Chapter 4

The Retraction-Displacement Condition in the
Theory of Fixed Point Equation with a
Convergent Iterative Algorithm
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Abstract Let (X, d) be a complete metric space and f : X — X be an operator with
a nonempty fixed point set, i.e., Fy := {x € X : x = f(x)} # @. We consider an
iterative algorithm with the following properties:

(1) for each x € X there exists a convergent sequence (x,(x)) such that x,(x) —
x*(x) € Fyrasn — o0;
(2) ifx € Fy, then x,(x) = x,foralln € N.

In this way, we get a retraction mapping » : X — Fy, given by r(x) = x*(x).
Notice that, in the case of Picard iteration, this retraction is the operator f*°, see I.A.
Rus (Picard operators and applications, Sci. Math. Jpn. 58(1):191-219, 2003). By
definition, the operator f satisfies the retraction-displacement condition if there is an
increasing function ¥ : R4 — R4 which is continuous at 0 and satisfies ¥ (0) = 0,
such that

d(x,r(x)) < ¥ (d(x,f(x)), forall x € X.

In this paper, we study the fixed point equation x = f(x) in terms of a retraction-
displacement condition. Some examples, corresponding to Picard, Krasnoselskii,
Mann and Halpern iterative algorithms, are given. Some new research directions
and open questions are also presented.
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4.1 Introduction

In this paper we will consider the following two conditions involving a singlevalued
single-valued operator f from a metric space X to itself.

Definition 1. Let (X, d) be a metric space and f : X — X be an operator so that
its fixed point set Fy is nonempty. Let r : X — F; be a set retraction. Then,
by definition, f satisfies the (i, r) retraction-displacement condition (y-condition
in [11], (¥, r)-operator in [41], Y-weakly Picard operator in the case of Picard
iterations in [37], the collage condition in [2]) if:

(i) ¥ : R+ — R4 isincreasing, continuous at 0 and ¥ (0) = 0;
(i) d(x,r(x)) < ¥ (d(x,f(x)), forevery x € X.

Remark 1. If F; = {x*}, then the (, r) retraction-displacement condition takes the
following form:

(i) ¥ : Ry — Ry isincreasing, continuous at 0 and ¥ (0) = 0;
(ii) d(x,x*) < ¥ (d(x,f(x)), for every x € X.

We will call it the (x*, ¥) retraction-displacement condition.

Definition 2. Let (X, d) be a metric space and f : X — X be an operator so that its
fixed point set Fy is nonempty. Let

X1 = fu(xy).,n €N (4.1)
xo € X '

(where f, : X — X is a sequence of singlevalued-single-valued operators, for n € N)
be an iterative algorithm such that +

() Fy, = Fp;
(ii) the sequence (x,),en converges to an element x* (xp) € Fy as n — +00.

If we denote by r : X — Fy given by 7(x) := x*(x) the retraction defined above,
then, by definition, the above algorithm satisfies a retraction-displacement condition
if the operator f satisfies a (, r) retraction condition.

Notice that r is the limit operator of the iterative algorithm.

In this paper we study the fixed point equation x = f(x) in terms of a retraction-
displacement condition. Some examples, corresponding to Picard, Krasnoselskii,
Mann and Halpern iterative algorithms, are given. Some new research directions are
also presented.

Through the paper we will denote by R the set of real numbers, by N the set
of natural numbers, by R the set £-of positive numbers, by R* the set of strict
positive numbers and by N* := N \ {0}. We also denote by R the space of all
m-dimensional vectors with positive components.
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4.2 Generalized Contractions: Examples

We will start this section by presenting some notions and results concerning
generalized contractions, which will be used in our main section.

A first generalization of the Banach contraction principle involves the concept of
comparison function.

Definition 3 ([36,39]). A function ¢ : Ry — R is called a comparison function
if it satisfies:

(i) @ is increasing;
(i), the sequence (¢"(f)),en convergesto 0 asn — oo, forallt € Ry.
If the condition (ii), is replaced by the condition:

o0
(iii) Z(pk(t) < oo, foranyt > 0,
k=0
then ¢ is called a strong comparison function.
Moreover, if the condition (iii), is replaced by the condition:
(iv)y t—@(t) = 4o00,ast — 400,
then ¢ is said to be a strict comparison function.

As a consequence of the above definition, we have the following lemmas.

Lemma 1 ([36,39]).If ¢ : R+ — R+ is a comparison function, then the following
hold:

(i) o(t) <t, foranyt > 0;
(i) ¢(0) =0;
(iii) @ is continuous at 0.

Lemma 2 ([3,24,39]). If ¢ : R+ — R is a strong comparison function, then the
Sfollowing hold:

(i) @ is a comparison function;
(ii) the function s : Ry — Ry, defined by

s() =) ¢"0). te Ry, 4.2)
k=0

is increasing and continuous at 0;
(iii) there exist kg € N, a € (0,1) and a convergent series of nonnegative terms

o0
Z v such that
k=1

o*t(1) < ap*(t) + vi. fork > ko and anyt € R
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Remark 2. Some authors use the notion of (c)-comparison function defined by the
statements (i) and (iii) in Lemma 2. Actually, the concept of (c)-comparison function
coincides with that of strong comparison function.

Example 1. (1) ¢ : R+ — Ry, ¢(t) = at, where a € [0, 1], is a strong comparison
function and a strict comparison function. In this case, f is called a contraction
with constant a € [0, 1].

(2) ¢ :Ry —> Ry, 0(t) = s
comparison function.
(3) ¢ : R+ — R defined by

is a strict comparison function, but is not a strong

o) =1 2 1

is a strong comparison function.
1 1
4) ¢ : Ry = Ry, 0(t) = at + E[t], where a € }0, §|: is a strong comparison

function.

For other considerations on comparison functions, see [3,17,18,36,39], and the
references therein.

4.3 The Retraction-Displacement Condition in the Theory of
Weakly Picard Operators

The first part of the following result is known as Matkowski’s Theorem (see [20]),
while the second part belongs to Rus [36].

Theorem 1. Let (X,d) be a complete metric space and f : X — X be a ¢-
contraction, i.e., ¢ : Ry — R is a comparison function and

d(f(x),f(y) < e(d(x,y)) forall x,y € X.

Then f is a Picard operator, i.e., f has a unique fixed point x* < X and

lir-i{l f(x) = x*, for all x € X. Moreover, if ¢ : Ry — Ry is a strict comparison
n—>-1+00

function, then f is a \-Picard operator, i.e., f is a Picard operator and
d(x,x*) < Y, (d(x,f(x))), forall x € X,

where W, : Ry — Ry is given by ¥, (1) 1= sup{s|s — ¢(s) < t}.
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The second conclusion of the above theorem gives an answer to the following
very general problem.

Problem 1. Let (X,d) be a metric space and f : X — X. Which generalized
contractions f are y-Picard operators? Which generalized contractions f satisfy a
(¥, r) retraction-displacement condition?

A general result concerning the above problem is the following.

Theorem 2. Let (X, d) be a metric space, f : X — X be an operator, ¢ : Ry —
Ry a strict comparison function and 0 : Ry — R4 be an increasing function,
continuous at O with 6 (0) = 0. We suppose that:

(i) Fr={x*};
(ii) d(f(x),x*) < ¢ (d(x,x*)) + 0 (d(x,f(x))), for all x € X.
Then:
d(x,x*) < ¥, (d(x,f(x)) + 0 (d(x,f(x))), forallx € X, 4.3)

i.e., f is a y-Picard operator with =, o (lRJr + 9)
Proof. We have
d(x,x*) < d (x.f(x) +d (f(x),x*) <
<d(xf(x) + ¢ (dx,x") + 6 (d(x.f(x)) -

From the definition of 1, we get the conclusion. We remark that the function ¢ =
Y, 0 (1RJr + 9) is increasing, continuous at 0 and v (0) = 0.

A class of ¥-Picard operators (with a particular v () := «t, for some « € [0, 1]
and with a partientate-particular 6(f) = Lt, for some L > 0) is given by the following
consequence.

Corollary 1. Let (X,d) be a metric space and f : X — X be an operator. We
suppose:

(a) Fy={x*};
(b) (see [32]) there exists « € [0, 1] and L > 0 such that

d(f(x),x*) < ad(x,x*) + Ld(x,f(x)), for all x € X.

Then:

d(x,x*) < i_—ol;d(x,f(x))), forallx € X.
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We will present now some examples of generalized contractions which satisfy
the assumptions (a) and (b) in the above theorems. For example, using the Hardy
and Rogers type condition, we can prove the following result.

Theorem 3. Let (X, d) be a complete metric space and f : X — X be an operator.
We suppose there exist a,b,c € Ry witha+ 2b + 2c¢ < 1 such that, for all x,y € X,
we have

d(f(x).f () = ad(x.y) + b(d(x.f(x)) + d(y.f (V) + c(d(x.f () + d(y.f(x))).

Then:
(i) Fr={x*};
(ii) d(x,x*) < %d(x,f(x))), forallx € X.

Proof. Letxy € X andx, := f"(x9),n € N*. Then, by Hardy-RegersHardy—Rogers’
fixed point theorem we get Fy = {x*}. Now, we also have -

d(f(x).x") = d(f(x).f(x")) =
ad(x,x*) + b(d(x.f(x) + d(x*.f(x")) + c(d(x.f(x")) + d(x".f(x))).

Thus
b
d(f(x), x*) < (;—_i_cd(x, x) + T=—d(x.f (), forall x € X.
—C —C

The conclusion follows now from Theorem 2.
We will discuss now the case of so-called Suzuki type contractions.

Theorem 4. Let (X,d) be a metric space, 0 : Ry — R4 such that 6 (0) = 0,
¢ 1 Ry — Ry be a strict comparison function and f : X — X be an operator. We
suppose that +

(i) Fr={x"};
(ii) x,y € X, 0 (d(f(x),x)) =d(x,y) = d(f(x).f () < ¢ (d(x,y)).
Then:

d(x,x*) <Y, (d (x.f(x))), forall x € X. 4.4

Proof. We take in (ii) x = x* and we apply Theorem 2.

Remark 3. It is worth to notice that there exists operators which satisfy all the
assumptions in Theorem 2, but which are not Picard operators. For example,
f 1R — R,f(x) := 2x.In this case, Fy := {0} and

1
[f(x)] < §|x| + 2|x —f(x)|, forallx € X,
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but f is not a Picard operator.

In the next part of this section, the case of the cyclic ¢-contractions is discussed.

One of the most important gererakization—generalizations of the Banach Con-
traction Principle was given in 2003 by Kirk, Srinivasan and Veeramani, using the

concept of cyclic operator. More precisely, they proved in [19] the following result.
Theorem 5 ([19, Theorem 2.4]). Let {A;}/L, be nonempty subsets of a complete

metric space and suppose f U A — U A; satisfies the following conditions:
i=1 i=1
(1) f(A) C A1 for 1 <i <m,where A+ = Ay,
(2) df(x),f(y)) < @(d(x,y)), for all x € A;, and all y € Ay, for 1 < i < m,
where the mapping ¢ : Ry — R4 is upper semi-continuous from the right and
satisfies the condition 0 < ¢(t) < t for t > 0.

Then f has a unique fixed point.
An extension of this result was given by Pacurar and Rus in [24].
Theorem 6 ([24, Theorem 2. 1]) Let {A Y be nonempty subsets of a complete

metric space and suppose f U A — U A; satisfies the following conditions:
i=1 i=1

(1) f(A) C Aip1 for 1 <i <m,where A,+1 = Ay,
(2) there exists a comparison function ¢ : Ry — R4 such that

d(f(x),f() < @(d(x,y)), forallx € A;and ally € Aiy1, 1 <i<m.
Then:

m m
(a) f has a unique fixed point x* € m A;and, foreachx € A := U A; the sequence
i=1 i=1
Xp = (f"(x))nen converges to x* as n — +00;
(b) the following estimates take place:

d(xy, x") < s(@"(d(x0.f (x0))) and d(x,, x*) < s(¢(d(xn. f(xn))). for alln € N*;
(c) the following relation holds:

d(x,x*) < s(d(x,f(x))), forall x € A,

o0
where s : R+ — Ry is defined by s(t) := Z o~ (@).
k=0

Our next result is an extension of the previous result.
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Theorem 7. Let {A;}'_, be nonempty subsets of a complete metric space and
m m

suppose f : U A — U A; satisfies the following conditions:

i=1 i=1
(1) f(A) C Aip1 for 1 <i <m,where A+ = Ay,
(2) there exists a strict comparison function ¢ : Ry — R such that

d(f(x).f () < ¢(d(x,y)), forallx € Aiand all y € Aiy1, 1 <i<m.

Then:

(a) f is a Picard operator, i.e., f has a unique fixed point and, for each x € A :=
m

U A; the sequence x, := (f"(x)),en converges to x* as n — +00;
i=1
m
(b) x* () Ay

i=1
(c) the following relation holds:
d(x,x*) < Yyu(d(x,f(x))), forallx € A,

where Y, : Ry — Ry is given by ¥, (1) := sup{s|s — ¢(s) < t}.

Proof. The conclusions (a) and (b) follow by Theorem 6. The conclusion (c) follows

(since x* € ﬂ A;) by the following relations:

i=1
d(x,x") = d(x.f(x)) + d(f(x).f(x¥)) = d(x.f(x)) + ¢(d(x.x")).

Another general open problem is the following one.

Problem 2. Let (X, d) be a metric space and f : X — X be such that there exists
np € N* such that f is a generalized contraction. Under which conditions f is a ¥/-
Picard operator (or a /-weakly Picard operator)? Under which conditions f satisfies
the 1/-condition with respect to a set retraction r?

For the above problem, we have the following result (see [22,35,46,52], etc.).

Theorem 8. Let (X, d) be a complete metric space and f : X — X be such that
there exists ng € N* such that f™ is a contraction with constant a € [0, 1[. We also
suppose that f is L-Lipschitz with constant L > 1. Then, the following conclusions
hold:

(i) f is a Picard operator and Fy = {x*};
(ii) (a) if L > 1, then

no

d(x,x*) < #(_Ll_l)d(x,f(x)), Sforallx € X.
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(b) if L =1, then
* o
d(x,x™) < l—d(x,f(x)), forall x € X.
—a

Proof. We only need to prove (ii). Since f™ is a contraction with constanta € [0, 1],
we get that f is a ﬁ-Picard operator. Thus, for all x € X, we have -

") < ——d(x, () <
1—a

1
T, @6 f) + d(f (), f>(0) +d(F" ™ (). /" (0)))

L —1
= md(x»f(x))-

In a similar way one obtain (b).
A third general problem is the following.

Problem 3. Let (X, d) be a metric space and f : X — X be such that there exists
no € N* such that fi oo - S (X) — f™(X) is a generalized contraction. Under
which conditions f is a v/-Picard operator (or a y-weakly Picard operator)? Under
which conditions f satisfies the -condition with respect to a set retraction r?

A first answer to the above problem is the following theorem.

Theorem 9. Let (X, d) be a complete metric space and f : X — X be such that
there exists ngp € N* such that ﬁf,lo w - SX) = f™(X) is a contraction with
constant a € [0, 1[. Suppose that f is Lipschitz with constant L > 1. Then, the

following conclusions hold:

(i) f is a Picard operator and Fy = {x*};
(ii) (a) if L > 1, then

Lo—1 oL
L—1 1-a

d(x,x*) < ( ) -d(x,f(x)), forallx € X.
(b) if L =1, then

d(x,x*) < (ng + ﬁ) -d(x,f(x)), forall x € X.

is a contraction with constant a, we obtain that f|

Proof. (a) Since f o ey is a
1

contraction with constant a, too. Thus, Fy := {x*}. Moreover, since /™ is a ="
Picard operator, for all x € X, we have +

0 (X)

A (). x*) < ﬁd(f’"’ ). £ () < Lnoad(x, F&)).

1-—
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On the other hand, for all x € X, we can write:

d(x,x*) < d(x.f"(x) +d(f* (x).x") <

(06,1 09) + L) + A ()P W) + 1 df () < =
E R @) + e f ).

Notice now that (b) follows by a similar approach.

Notice now that in Theorem 2 and Corollary 1 the uniqueness of the fixed point
can be deduced by the imposed condition (b). In the absence of the uniqueness
assumption for the fixed point, we can prove the following extension of Corollary 1.

Corollary 2. Let (X,d) be a metric space and f : X — X be an operator. We
suppose:

(a) for each x € X there exists a sequence (x,(x))nen and there exists x*(x) € Fy
with HT Xn(x) = x*(x). In particular, if x € Fy, then x,(x) = x, foralln € N.
n—>-T0o0

Thus,r : X — Fy x + x*(x) is a set retraction.
(b) there exists a € [0, 1] and L > 0 such that

d(f(x), r(x)) < ad(x,r(x)) + Ld(x,f(x)), forall x € X.

Then
d(x,r(x)) < t—ol;d(x,f(x)), forallx € X.

Proof. Notice that, for every x € X, we have
d(x,r(x)) = d(x.f(x) +d(f(x),rx)) <
=dx.f() + ad(x,r(x)) + Ld(x.f(x)).
As an illustrative example, we have the following result for graphic contractions.

Theorem 10. Let (X, d) be a complete metric space and f : X — X be an operator.
We suppose:

(a) there exists a € [0, 1] such that

d(f(x),f2(x)) < ad(x.f(x)), forall x € X.

(b) f has closed graph.
Then:
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(i) for each x € X, the sequence x, := f"(x), n € N* converges to an element
x*(x) = f(x) € Fy;
(ii)

d(x,f*(x)) < ﬁd(x,f(x))for all x € X.

Proof. (i) is the weldsewn-well-known Graphic Contraction Principle. For the

sake of completeness, we recall here the proof. Let xy € X and x,, := f"(xp),n € N.

Then, by (a), the sequence (x,) is Cauchy and, by the completeness of the space

(X, d), there exists x*(x9) € X such that lirf X, = x"(x0). By (b), we get that
n—>-T0o0

x*(xo) € Fy. Now, for each x € X, we also have +

d(f(0).f% () = d(f@).f>(0) + d(F@).f2 () + -+ d(f" (0).f%(0) =
ad(x,f(x) + @’d(x.f(x)) + -+ + a" " d(x, f(0)) + d(f" (), % (x) =

_ n—1
= 29T 4 p ) + d( ) ().

l1—a

Letting n — 400, we get that

d(f(0).f(0) < T—d(x.f(1). forallx € X.
—a
Now we can conclude

() < d (6. f() +d (F).f¥@) <
< () + () = d ()
—a 1—a

In the case of Caristi-Browder operators (see [18,39]) we have a similar result.

Theorem 11. Let (X, d) be a complete metric space, f : X — X be an operator and
¢ : X — Ry be a given function. We suppose:

(a) d(x.f(x)) < o(x) —@(f(x), forallxeX;
(b) f has closed graph.
Then:

(i) Fy # 0;

(ii) for each x € X, the sequence x,, := f"(x), n € N* converges to an element
o) € Fi

(ii) if, additionally, there is o € R’} such that ¢(x) < ad(x,f(x)), then

d(x,f*(x)) < ad(x,f(x)), forallx € X.

Proof. For (i) and (ii), let us consider x € X. From (a) it follows
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DA @) < 9@) — (T ) < 0.

k=0

This implies that (f"(x)),en is a convergent sequence. Let us denote by f*°(x) € X
its limit. From (b) we have that f*°(x) € Fy.
For (iii), notice that for each x € X, we have

A7) < YA T) < () < ad(xf(0).

k=0
Thus, d(x, f*(x)) < ad(x,f(x)), forallx € X.

Remark 4. For other considerations on weakly Picard operator theory, see [6,13,
27,37,40,45], etc.

Remark 5. For generalized contractions conditions and related results, see [3,17,
18,23,28,30,31,34,36,39,46,52], etc.

4.4 The Retraction-Displacement Condition in the Case of
Other Iterative Algorithms

Let (X, +,R. | - ||) be a Banach space, Y C X a nonempty convex subset,f : ¥ — Y
an operator,0 < A < land A := (A,),eny WithO < A, < 1,n € N.

44.1 Krasnoselskii Algorithm

By the Krasnoselskii perturbation of f we understand the operator f} : ¥ — Y
defined by

fix) =0 =x+ A (x), xeY.

For this perturbation of f we have (see [3,10,42,50,51], etc.):

Theorem 12. Let f; be defined as above. Then:

(i) Fy, = Fy.Ingeneral Fp # Fpn,n > 2.
(ii) Iff is I-Lipschitz, then f is [-Lipschitz.
(iii) Iff is a p-contraction, then f is a ¢, -contraction.
(iv) If in addition Y is bounded and closed and f is nonexpansive, then f is
asymptotically regular.
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(v) If f satisfies a(r, ) retraction-displacement condition, then f) satisfies the
1
(r, 0) retraction-displacement condition with 6(t) = Xt ,tERS.

(vi) If X is an ordered Banach space, then f increasing implies f, increasing.
The following problem arises:

Problem 4. If f; is WPO, in which conditions on f, fy satisfies the (f°, )
retraction-displacement condition?

Some results for this problem was given in Sect.3, when f is a generalized
contraction (see (v) in Theorem 12).

Remark 6. For the condition in which f; is WPO see [3, 10, 18,50,51], etc. For
example, the following result is well known, see [3].

Definition 4. Let H be a Hilbert space with inner product (-,-) and norm ||-||. An
operator f : H — H is said to be a generalized pseudo-contraction if there exists a
constant r > 0 such that, for all x,y in H,

1 f@) —fDIP < lx=y |7+ 1fQ) —fO) —rx=W . (45)
Remark 7. Condition 4.5 is equivalent to
(fx) —f(), x—y) < r|lx—y|*. forall x,yeH, (4.6)

or to

(U=Hx—UA—f)y) = (1=r) | x—y|. (4.7)

Remark 8. Note that any Lipschitzian operator f, that is, any operator for which
there exists s > 0 such that

/) =fl <s-Ix=yl, xyeH, (4.8)
is also a generalized pseudo-contractive operator, with r = s.

Theorem 13. Let K be a non-empty-nonempty closed convex subset of a real Hilbert
space and let f : K — K be a generalized pseudocontractive and Lipschitzian
operator with the corresponding constants r and s, respectively, such that

O0<r<1 and r <s. 4.9)

Then
(i) f has a#-a unique fixed point p;
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(ii) For each xo € K, the Krasnoselskii iteration {x,}°2, given by
Xpb1 = (1 =)x, + Af(x,), n=0,1,2,..., (4.10)
converges (strongly) to p, for all A € (0, 1) satisfying

0<A<2(l=r)/(1—=2r+s). (4.11)

(iii) The following retraction-displacement condition holds:

A
d(xsfkoo(x)) = md(xvf(x))v Vx € Ks

where
6= ((1— )%+ 221 = Ay r +222) . (4.12)
Proof. Denote
) =1 -x+2A-f(x), xeK, (4.13)
forall A € (0,1).
Since f is generalized pseudo-contractive and Lipschitzian, we have
) =L =1 (1= x+Af@) - (1=2)y =AW = (4.14)
(=M @x=y) + A0 —fO)* = (4.15)
A=27  x=yI7 + 240 =) - (f®) = f), x =) + A2+ [f @) —fO)* <
(4.16)
((1=2)% +2A(1 = D)r + A%%) - | x = ||, (4.17)
which yields
1@ =AW =6 x=yl. foral xyek. (4.18)

In view of condition (4.12), we get that 0 < 6 < 1, s0 f is a f-contraction. The
conclusion now follows by Theorem 3.6 in [3] and Theorem 12.

A more general result can be similarly proven.

Theorem 14. Let K be a non-empty-nonempty closed convex subset of a Banach
space and let f : K — K be a mapping satisfying the following assumptions:

(i) Fy #0;
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(ii) The Krasnoselskii iteration {x,}°2 , converges to x*(x) € Fy, for any x € K;
(iii) There exist 0 < § < 1 and a function 0 : Ry — Ry, continuous at 0 with
0(0) = 0, such that

If @) = x*| < 8l —x*[| + 6(lx —f @), Vx e K.x™ € Fr.  (4.19)

Then the following retraction-displacement condition holds:

1
£l = 1= (k =/ @ + 6(lx = @) . Yx € K.

44.2 Mann Algorithm

Let us consider the Mann algorithm corresponding to f and A (see [3,10,51]):

Xo € Y, Xpt1(x0) = fa,(xa(x0)), 7 € N.
We suppose that this algorithm is convergent, i.e.,
forall xo € Y, x,(x0)—>x"(x0) € Fy as n — oc.
In this condition we define the operator
f2:Y = Fp, x> x*(x)

operator which is a set retraction.
By definition a convergent Mann algorithm satisfies a retraction-displacement
condition if

Ix =/ @l < ¥lx=f@l). YxeY

with ¥ as in Definition 1.
The basic problem is the following:

Problem 5. If the Mann algorithm is convergent, in which conditions on f and A is
it satisfies a retraction-displacement condition?

Remark 9. For the conditions in which the Mann algorithm is convergent see: [3,
10,51], etc. For example, we have the following wwel-known-well-known result, see
[3], Chap.4.

Theorem 15. Let E be an arbitrary Banach space, K a closed convex subset of E,
andf : K — K a Zamfirescu operator. Let {x,}°2, be the Mann iteration defined by
xo € K and
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X1 = (1 =o)Xy + anf(x,), n=1,2,... (4.20)

with {a,} C [0, 1] satisfying

(iv) Zan = 00.
n=0

Then

(i) f is a Picard operator with Fy = {p};
(ii) {xn}52,, converges strongly to the unique fixed point of f;
(iii) f satisfies the following retraction-displacement condition

lx—pl < x —=f@)l, Vx € K.

1-6

Proof. Remind that if f is a Zamfirescu mapping on K, then there exist the real
numbers a, b, ¢ satisfying0 <a <1, 0 < b < 0.5and 0 < ¢ < 0.5, such that, for
each x,y € X, at least one of the following is true:

(z1) @) =fOl < allx=yl:
(z2) @) =fO = blllx =@ + Iy =fO
(z3) @) =fOI = clllx=fOI + lly =1l

It is well known that f is a Picard operator (see, for example, Theorem 2.4 in
[3]). By (z1)—(z3), we obtain that, for all x, y € K, T satisfies

If () =fWI = 8llx =yl + 28]x — f() (4.21)

where

b
§=maxla, —— —< U 1. (4.22)
1-b 1—c¢

Let {x,}°2, be the Mann iteration given by 4.20, with x € K arbitrary. Then

[xn+1 —pll = “(1 — )Xy + of () — (1 — o + O‘n)p“ =
= H(l - an)(-xn _p) + an(f(xn) _p) || =

= (I —aw)lxa —pll + anllf (xn) —pll - (4.23)
Take x := p and y := x,, in 4.21 to obtain
If en) = pll = 8- llxa — Pl

which together with 4.23 yields
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||xn+1_p|| = [1—(1—8)%]“%—17”, l’l=0,1,2,... . (424)
Inductively we get

et —pl < [J[1 = =8eu] - o —pll. n=0.1.2..... (4.25)
k=0

o0
As0<§ < 1,ar€0,1]and Y o = 00, by a standard argument it results that
k=0

Tim JT[1— (1 —8a] =0,
k=0
which, together with the previous inequality, implies
Jim b+ = pll = 0,

ie., {x,}°2, converges strongly to p. So, (i) and (ii) are proven. To prove (iii), we
use the fact that

Ix=pll < llx =f + If () = f @)

So, by inequality 4.21,

If ) =f @)l = 8llx = pll + 28]x = f I,

the desired estimate follows.
A more general result can be similarly proven.

Theorem 16. Let K be a non-empty-nonempty closed convex subset of a Banach
space and let f : K — K be a mapping satisfying the following assumptions:

(i) Fy #0;
(ii) The Mann iteration {x,}°2, converges to x* (x) € Fy, for any x € K;
(iii) There exist 0 < § < 1 and a function 0 : Ry — Ry, continuous at 0 with
0(0) = 0, such that
If (x) = x*|| < 8llx —x*| + 0(lx —f) ), Vx € K,x" € Fy. (4.26)

Then, the following retraction-displacement condition holds:

1
e =f22 0l = 15 (k=S @ + 6(lx = @) . Yx € K.
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Remark 10. By Theorem 16, one can obtain a convergence theorem for Mann
iteration by considering f an almost contraction with a unique fixed point, seefer

example, for example, [3].

44.3 Halpern Algorithm

Now we consider the Halpern algorithm (see [3,10,41,50], etc.):
X0 € Y, xn+l(x0) = (1 - An)l't + AVt]t‘(-xn(x()))v neNn,

where u € Y is a fixed anchor, see [47,54,55,59] for more details.
We suppose that this algorithm is convergent,i.e.,

forall xo € Y, x,(x0) = x*(x0) € Fy asn — oc.

So, if we denote A = {{A,}°2, : A, € [0, 1]}, then we have the set retraction,
f32:Y = Fp fP(x) = x*(x).

By definition, a convergent Halpern algorithm satisfies a retraction-displacement
condition if

Ix=fEOI =¥ x—f@I. YxeY,

with ¢ as in Definition 1.
Similarly to the case of the previous algorithms, we have

Problem 6. If the Halpern algorithm is convergent, under which condition on f and
A it satisfies a retraction-displacement condition?

Remark 11. For some conditions under which the Halpern algorithm is convergent,
see [1,3,47,50,53-55,59], etc.

A general result similar to the ones established for Krasnoselskii and Mann
algorithms can be easily proven for Halpern iteration, too.

Theorem 17. Let K be a non-empty-nonempty closed convex subset of a Banach
space and let f : K — K be a mapping satisfying the following assumptions:

(i) Fr # 9,
(ii) The Halpern iteration {x,(x)}2, converges to x*(x) € Fy, for any x € K;
(iii) There exist 0 < § < 1 and a function 0 : Ry — Ry, continuous at 0 with
0(0) = 0, such that

G ="l < 8llx = ™[ + O(llx = f()|]), Vx € K.x" € Fy. (4.27)

Then the following retraction-displacement condition holds:
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1

e =f2 Ol = 7 (k=S + 0l =) . Vx € K.

The next corollary provides an answer to Problem 6.

Corollary 3. Let K be a non-empty-nonempty closed convex subset of a Banach
space and let f : K — K be a Zamfirescu mapping. Then
(i) Fy={x"};
(ii) The Halpern iteration {x,}°2, converges to x* € Fy, for any xo € K, provided
that {1,}°2, C [0, 1] satisfies the following condition.:

lim A, = 0. (4.28)

n—o0
(iii) The following retraction-displacement condition holds:

1426
1-96

Ix =f2° @)1 < lx=f@Il. Vx € K.

Proof. (i) This follows by Theorem 2.4 in [3].
(ii) Let {x,}°2, be the Halpern iteration, defined by xo € K, the fixed anchor u € K
and the parameter sequence {1,}°2 ) C [0, 1] satisfying 4.28. Then we have

1 = X* [ = A 4 (1= Xa)f () = XF[| = (1At = Anx™ + (1 = A0) (f () —f T |
< Anllu = x* + (L= A Cen) =F O < Anllu = x| + (1 = A) 8]l — x7

< 8w = x*| + Anflu — X"
Thus
X1 = x| < 8llxa — ™| + Anllu —x*||, n = 0,
which, by applying Lemma 1.6 in [3], yields the conclusion.

(iii) Since f is a Zamfirescu mapping, see Theorem 15, the inequality 4.21 holds
and so, by Theorem 16, we get the estimate

1426
l=f2WI = T Ik =f@Il. ¥x € K,
where § is given by
b c
5= T <1 429
max{a 1—b l—c}< (4.29)

and a, b, ¢ are the constants appearing in Zamfirescu’s conditions (z1) — (z3).
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44.4 Retraction-Displacement Condition and the Condition
(I), in the Case Fy = {x*})

In this section we briefly discuss, in the context of fixed point iterative algorithms,
the connection between the retraction-displacement condition considered in the
present paper and the condition (I), the latter introduced by Senter and Dotson in
[48] (see also [58]) for the case of single-valued mappings, and used by many au-
thors mainly in the case of multi-valued operators, to study the convergence of Mann
and Ishikawa iterations for nonexpansive type mappings, see [25,48,49,56,57] and
the references therein.

Definition 5 ([48]). Let (X, d) be a metric space. A mapping f : X — X is said to
satisfy condition (I) if there is a nondecreasing function 6 : [0, +00) — [0, +00)
with 6(0) = 0 and 6(r) > 0 for all r > 0 such that

d(x,Tx) > 0(d(x, Fy)),Vx € X,

where Fr denotes, as usually, the set of fixed points of f.

In the particular case announced in the title of this section, i.e., when Fy = {x*}, it
is easy to see that condition (I) requires in fact that

d(x, Tx) > 0(d(x,x*)), Vx € X.

Example 2. Let (X, d) be a metric space and f : X — X a A-contraction (0 < A <
1). Then, f satisfies condition (I) with 6(r) = (1 — A) - r, for all r > 0.

Example 3. Let (X, d) be a metric space and f : X — X a Kannan mapping, i.e., a
mapping for which there exists 0 < 8 < 0.5 such that

d(f(x).f(y) = Bld(x.f(x)) +d(y.f(¥)]. Vx.y € X.

Then, f satisfies condition (I) with 8(r) = r,forall r > 0.

Example 4. Let (X, d) be a metric space and f : X — X a Zamfirescu mapping,

1 —
see Theorem 16. Then, f satisfies condition (I) with 6(r) =

where

r,forallr > 0,

b
§=maxla, —— —— b <1, (4.30)
1-b 1—c

and a, b, ¢ are the constants appearing in conditions (z;)—(z3).

Based on Examples 2—4, we can state the following generic result.
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Proposition 1. Let K be a non-empty-nonempty closed convex subset of a Banach
space and let f : K — K be a mapping satisfying the following assumptions:

(i) Fr={x*};
(ii) A certain iterative algorithm fp = {x,(x0)}22, converges to x*, for any xo € K;
(iii) f satisfies condition (I) with 6 a bijection.
Then the algorithm fp satisfies the following retraction-displacement condi-
tion:

e =2 @ < 67" (e = f) , ¥x € K.

Remark 12. In the case of Krasnoselskii algorithm we have P = {A}, A € (0, 1),
and hence fp = fi, while in the case of Mann iteration we have P = A = {4,}°2,
A, € (0, 1), and hence fp = f4.

4.5 The Impact of Retraction-Displacement Condition on the
Theory of Fixed Point Equations

Let (X, d) be a metric space and f : X — X an operator with Fy # @. We suppose
that f satisfies a retraction-displacement condition as in Definition 1. In this section
we consider the fixed point equation

x = f(x). (4.31)

4.5.1 Data Dependence

Let us consider the fixed point equation (4.31) and let g : X — X be an operator
such that F, # 0.
We have +-

Theorem 18. We suppose that:

(i) f satisfies the (ry, ¥) retraction-displacement condition;
(ii) g satisfies the (ry, V) retraction-displacement condition;
(iii) there exists n > 0 such that

d(f(x).g(x) =n, VxeX.

Then, Hq(Fy, Fg) < max(y1(n), ¥2(n)).
Proof. Letx* € Fy. Then, r,(x*) € F, and

d(x*, r2(x")) = Y2(d(x"), 8(x™)) = Y2(d(f(x™). g(x"))) = Y2 ().
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Let y* € F,. Then r|(y*) € Fy and

d(y*. r1(6")) = ¥1@d(").f ) = Yi(d(@(y).f6™) = v ().

From a welHaewna-well-known property of the Pompeiu—Hausdorff functional (see,
for example, [31], p. 76) it follows that

Hy(Fy, Fy) < max(y1(n), ¥2(n)).

Theorem 19. We suppose that =

(i) Fr = {x*} and f satisfies a (r, V) retraction-displacement condition, where
r(x) =x*,VxeX;
(ii) there exists n > 0 such that

d(f(x).g(x)) =7, YxeX.
Then, d(y*,x*) <y (n), for eachy* € F.

Proof. Lety* € F,. Then

d(y*,x*) = d(*. r(") = Y (dG").fO7) = ¥ (dE0™).fO7) = ().

Example 5. Let us consider the following functional integral equation

x(t) = / f(s,x(s))ds, wheret € Ry. (4.32)

This equation is a mathematical model for epidemics and population growth (see,
for example, [12,14] and the references therein.
Let0 <m < Mand) < o < . We suppose:

@) f e CRx[a,B]);
(ii) there exists w > 0 such that f(r + w,u) = f(t,u), forall t € R and all u €

[, B]);

(iii) there exists k > 0 such that kt < 1 and |f(¢, u) — f(t,v)| < k|u — v|, for all
te Randall u,v € o, B]);

(iv) m <f(t,u) < M,forallt € Rand all u € [, B]);

(v) « <mtand B > Mrt.

If we define
X, :={x e CR,[a,B]) | x(t + w) = x(t), foreachr € R}

endowed with the metric
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d(x,y) := max |x(r) — y(®)l.

O=r=

then the operator A defined as

Ax(t) := /_t f(s,x(s))ds, wheret € Ry

has (using (i)—(iv)) the following properties:

(@) AXo) C Xo3
(b) Ais a krt-contraction.

Then, by the Contraction Principle and Theorem 19, we obtain +-

Theorem 20. Let us consider Eq.(4.32) and suppose that the assumptions (i)—(v)
take place. Then:

(1) Eq.(4.32) has in X,, a unique solution x*;

(2) d(x.x*) < —d(x,A(x)), for all x € X,,;

(3) let g : R X [a, B] — R be a function which satisfies the conditions (i),(ii),(iv)
and (v) above. In addition, we suppose that there exists n > 0 such that

If(t,u) — g(t,u)| <n, forallt € Rand u € |a, B]);

Ify € X, is a solution of the integral equation

t
y(1) =/ g(s,y(s))ds, wheret € Ry,
-1

then

T
dx,y) < ——.
() = 1 —kt

4.5.2 Ulam Stability

We start our considerations with the following notions (see [44]).

Definition 6. By definition, the fixed point equation (4.31) is Ulam—Hyers stable if
there exists a constant ¢, > 0 such that: for each ¢ > 0 and each solution y* € X of
the inequation

dy.f(y) = ¢ (4.33)

there exists a solution x* of Eq.(4.31) such that
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d(y*, x*) < cye.

Definition 7. By definition, Eq.(4.31) is generalized Ulam—Hyers stable if there
exists 0 : R+ — R4 increasing and continuous in 0 with 6(0) = 0 such that: for
each ¢ > 0 and for each solution y* of (4.33) there exists a solution x* of (4.31)
such that

d(y*,x*) < 0(e).
We have

Theorem 21. If f satisfies a (r,y) retraction-displacement condition, then
Eq.(4.31) is generalized Ulam—Hyers stable.

Proof. Let y* € X be a solution of (4.33). Then x* = r(y*) € Fy. Since f satisfies
the (r, ) retraction-displacement condition we have

d(y*.x*) = ¢ (d().f(") = ¥ (e).

Remark 13. 1f in the Theorem 21, the function ¥ (¢) = ¢st, Vt € Ry, then Eq.(4.31)
is Ulam-Hyers stable.

Example 6. Let £2 be a bounded domain in R” and let X := C(£2, R) endowed with
the metric d(x,y) := max |x(2) — y(2)].
eQ

We consider on X the following integral equation
x(1) = / K(t,s,x(s))ds + I(1), t € £2. (4.34)
2

With respect to the above equation, we suppose:

(i) Ke C([2 x 2 xR,R)and [ € C(2,R);
(ii) there exists k > 0 such that

|K(t,s,u) — K(t,s,v)| < klu—v|, forallt,s € 2 and u,v € R;

(iii) k-mes(£2) < 1.
Then, if we define A : X — X by

Ax(r) := /Q K(t,5.x(s))ds + (1), 1 € 2,

then, by (ii) and (iii), we obtain that A is a k - mes(§2)-contraction. Applying
the Contraction Principle and Theorem 21, we get

Theorem 22. Consider Eq.(4.34) and suppose that the assumption (i)—(iv) take
place. Then, Eq.(4.34) is Ulam—Hyers stable.
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Remark 14. For Ulam stability theory related to fixed point equations see [7,21,26,
441, etc.

4.5.3 Well-Posedness for Fixed Point Problems

Let (X, d) be a metric space and f : X — X be an operator such that its fixed point
set Fy = {x*}. Following F.S. De Blasi and J. Myjak (see [39] p. 42, see also [43]),
we say, by definition, that the fixed point problem

x=f(x),xeX
is well-posed if the following implication holds:

(*)neny C X and d(x,,f(x,)) — Oasn — +oo = lim x, = x*.
n—>00

In this setting, we have the following general result.

Theorem 23. Let (X,d) be a metric space and f : X — X be an operator such
that its fixed point set Fy = {x*}. If the operator f satisfies an (r,V) retraction-
displacement condition, then the fixed point problem for f is well-posed.

Proof. Let (x,)ney C X such that d(x,,f(x,)) — 0 as n — +o00. Then, we have +-

d(x,, x*) < ¥ (d(x,,f(x,)) — 0asn — oo.

4.54 Ostrowski Stability

Let (X, d) be a metric space and f : X — X be an operator such that its fixed point
set Fr = {x*}. Let

Xn+1 an(xn),l’l EN

be an iterative algorithm with f,, : X — X. By definition, this algorithm is said to be
Ostrowski stable if the following implication holds:

neny C X and d(Vps1.£,(vn)) = 0asn — +oo = lim y, = x*.
n—>o0

Some authors refer to the above property as the “limit shadowing property” (see
[16,23,29,41,46], etc.).
The following open question seems to be a difficult one.

OpenQuestion
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Open Question In which conditions a retraction-displacement condition on f
implies that the fixed point problem for f is Ostrowski stable?

4.6 Some New Research Directions

4.6.1 Examplesin R™

We will present in this section some examples related to the following problem:

Problem 7. Which operatorsf : R* — R" with Fy # @ andr : R" — Fy aretraction
satisfies the retraction-displacement condition

d(x,r(x)) < ¥ (d(xf(x), forallx € R"?

Example 7. Let f : R — R such that Fy = [a;b]. Then f satisfies the retraction-
displacement condition with ¢ (f) = c¢t,c > Oandr : R — Fy

a,x<a
r(x) =4 x, x € [a;b]

b,x>b

if the following conditions are satisfied:

-1 1
g_}_c x <f(x) or et x—ng(x) for x < a,
c ¢ ¢ c
and
b -1 1 b
_+c x>f(x) or ct x——<f(x) for x> b.
¢ c ¢ c

Example 8. Let R > 0 and
D; = {(x.y) e R | ¥’ +)* <R},
Dez{(x,y)€R2|x2+y2>R}

Letf : R? — R? be defined by

Fly) = (x.y). (x.y) € D;
’ (xcosa —ysina,xsina + ycosa) , (x,y) € D,

with a €]0; 27 ].
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In this case we have that Fy = D;.
Let’s consider

(x’y)’ (xvy)ea
r(x,y) = . y
(RW,R—W) . (x,y) € D,.

Then

1Gey) =r eyl < e l[y) —f @l (xy) € R,

. _ 1 . . PSR I .
with ¢ = N T f satisfies the retraction-displacement condition with

¥ (f) = ct.

Proof. For (x,y) € D; the retraction-displacement condition with v (f) = ct, ¢ > 0,
and r is satisfied for any ¢ > 0.
If (x,y) € D,, then

1Ce,y) =r e = ([ =R

and

1Ge.y) =f el = G- V2 (1 = cosa).

The function ¢ : [R; +00[— R defined by

t—R
t4/2 (1 —cos )

is an increasing bounded function with

@)=

1
(p([) < \/ﬁ, IS [R,+OO[,
thus
G =reol _ M=k 1

1) =f @I ey - V20 —cose)  2(1 —cosa)

and we get the conclusion.
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4.6.2 The Case of R"-Metric Spaces

Another research direction is the study of the retraction-displacement condition in
the case of generalized metric spaces (see [18,23,39,44,44 ,45], etc.) For example, if
we consider a vector-valued metric (i.e., d(x,y) € R" , then we can do the following
commentaries:

(1) Let X be a nonempty set and let d : X x X — RY be a R -metric on X.
Letf : X — X be an operator such that Fy # @ and letr : X — Fy bea
set retraction. Then, by definition, f satisfies the (v, r) retraction-displacement
condition if:

(i) ¥ : R — R is increasing, continuous at 0 with ¥ (0) = 0;
(i) d(x,r(x)) < ¢¥(d(x,f(x)), forall x € X.

(2) For the weakly Picard operator theory in Rﬁ—metric spaces, see [36,37,39,45],
etc.
(3) For the Ulam stability in R’jﬁ—metric spaces, see [7,26,44], etc.

4.6.3 The Case of Nonself Operators

Let (X, d) be a metric space and Y be a nonempty subset of X. Then, by definition,
the operator f : ¥ — X with Fy # @ satisfies the (v, r) retraction-displacement
condition if:

(i) ¥ : R} — R is increasing, continuous at 0 with ¥ (0) = 0;
(ii) r:Y — Fyis a set retraction;
(iii) d(x,r(x)) < ¥ (d(x,f(x))), forallx € Y.

In this case, the problem is to study the fixed point equation x = f(x) in terms of
the (¥, r) retraction-displacement condition.
Again some commentaries can be done:

(1) Let7 : X — Y be a set retraction such that Fy = Fyo. Then, the problem is
to find a retraction r : Y — Fy as the limit operator of an iterative algorithm

corresponding to the sel-operator-self-operator 7 o f'.
(2) For some results concerning this problem, see [5,11,29,43].

4.64 The Case of Multivalued-Multi-valued Operators

We will present first a concept of set-retraction related to multivalued-multi-valued
operators. Recall first that, if 7 : X — P(X) is a sraltvalued-multi-valued operator,
then we denote by
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Graph(T) := {(x,y) e X x X : y € T(x)}, the graphic of T
and by
Fr:={x € X| x € T(x)}, the fixed point set of 7.

Definition 8. Let X be a nonempty set, ¥ € P(X) and 7 : X — P(X) be a
mattivataed-multi-valued operator. An operator r : Graph(T) — Y is called a strong
set-retraction of X onto Y if r(x,x) = x,forallx € Y.

Then, we define the retraction-displacement condition for multivalued
multi-valued operators as follows.

Definition 9. Let (X,d) be a metric space and let 7 : X — P(X) be a
mtttivatied-multi-valued operator such that its fixed point set F'7 is nonempty. Then,
by definition, 7 satisfies the (v, r) retraction-displacement condition if there exist
¥ : Ry — R4 and a strong set retraction r : Graph(T) — P(Fr) such that:

(i) ¥ : Ry — Ry isincreasing, continuous at 0 with ¢ (0) = 0;
(i) d(x,r(x,y)) < ¥(d(x,y)), forall (x,y) € Graph(T).

In this case, the problem is to study the fixed point inclusion x € T'(x) and the
strict fixed point equation {x} = T'(x) in terms of the (¥, r) retraction-displacement
condition.

The case of nonself muttivatied-multi-valued operators can also be considered in
a similar way.

Moreover, in particular, if 7 : X — P(X) is a multivalued-multi-valued weakly
Picard operator (i.e., for each (x,y) € Graph(T) there exists a sequence (x,),en
such that:

(i) xo =x,x1 =Y;

(ii) x,4+1 € T(x,), foreachn € N;

(iii) (x,)nen is convergent and its limit is a fixed point of T),
and we define the multivalued-multi-valued operator T7°° : Graph(T) — P(Fr)
by the formula T7°(x,y) := { z € Fr | there exists a sequence (X,),en
satisfying the assertions (i) and (ii) and convergent to z), then the strong
set retraction r is any selection of 7°° which satisfies the condition (ii) in
Definition 9.

For the weakly Picard operator theory for muttivataed-multi-valued operators
and related topics (data dependence, Ulam—Hyers stability, iterative algorithms) see
[21,26,27,29,30,36,39,44], etc. For retraction theory in the multivalaed-operators

eentextmulti-valued operators context, see also [8].
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