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Oi_TllE R{TE OF CO\\'ERCETCE OF SOI'E IiE\\TO:{-TI PE ITER\TIi t
l IETHODS

thsik n.inl.
Ph.D...{$*;at. Prof.ssor Dcparm.nt of j\laft .rnaricr lnd Comput.r Sdcnc..

Unirtsi! of Bria l.lar.-Romrnia

Abstract. A nc$ con\!r!.nc. fad6r as Ncll as a n.N $?. ofmte afcon!.rg.nc. for at
nemri\. !rcess arc dcri\cd h a similar $?}_ to fios. ofquoticnr conv.rf.nc. f.dors rd
roor-conlcr.lcncc frcrors. -livcn by odcs, & Rh.inboldr in [9].

This n.w conc.pt of.d$rgcncc mc. sll.d .rit ntc ofconr'c.g.rc.. is susg.n.d
by 3otnc aulhois rcaults conc.nirS th. N.qron-s itcr.tiw prccss tll -161 or c.ntin
Nc$ron-\pe mcrhods I7l. h is alro moti\rrcd by $c f.cl rh .siim csofth.fofln(3)
oftcn arisc naturally in thc stud\'ofccnain ncndrc proccss.s ofNc\lon s t-\?.. undcr
larious dir.rcndabiliq cond'tions.

INTRODTICTION

Fo nonlincar eouarion
f r ) = o  ( l )

rhc Nc$1on n€thod consisc in construding a s.qucncc (xr) 8^,.n by

a., -,,-[n'"r] rt'"r. (2)

(3)

lf f satisfi.s somc sp.cifi. diff.rcnriabiliry conditions $.r rhc Nc$lon itmrion
giv€n by (l) corvcrS.s to r'. fi.udqu. solution of( | ).
From ! conputing point of si.\! ii i! v!ry imponanl lo InoN ar ?.tt.ftcr,on for th.
ircrrii!. proccs!. lhal is a rlolpt rg ,,!qrld/,^ offic fonn

t r " - r ' l r . l r , - r " - r l ' ,
lf rv. r'c ablc ro dcducc such .ri critcri. for lhc N.\ron tndhod (or for son. ,\"cwo.
I'pc ncriods) Nc crn s|op fi. n.r|ti!c proccss lo i c€nrin sl.p so thrl lh! eludon is
obtain.d w;th $e dcsir€d prccision.

lndc.d if wc sccept an approxirnatior cnor € >0. i prio; eilcn. in ordcr to obt.in
l r " - n  | < e '

N. n cd - in \'tcN ofii. cxir cridion (3) - to nop rh. nrnriE proc.ss lo . c.rniD n p

,  - \ r .
t { , ,  . . t ,  r t . l  -  I  ( . r )

\ L /

(sincc (r,,) isconvdgenr. this isah$!s possibl.).

UrforNratcl)... dErc c\isr a f6L cotr!.r-rcncc rcsdls in tht lil.6tur. \'hich 8iv. such c\it
critcrii for rhc Nc$ron |ndhod or for th. N.r{otr q?. m.thods.

Onl] lb. conlcrEcnc. o.do of tltc malods is usurllf, gircn b) tn incqqtli! of $.

1 t , . , - r ' l  r a  l r ;  - r ' l / '
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Tl'.s. ajr cnredn a.c usuallr obraircd und.r snon! di{T.rcnriabiliq .ondidons on

For cxrhpl.. in thc scale casc. rha' is /:t4nl-R is a rcal futrcdon d.fincd on rh.
iit^d lo.h). ir lEc:Io.bI and f"0),0 on [ab] and f $risfi.s soFe addirional

conditions. we iave tic folloNing stoppin-q iDequaliry for rhe Nc\ron hcthod:

!r, -I l  r .t 'r,, -t,.,t:. r= 11.
2nt  I

ftc convcrScnce ordd is givcn in this case bv

1x , . , - r ' t Je t r , - r ' l : .
lhis hcans, $c convcrScncc ofthe N$1on s n.lhod is quadraijc.
ln drc prpd Ul wc prolcd a Scncral convcr$nc. thcorcm for a class of NcMon Opc
mdods udcr w.at diff.r.ntiabjlir- cordirions on rh. volv.d fundion t

t. A COi\\'ERGENCE'IHEOREIII FOR CERTAL\ N€$TO:\.'-TI PE I,IETHODS

L.t us nos consid.r for thc scalar.quaiion
/(r) = 0.

\rh.rc /l I d. I I - P. a NcNon tt?. mcrhod. $sr ix thc ir.Eri!. proc.ss is si!.r by
11,.,)

,..,=r, ;,. s(r"), (6)
J  \ ' " )

*hcr. 8:[o.r]-P is a givcn noD-o filction-(Illc Nc$br' rncr]od i5 obtaincd for 8. I).
wc n..d a r.sult from [?]
THf,ORETI I.
Lct /:la,bl-P b. ! rcal functior d.fin.d on rhc 'ca' intcn"l larl.o<b. satis&in8

lr)  Ia)f tb) <0; U; l  f€ c ' Io.bl .  l ( , ) .0.  r€tat5l :

n= min l f i r )1.  ,a/-  ma\ l / ' ( r)1.
t. ld.o tlk}l

If8 stisfi.s th. follos,ire co.diiions

(8,)s€ala.bl. s(x)>o. J€ta.r l :  t : , lm-r,:{r)< f; ;
(8r) 1}l. s.qucnc. (r;) -sivcn by(6)rcmai,lsin [,.1,]. forcach ro€la.Dl.

Thcr q,) con\rr8cs ro a. $c uaique solution of dre cquarion /(r) =0 atrd $c sroppiD-e

inequalin'

r ' "  a ls  
l .D 

l ' "_r ' "  I  "o

r = tnD f(r)
r :  l ,  r l



_ . l l  _

l ) For I = l. tiom Theorem I rv. obr n ! \rcnk exir cdr.rion for lhc ctissicit N.slon
mc{hod. because we assume onl}

/€.rt l ] .6l.  /  lx).0. \€to.6l.
'nstead of the usual condirion

/ .C: [ .16] .  / 'h) .0.  x . ld ,6 l
If f howelereis|s rh. srcppin_q ;ncquitiqr' may be imp.ovcd ro fie lsuatcsrinarion

i . t ,  r . t <C i r , _ r ,  r l : .
2)For

s ' * r  r1?* l  c  6 ) .'  
J(,)-1b)

r.om Theorcm I wc obrain a resuh concemin-q lne resl/d/dfir u.l,o.t

I )For xr | ) . 
'-ijl-. $ hcc r. u rhc irund ippre$m.non w. oblain s ,ropping incqud ir)_,r(.r)

fo. 'e no.lfd NetrrD" metlb.L

4)For ''" 
l, r(.)-lt )'

JtrV\n

wc oblah a sropping in.qualiry tot tt'e Stefen en's netto.r, a\d e on.

2.THE QUOTIf,NTAND ROOT.R{TE OF CONYERGENCf,

Let (r,)cP- be a cotrvc.gcnt sequcnce ro:ri and gcncrared by atr ilcradv.
pro.css.lilonvated by an.stimar. offic fom(5). Oflesa & Rhchboldr if,Eoduccd(ir t9l,chap(er 9, pp. :E1..?96-) rhe notioN ofquotie conterg.nce faoos aaU root_cowcrgc;c';
lacrors. dcnol.d by q, (r") and ,{,tr"r. respe ively oddefDcdbr

[0. ' f  . , . .= '  . lorct t  b f l  l tn t teb ndn]  h
I

O,t. , . t - lu,  *rJ: l - \  |  ,^.  t .  to,  at t  bt  hhttct .v nant n. (7)
|  ̂ '  I  r -  - r ' [ ,

I
t 4!. ordndJc,

I  t , ,  . ,p  x ' " - ,  s ' " .  4  p . t
n"r.,,f =1 "

I I ih 
' tp t ! . - :  t t , ' .  i tp>l

f C(1. \.) d{ore the set ofajls€queoce with timir r. gene.arcd by an il.Btivc proccss',. t\en o tl ".x' 
) = { tp lO, (:r") i ir,,) €C ( r.r.)r, r . l. -- *ciou"a rlc e- i""roo

of lat x* sirh r.sp.cr to rhc nom in $hich rh.O(x,t ar.compur.d.
Fo.agi r$ i rcnt i lcpro.ess.?^dt imi tpo;nr \ ' .Op(/ , ,x , )asI f lncr 'onofp.rn ib i  s

(3)
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rorrc briic Fop.ni.s:qr ir ar isotom fircrion ofp shich r.trs or! onl.,- rh. vdu6 0 and
-. i rccptatpossibl toncpoinl lnasimi lalrDanncris inroduc.drh.R-fadorof. l .

Thc lrimaD mon|'lrion for irsoducirg Q-facro6 of an ilcrari\ c procesr is to h.v.
. prccis€ tncan of comparin! rhc ratr of conKig.ncc of difi!rcnt n€fiions. by $c
foltorinS.
D.finilioD ( l9l ). Lct ,, and .r': dcnotc No ircrarivc proccsscs wirh lh. sarrc linil
poirt r'..ndfd Q,l?, x') ?'i,d, q"(?,x') b. rh. corcspondi'g Q-flcrors
computcd in th. san! norm on P'- Th.n N e!' thrt ,, is Q-f.st.r than ,7r .t x. if
rh.r. is ! /€ ll. -)such tlir

Q,et. \ ' )< Q,e!x 'J
Elrmpl., ( l9l ) L.r n'= 2. . " (r,0). u = (l,r) ard ( r',, ). (r; ) $c aequcnccs d!fincd by

Il+)' " '"""
""' lH" , ,<,.!.e'
Tr'<n 0, (t") < qr ('; ) 'nd.r d'c .uclidian Dor4 \.hcn (r., ) is Qfan.r fian (r; ). [hil.

0,(.r,) < 0r(r;). undcr fi. nonn lal".,,ar(l r, l. I o: | ). o =(d,.a:). $n.r(%) i'
qfaicr than (i.).

I.THE L\IT RATE OF COI$ERGE\-CE

ln lhc s.qu.l, N! slall restrid onrsclf ro rhc onc dimcnsional casc. lkhough all fics.
rcsulrr could b. n .d in th! n-dimcnsional cns!.
L.i f. I b. at io tlciior I dd I.t (r") bc a ei!!n scqu.ncc -rco..ar.d b) .n n.nri!.
ncdod of N.Nron q?c (6).
D!finitior 3.1. L.t {.L)c E b! r con\crg.nr Nith limir x'. T}.n t}c quatides

,;=if)""=' '.

=x',.tot but !"itc\' nory, ,t.

{ r , , . \ ' . . /U an hn. l in t t l . \  nrat t t  1 ls ,  l ' "  - ' ' l

d€fD.d for 0ll /,€ l l. - ).dc @ll.d $c.ljt co!r'.r3 ncc t .l0.', or f-li(loE. for sbon.
of (tr..).

R.ErrLr . l )  l f  f ,= f , ( t )<.*  for  some r ,<[ I .e) .  l l ren fo.a i !  c>0.  thcr .  e \ j$s

a , , ,  s l rh thar  { i )  holds i lnb C=f"-c :

f)$'hcn consid€nng notjon on. scqucnc. but .r) ircrarilc proccss ,/-. it is
dcsinbl. thar th. nrc-of-con\jrgcncc indicaror mcasur€s tlc $orst possiblc aJ\ prolic
ntc ofcon\erg.ncc of an! s.qu.ncc of-i r{ift thc sam€ limit point.
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So. Nc rr.l.d ro innoduca
D.fitrnion J.2. Lcr C{1, r.) dcnok lh. !d ofalt scqunc.sNirh rinir r. g€n.rlrcd by
rn it.nti\'. Droc.ss .l. Thcn

f,(r .  x ' ) . r '? 1tr ,(r , ) / (r , )€c(r,  r . ))1.  I  r / ,<.- .
r.c c.ll.d d'. E-rr.ton of ,.r )i..
Drfuition J3- ld r, nd l: dcnotc ts! ncniE proccss.s q.irh $. !rm. tirni poim
xi..nd lct J|,(r,. r.) .nd f,(r] x.) bc lh. con spondiru f,.f.cron.Thd .1, is
E-frrl.r |haD -tr .r :{. ifdcr.is.r,€tl.-) such th'r

t i r t4.x. t< E,(?!, \ . r .
l( for r Bnq pre.si t nr h.v. E(r, r.t=o. w€ s.)'$ rhc groccal h$
E- top.rlinar coNng.nc. rr x.. \'nil.. if 0 < Er(t i.) < -. ahc convcr!.nc. ir cd!.d
Eli..rr. Any p.oc.$l, for $hich E,(9. x.): I jscrttcd E..ubtinlrr.

Tl. nain rcsuh of dris p!p.r ii gilrn by
TIIEOREITI 2. L.t.llcondiiio8 in Th.orcm I b. srisficd.
Th.n a]_ NcMon-r]?. proc.$ I rslod .d ro cqu.rion ( I ) is nor E-r!bli!.rr.
Proot lt r.sults from Thcor.m L

I r ' l  "Ellnple ror thc $qu!r.c (rJ,t'tiJ 
" 

.=coDsr { wich is rh! }i.Mon ircrrrid

fot ^r) -r: ) $c h.rt f r (r.) =2.h.nc. Er(-,t: o) is $F linc.r (,r'= rt|lds for $G

Nor.. Ir is inpon nr lo cnrblidr s.hich oftft. u$rt Nc*ron-ry?c pro.cascs ir E-frr6.
This is ihc arbjccr of som. fonhconing p.p.rs.
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