that concept. We enumerate the first 100 Web of Science Categories (by
record count) displayed:

mathematics applied (276 articles); mathematics (268); statistics probability (73); com-
puter science artificial intelligence (69); computer science theory methods (64); physics
mathematical (27); mathematics interdisciplinary applications (25); engineering electrical
electronic (24); operations research management science (24); physics multidisciplinary
(16); computer science software engineering (15); automation control systems (14); com-
puter science information systems (14); computer science interdisciplinary applications
(13); mechanics (10); computer science cybernetics (8); multidisciplinary sciences (8); chem-
istry analytical (1); economics (5); engineering multidisciplinary (5); imaging science pho-
tographic technology (4); optics (4); acoustics (3); computer science hardware architecture
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(3); management (3); neurosciences (3); social sciences mathematical methods (3); engi-
neering mechanical (2); geosciences multidisciplinary (2); remote sensing (2); telecommu-
nications (2); electrochemistry (1); engineering aerospace (1); engineering manufacturing
(1); environmental sciences (1); geography (1); geography physical (1); information sci-
ence library science (1); instruments instrumentation (1); logic (1); microscopy (1); physics
fluids plasmas (1); psychology mathematical (1); radiology nuclear medicine medical
imaging (1); biochemistry molecular biology (1); robotics (1); biophysics (1); transporta-
tion science technology (1).

A similar search in Web of Science database but this time for the syntagm ”Hausdorff
distance” appearing in either Article title, Abstract or Keywords produces 1386 results. It
is also very interesting to see how are these results (more than two times compared to the
previous search) distributed among the Web of Science Categories. One gets the following
data:

computer science artificial intelligence (407); engineering electrical electronic (300);
mathematics applied (254); mathematics (232); computer science theory methods (218);
computer science software engineering (162); imaging science photographic technology
(151); computer science information systems (131); optics (90); radiology nuclear medicine
medical imaging (88); computer science interdisciplinary applications (82); automation
control systems (73); engineering biomedical (67); telecommunications (57); statistics prob-
ability (40); remote sensing (38); robotics (31); operations research management science
(29); computer science cybernetics (25); mathematical computational biology (23); physics
mathematical (23); mathematics interdisciplinary applications (21); instruments instru-
mentation (17); computer science hardware architecture (16); physics applied (13); engi-
neering mechanical (11); medical informatics (11); multidisciplinary sciences (11); neu-
rosciences (10); engineering industrial (9); mechanics (9); transportation science technol-
ogy (9); engineering civil (8); engineering multidisciplinary (8); geosciences multidisci-
plinary (8); surgery (8); acoustics (7); engineering manufacturing (6); physics multidis-
ciplinary (6); dentistry oral surgery medicine (5); engineering aerospace (5); geochem-
istry geophysics (5); geography physical (5); physics fluids plasmas (5); biochemical re-
search methods (4); information science library science (4); management (4); neuroimag-
ing (4); oncology (4); biotechnology applied microbiology (3); cardiac cardiovascular sys-
tems (3); economics (3); education scientific disciplines (3); environmental sciences (3);
geography (3); nanoscience nanotechnology (3); water resources (3); materials science
multidisciplinary (2); peripheral vascular disease (2); physics particles fields (2); social
sciences mathematical methods (2); astronomy astrophysics (2); biology (2); clinical neu-
rology (2); construction building technology (2); education educational research (2); en-
ergy fuels (2); biochemistry molecular biology (1); biophysics (1); business (1); chemistry
analytical (1); chemistry multidisciplinary (1); chemistry physical (1); crystallography (1);
dermatology (1); electrochemistry (1); endocrinology metabolism (1); engineering ma-
rine (1); environmental studies (1); genetics heredity (1); health care sciences services (1);
limnology (1); logic (1); materials science biomaterials (1); medicine general internal (1);
medicine research experimental (1); meteorology atmospheric sciences (1); oceanography
(1); psychology (1); psychology mathematical (1); reproductive biology (1); spectroscopy
(1); transportation (1); zoology (1).

As we can see, the list of research fields that use Pompeiu-Hausdorff distance (metric)
is quite impressive !

It is important to stress on the fact that these lists do not include all research or survey
works indexed in WoS that actually use the Pompeiu-Hausdorff metric (under the form
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Hausdorff metric or Hausdorff distance) but just those papers which mention explicitely
this concept in the title of the work, in its Abstract or in Keywords. Many other papers
could also use the Pompeiu-Hausdorff metric without mentioning it in these contexts,
and so we could not detect them, by the mentioned filters from the WoS database or other
mathematics oriented databases like Zentralblatt MATH or /and MathSciNet.

An example in this respect is the paper [2], appeared 1975, which establishes a very in-
teresting evaluation of the Pompeiu-Hausdorff distance between the spectra of two linear
operators T and T ′ (the name is here correctly used: the Pompeiu-Hausdorff distance).
There are many other papers in the same situation.

It is quite clear from the above lists that the great majority of the research papers in-
dexed in WoS that use Pompeiu-Hausdorff metric under the name Hausdorff metric are
from Mathematics applied (276 articles) and Mathematics (268), while, under the name
Hausdorff distance, the greatest number of papers are from Computer Science artificial in-
teligence (407) and Engineering electrical electronic (300).

But Web of Science is a very selective database (there exist many good, very good and
excellent serials which are not indexed there) and, additionally, it covers a shorter period
than Zentralblatt MATH and MathScinet. SCOPUS is, in some sense, complementing Web
of Science, by including some of the good, very good and excellent serials not covered by
Web of Science, but covers even a shorter period of time.

So, the best mirrors of mathematics oriented publications are, from this point of view,
Zentralblatt MATH and MathScinet, that will be used later in Section 3.

Note that by searching after the same syntagms as above, in the SCOPUS database
gives very close figures to those from Web of Science: 735 results for ”Hausdorff metric”
and 1823 results for ”Hausdorff distance”.

In view of the previous discussion, it is the main aim of this note to highlight the role of
Pompeiu-Hausdorff metric in a very specific mathematical field, i.e., in fixed point theory.

Subsidiarily, we intend to touch some historical issues related to the origins of this
fundamental concept in modern mathematics. This will allow us to conclude that, what is
nowadays almost generally called Hausdorff metric (distance) and very seldom Hausdorff-
Pompeiu metric (distance) or Pompeiu-Hausdorff metric (distance), should be always correctly
named Pompeiu-Hausdorff metric (distance).

2. POMPEIU’S DEFINITION AND HAUSDORFF’S DEFINITION

Pompeiu defined the concept of distance between two closed sets, in the context of
complex analysis, in his PhD thesis defended at University of Paris (the Sorbonne), in
1905, under the direction of H. Poincaré, and published it in the same year in Annales de
la Faculté de Sciences de Toulouse (Annals of Faculty of Sciences in Toulouse) [28].

Pompeiu actually needed this distance in order to rigorously define the distance be-
tween two curves in the complex plane and also to introduce by means of this distance
the concept of limit of a sequence of sets.

If we use the current terminology and notations, Pompeiu proceeded as follows, see
his Complete Works [29], page 12, where the whole content of [28] is reprinted.

Let A,B be two closed and bounded sets. If a ∈ A, then the distance between the point
a and the set B is by definition

d(a,B) = min{d(a, b) : b ∈ B},

where d(a, b) is the (Euclidean) distance between the points a and b (do not forget that
Pompeiu was working in the complex plane !).
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Further, Pompeiu defined the asymmetric distance (écart, in French) between the sets A
and B as

D(A,B) = max{d(a,B) : a ∈ A}.
He noted immediately that D(A,B) is not symmetric and that D(A,B) = 0 if and only if
”all points of A belong to B”, that is, A ⊂ B. Therefore, he also considered the asymmetric
distance (écart) between the sets B and A,

D(B,A) = max{d(b, A) : b ∈ B},
and noted that D(B,A) = 0 if and only if B ⊂ A.

In order to endow the distance between two sets with its most natural property, i.e.,
with the symmetry, Pompeiu considered a very natural way to symmetrize his concept, by
defining the distance between the sets A and B (écart mutuel, in French), denoted here by
P (A,B), by

P (A,B) = D(A,B) +D(B,A), (2.1)
and concluded that P (A,B) = 0 if and only if D(A,B) = 0 and D(B,A) = 0, that is, if
and only if A = B.

What did Hausdorff ?
In the first edition of his famous book published in 1914 [14], Hausdorff considered all

the basic concepts introduced by Pompeiu, but in the general setting of a metric space,
and adopted an alternative way to symmetrize the asymmetric distances D(A,B) and
D(B,A), by defining what is currently denoted by H(A,B) and commonly named Haus-
dorff metric:

H(A,B) = max{D(A,B), D(B,A)}. (2.2)
The two definitions are clearly equivalent, by virtue of the double inequality

1

2
· (u+ v) ≤ max{u, v} ≤ 1 · (u+ v),

which yields
1

2
· P (A,B) ≤ H(A,B) ≤ 1 · P (A,B).

Hausdorff cited correctly Pompeiu’s contribution and in this way he explicitly acknowl-
edged Pompeiu’s priority: in the first edition of his book [14] (at page 463), in its shorter
second edition [15] (at page 280), as well as in the third edition [16] and its two translations
(Russian translation [17], at page 293 and English translation [18], at page 343).

Which is then the reason why, even if Hausdorff explicitly mentioned Pompeiu’s pri-
ority, a fact confirmed in the monograph of Kuratowski from 1933 [21], and also cited
correctly Pompeiu’s work in [14], [15] and [16] (and its translations [17] and [18]), the
posterity however credited only Hausdorff as creator of this fundamental concept ?

This issue is discussed in more details in our paper [3], and hence in the following we
are focusing only on the role of the Pompeiu-Hausdorff distance in metrical fixed point
theory.

3. POMPEIU-HAUSDORFF METRIC IN FIXED POINT THEORY

The first fixed point theorem explicitly formulated in literature is a topological fixed
point theorem, i.e., the Brower’s fixed point theorem, published in 1912 [6], see also the
theorem established by Poincaré in 1883 [26] and shown much later to be equivalent to
Brower’s fixed point theorem. This fixed point theorem is concerned with single valued
functions defined on a compact and convex set in Rn.
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In fact, the first formulation of a functional equation as an equivalent fixed point prob-
lem appears also to have been done by Poincaré. In his famous memoir of 1890 [27] on
the three-body problem, crowned with King Oscar Prize, Poincaré reduced the study of
the T -periodic solutions of a differential system in Rn:

x′ = f(t, x) (3.3)

to the study of the fixed points of the operator PT :

x = PT (x)

where PT is defined on Rn as the solution of (3.3) verifying the initial condition

x(s) = y.

As it can be inferred, the operator involved in this fixed point approach is single valued,
while the ambient space is that of continuous functions on Rn.

Following Poincaré’s fixed point approach, Picard applied systematically the method
of successive approximations, extracted directly from the fixed point formulation of a
functional equation, to various differential equations problems [25].

By dressing Picard’s technique of proof with more abstract clothes, i.e., by stating it
in what we are nowadays calling a Banach space, this led Banach [1] in 1922 to state the
well known fixed point theorem for contractions. Banach’s fixed point theorem is the
first metrical fixed point theorem in literature, being essentially based on the contraction
condition, which in turn is expressed by means of the distance / metric of a metric space.

In the same year, 1922, the study of boundary value problems for nonlinear ordinary
differential equations was motivating Birkhoff and Kellogg’s extension of Brouwer’s fixed
point theorem to some abstract spaces (function spaces) [4]. Further developments in
topological fixed point theory are due to Schauder [30], for the case of topological vector
spaces, and to other mathematicians.

Consequently, the first fixed point theorems for set valued mappings were not metrical
but topological type fixed point theorems. This list was opened in 1941 by Kakutani’s fixed
point theorem [20], for the case of mappings defined on convex compact subsets of a
Euclidean space, and continued with Ky Fan-Glicksberg fixed point theorem (see [11] and
[13]), in the case of infinite dimensional locally convex topological vector spaces, and with
many other important contributions, see for example [34].

On the other hand, the first metrical fixed point theorems for set valued mappings ap-
peared slightly later. The list opened in 1968 with the papers of Markin [23], Nadler [24]
and with the paper from 1969 by Covits and Nadler [8]. These fixed point theorems are
essentially based on the use of Pompeiu-Hausdorff metric, in order to express the gener-
alized contraction condition, like in the next example taken from [24].

Example 3.1. Let (X, d) be a metric space and T : X → CB(X) a set-valued mapping. T
is called a α-contraction, if there exists a constant α ∈ (0, 1) such that

H(Tx, Ty) ≤ αd(x, y), for all x, y ∈ X.

So, 1968 marks the entrance of Pompeiu-Hausdorff metric in the scene of metrical fixed
point theory, but under the name ”Hausdorff metric” or ”Hausdorff distance”, which is
still used in the great majority of cases.

This, however, happened after the publication of some articles that explicitly pointed
out Pompeiu’s priority in defining the set distance, see for example the paper from 1954
(the year of Pompeiu’s death) written by T. Ganea [12] and also the one authored by
Calude in 1973 (the year that marked Pompeiu’ s centenary) [7].
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One possible explanation of the fact that Pompeiu’ s priority has been disregarded
for a long period of time and still continues to be disregarded is the fact that the above
mentioned papers (and some others) were written in Romanian, French or Russian and
have been published in journals with limited spreading, even though they were reviewed
by both Zentralblatt MATH and Mathematical Reviews. Other arguments, collected from
[3], are presented in the following.

The fact that Pompeiu-Hausdorff metric has been named mainly after Hausdorff is cer-
tainly due to the history of his famous book, Grundzüge der Mengenlehre, see the extended
review [9]. Its first edition has been published in 1914 (in German) [14]. A second edition
of the book has been printed in 1927 by W. de Gruyter [15], but limited by the publisher
to 320 pages only (the first edition comprised 408 pages). A slightly extended third edi-
tion has been published in 1935 [16]. The latter one has been immediately translated into
Russian (in 1937), editors being Alexandrov and Kolmogorov themselves, while the Eng-
lish version was published 20 years later [18] and has been reprinted many times since
then. The English version [18] is mainly responsible for crediting Hausdorff as the unique
author of the fundamental concept of distance between two sets, especially because in
this version of Mengenlehre the mention of Pompeiu’s definition and priority is done in a
rather hidden and unclear way, see [3] for more historical details.

Coming back to Fixed Point Theory, we stress on the fact that there exists a vast liter-
ature on the fixed point theory of multi-valued mappings, which is essentially based on
the use of Pompeiu-Hausdorff metric, but which cannot be presented here completely, see
[34]-[38] for most of the references.

If we search in MathSciNet for reviewed papers under the MSC code 47H04 (Set valued
mappings) and which are also mentioning the word ”Hausdorff” anywhere, we find 211
results. If we do the same search but with the word ”Pompeiu” anywhere, we find only
11 results. Therefore, only 5% of the papers in this category are mentioning Pompeiu’s
name, for the rest of 95% being credited Hausdorff only.

If we search now in MathSciNet for reviewed papers under the MSC code 47H10
(Fixed-point theorems) and which are mentioning the word ”Hausdorff” anywhere, we
find 574 results, of which only 20 papers are containing the word ”Pompeiu” anywhere.
This means that no more than 3% of papers in this category are mentioning Pompeiu’s
name, for the rest of 97% being credited Hausdorff only.

What is important at this stage is to persuade people working in fixed point theory
and using Pompeiu-Hausdorff metric about the fact that they should name correctly this
fundamental concept in their work. Most of them are already doing so, but the great
majority of them are not.

The main merits in promoting Pompeiu-Hausdorff metric in fixed point theory, under
this name or under the alternative form Hausdorff-Pompeiu metric, belongs to Professor I.
A. Rus and his fixed point research group in Cluj-Napoca, see [34]-[38] and the references
therein.

In contrast to the general situation in (non Romanian) fixed point theory works and in
almost all other important fields of research where the Pompeiu-Hausdorff metric is ex-
ploited, there are however some monographs that are correctly naming it, see for example
the recent books [32] (published in 1998), [10] (2009) and [22] (2010).

4. CONCLUSIONS

Although Pompeiu has been scientifically active more than 45 years (he died in 1954),
after the moment he introduced the distance between two sets (in 1905), he did not more
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work on any topic directly related to or using this distance. He is known mainly for the
Pompeiu problem and for the Cauchy-Pompeiu formula in complex analysis, which are
still actual and important topics of research, but also for the areolar derivative in analysis
and the Pompeiu’s theorem in elementary geometry, see [5], [7], [12], [19], [29].

Most probably, he simply ignored the developments of this fundamental concept and
especially its launch and use in topology starting with the early forties. Otherwise, we
would expect him to have pretended some paternity together with Hausdorff.

At least the following three reasons are plausible for his lack of interest in this respect:
1. He worked on very deep problems in complex analysis, that are currently still im-

portant research topics. He published 161 papers in the period 1902-1951, almost all in
complex analysis, according to Zentralblatt MATH;

2. He did not write any monograph (on topics related to or using the distance between
two sets);

3. Hausdorff’s book was a fundamental reference book in the field of set theory and
topology, with many seminal concepts and results, which established the awareness that
the concept of distance between two sets was due to Hausdorff only.

Despite the fact that some important recent monographs [10], [22], [32] are correctly
naming Pompeiu-Hausdorff metric, there is no general awareness of Pompeiu’s merits
amongst the non Romanian scientists using this important tool in almost all research fields
where it is used and, in particular, in fixed point theory.

Hence, we believe that it is now the moment to re-consider the terminology regarding
the Pompeiu-Hausdorff metric, not only in fixed point theory, but in all fields of mathe-
matics and interdisciplinary domains that are using it.

So, what is nowadays almost generally called Hausdorff metric (distance) and very sel-
dom Hausdorff-Pompeiu metric (distance) or Pompeiu-Hausdorff metric (distance), should be
correctly named Pompeiu-Hausdorff metric (distance). This would thus do a very delayed
but well deserved justice to Pompeiu’s seminal contribution.
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