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Generalizarea 1. D^cir J,g: [0- 1] -+ lR sunt f[nctii iDtegrabi]a
Riemann, atlu.l.c\ pentru o c€ sisteme de purct€ htemedis.re {!, {z asoci-

arediviziuni i  a" = (0.*. ; .  . ,#.,)  { f  $. l " I .+]

A : {),n - 1, arcm:

Obsenatie. lD Drod evideDt, se putea genera.liza driar pcrrtm ull $r oare-
care de diviziluri cu DorDu tinzand h 0, dar, pentru a shnplificd prczcrrtruei!,
aD pr€feret utilizarea $irului de diviziuni echidistarte.

Generalizarea 2, Prilr inductie, puteln extindc rezultatr pelrtl ll
fuDctii qi p sisteme de puDcte iDter|lediaxe, cu p € N, p > 2.
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Nota rcdacliei. Autorii rctd de fatn au solutionot, indepeDdeut urrnl de
ceHlalt, problexr tu carlz[. Solu(iile 6hd practic idertice, redaclia a optat pentru

€riads c.:lui dc'sl doilm autor. fiind nlai adecva#. maDualelor rominesii in vigodle.
de!i, primul matedal primit la ledactie a fost cel al priE]rrlui Ntor.

ON A HOMOGENEOUS INEQUALITY
GIVEN AT THE 2OO4 J.B.M.O.

VAsrr-E BERTNDEI)

Abstract. Stalting hon a honrosenou JBIIO iueqblity, otber iDteF
sfiu rchled reults fl€ obtaiDed.
IGywordsi elemeriary iuequality
I4Se : 26D05

1. Introduction
The first problcxr Siven to the Junior Ballar Xlathematical OtvDrpiD(l

in 2004, propose.d by Albouia. see [2], [3]. was ttre {otlovirs:
Problem t. Ptu1Jc tllat the ineqnlit!:

"'s 
j ir (cr), G t) = j tavat*.

t - h

* - al)+!)2 Jlif '
llolds for all ftlrl nulnters o ond g, not both e4rol to 0.

ID tLe 1€ry rcccot book of S. Bilchev l2]. t*.o solutions of tlds problcnr
axe givcn. \\Ie preselt here both of them. in view of some comments ancl

', DerE rmenr of lundu'lll'tc d.l Conpdta Sctece NdtI U,trersit- or BAir i j.,,,.
E-Dair vbe.indeoubn.ro
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developmentsl).
First Salution. If jc + y < 0, the inequatity obvior$ly holds (the left

haDd side is negative or zero, rvhile the ri8ht ha-nd side is positive).
It is also easy to check that for r:0 or 3r:0, the inequality il] (1) is

st ct.
Consider, therefore, only thc case r. + g > 0 s.nd r I 0, y + 0. Ther (1)

can be equivalently wribten lder the form:

But

-.! ..!
( ' t  1) '  iu  < ,1Tl7J- \ .  r . ,2  - ,u  .  y2t .

,+y : (<+ (z y)' 2 o)

(s 2P)(os + 6P) > o. ( 5 )

12)

(3 )

l :  3  ) , r  1 0 / 2 0 0 8 .

T\'

-2  _ .2
!  , "  3 . " '  L - u  + t t t  l . t -  l r  s ) ' ? : o ) .  r . t '

2 -

N..ow, in viesr of the fact that the numbers in both sides of (3) and (4) are
positive, bv nultiplying (3) i.nd (4) side by sicle we get exactly (2).

Equality in (1) holds if rr.ld only if equality holds in (3) ard (4). that

Secowl. Solution. Sirri]arly to the frIst solution, corNider only the case
ff+9 > 0 and x +0, lJ + 0. By denot ine S: x:2 +?j2 and P: ry,  thc
hequrllity (1) can be equiva.lently w tter, ajter sqtarirg both sides, as:

(s  +  2P)  .S<8(S-P) ,
which reduces to 752 18SP +8P2 > 0 <+ (S 2P)(7S -.1p) ) 0. Bur
S 2P: (x y)'? ) 0, with equality if and oniy if z: y, and

7s 4P -  7x:  -  4.s t  711,  . , r  l t  ( : \ '  t l ,  .  z l  ,0,
l o f  a l l  r . r r  '  R . r  f  0 . t J  /  0 .  

I  ' " '

2. Other sinilar inequalities

No$,'l€t us have a close look on the main argurnelt in thesecond solution
preserted above.

Basicnlly. the key tool in proving inequalitv (1) wrs to reduce it to arr
irequality of the forlll:

-:r'rl Oh'rrpiad

(1 )

, i  this probleur

rvhere o. and 6 r'lcre some coNtants for which dS + rP > 0, for all r, y € lR,
z l0 , y l0 .  As  sgn (aS+6P) :sgnkJ '+b l+a ) ,  t  €  R .  a l l  t ha t  i s  l eede r i
i n  o r l c r  ro  l l . l vp  (5 )  5a r i sned  i s  ro  n r \p  o l )bL to>  0 ,  v l  C  R .  Bu r .  i n  v iew
of the properties a the quadratic nction, this happens if:

'rDcdjcated to the lreDory of ny friend Prof€ssor Suetasla! Jonlulor Bilcher (t1,tt
2010). former Ded of Facnlty of EducaiioD ilrl Head of Deparinreni of Algebra and
Geonetry, UniveFity of Rouse, Bulsaria

2(r2 + y2)
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1)  a  >  0  and  2 )  L=b2  -4a2  <0 ,
tlrat is, if c > 0 aEd D € (-2a,2a). b that ca5€ (5) ca.n be equi\alently
vdtten as:

(o  +  1 ) ( s  -  P ) '  )  ( a+2b+1 \P2+s2- (b+2)SP.  (6 )

Now, i! orde! to get the lactor S iI (6), we mlr-st hol€:

a +2b +r  =0,  (7)

which was sotisfied ilr the original case of Ploblem 1, when we have lnd a = 7
anil D = -4.

It is eaay to see that if we would like to get:

s'? - (b+2)sP = s(s - (b+ 2)P) = s(s+ 2P),

then we must have -D + 2 = 2, i.e., b : -4 alrd then a = 7, which gives
exactly the original iEe$ality.

But eveo though, for other values of a and b, we axe not able to obtoin
plecisely the expression S+2P, i.e., a pedect square, we stitl fiud interestiDg
a.lrd not trivial inequalities.

1. If we take a = 5, then by by (7) we get , = -3 and obtain the
folloq'ing new inequality:

Problem 2, Pmlre that the i,nequalitlJ:

,F -", r r't , 'rc
r.- x:y1 g. \ /x, lU,

holds for all ral mmbers a anil y, nol both eWaI to O.
2. If Fe take o = 9, then by by (7) we get b = -5 and obtain the

followitrg nes inequality:
Problem 3. Proue th&t the ineqtaktll

\F;i,ui? . fr /o,
a2 - tg * 112 \F *7'

hokls Jor all rcoJ numbers c and l), tlot botlr equd to 0.
3. If we ta.ke a : 11, then by by (7) we get b = -6 ond obtain the

follorving new inequality:
Problem 4. Pwte that the inequalitgl:

,F+ 4,! +f - 2'/5
r' - rU + lz 

- 
t/a2 1yz

(10)

hous lor aLI real numbers a and. y, not both equal to O.
4. If we take o : 15, tleD by by (7) we get b = 8 a,rtd obtain the

followiug new iaequality:
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Problem 5. Pro e lhat lhe turcquakqt:
l " erLLritlbntly

jr (6)

(7 )

(e)

.]nd obtdir the

(10)

r an(l obtoin thc

1 2 - r l L + ! J 2
( r  1)

' .rl)lc to ol)i{Iilr
. - :nd intcrcshiu, i

, .,:xl obtain thc

(6)

.Lrtl obtaiu tltc

ILoId+ lor aII reaL nunrbers r arul y, not both equal to 0,
ID the end of tilis Dotc, notice that thcre is an esseDtial difierence bc-

tweeD the first aod the second sohltion of Probleur 1r while the later opc cd
a door for further investigations, tlc fo ner did not.

This is thc reason vhy we calr ca]l a sohtion lil@ tlre second onc, ns n
creoiiue solutior, see [1].
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GENERALIZi.RI ALE UNOR FORMULE
TRIGONOMETRICE
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Abstract- TLis dLicle 6tablisl6 lorm ae for the snr€, the cGire and
tlE tansent of . sur of $ver.l rcaL dd siv6 a sullicielt conditioD loi
LILeir \alidity
Kcywo.ds. donsnr of thc l.N,gent dd applicslions
i\4SC : 26409

iu prirna parbe a ircestei Dolc, rre-dxr propus si Belr€raliz;nr form lelc
dc calcul a cosi usului li sinusuld sunei n douil rrurnexe rellc! precum iji
iblrrrulele de transfolnure a prodr$ului de dorrir cosirrusuri, respcctiv donil
siDusuri in sune.
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