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ON THE RATE OF CONVERGENCE OF SOME NEWTON-TYPE ITERATIVL
METHODS

Iasile Berinde
Ph.D.. Associate Professor. Department of Mathematics and Computer Science.
University of Baia Mare.Romania

Abstract. A new convergence factor as well as a new rype of rate of convergence for an
iterative process are derived. in a similar way to those of quotient convergence factors and
root-convergence factors. given by Ortega & Rheinboldt in [9].

This new concept of convergence rate. called exit rate of convergence. is suggested
by some author’s results concerning the Newton's iterative process [1] -[6] or certain
Newton-tvpe methods [7]. It is also motivated by the fact that estimates of the form (3)
often arise naturally in the study of certain iterative processes of Newton’s tvpe. under
various diferentiability conditions.

INTRODUCTION
For a nonlinear equation
fix)=0 (1)
the Newton method consists in constructing a sequence (x,) given by
".'I'l "‘.n -[rf(x”)]- I.)(("‘n}' {EJ

If f satisfies some specific differentiability conditions then the Newton iteration
given by (2) converges 1o x °. the unique solution of (1).
From a computing point of wiew it is very important to know an exit criterion for the
iterative process. that is a stopping inequalin: of the form
bx,-x"tsclx,-x, 1, (3)
If we are able to deduce such exit criteria for the Newton method (or for some Newton
rvpe methods) we can stop the iterative process 1o a certain step so that the solution is
obtained with the desired precision,
Indeed. if we accept an approximation error €>0. a priori given. in order to obtain
fx,=x"|<e.

we need - in view of the exit criterion (3) - to stop the iterative process to a certain step
n for which we have
Iy
b as . ™~ r
AP | [z-) 4

(since (v,) is convergent, this is always possible).

Unfortunately. there exist a few convergence results in the literature which give such exit
critena for the Newton method or for the Newton type methods.
Only the convergence order of the methods is usually given by an inequaliry of the
form
i o
I A e & (5)
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Thesc exit criteria are usually obtained under strong differentiability conditions on
the operator [.
For example. in the scalar case. that is f:[a,h]~F is a real function defined on the

interval [a.b). if f€C*[a.b] and [(x)=0 on [a.b] and f satisfies some additional

conditions. we have the following stopping inequality for the Newton method;
3 M,
b C=—

5 ,
=,

Ix -x" 1 <Clx -
la,-x | Clx, -x

'u-l
The convergence order is given in this case by
N e .
|2, =2 | s €)%, ~x
this means, the convergence of the Newton's method is quadratic.

In the paper [7] we proved a general convergence theorem for a class of Newton type
methods under weak differentiability conditions on the involved function f.

1. A CONVERGENCE THEOREM FOR CERTAIN NEWTON-TYPE METHODS

Let us now consider for the scalar equation

f(x) =0,
where f:[a.h]-E, a Newton type method, that is, the iterative process is given by
.ﬂ"'n)
N L =Y, _‘r—'g(l'"), (6)
J&,)

where g:[a.b]-E is a given nonzero function.(The Newton method is obtained for g=1).
We need a result from [7]
THEOREM 1.
Let f:[a,b]-E be areal function defined on the real interval [a.h].a<b. satisfying
() fla)fib) <0 (f) feC'[abd]. f(x)=0. xe[ab].
and let denote
m=min |/(x)]. M=max [/(¥)].
xcak] x<|ab]
If g sanisfies the following conditions
(g,)geCla.b]. gx)>0. xe[ab): (g,)maxg(x)s i’;’
x5 b )
(&) The sequence (x,) given by (6) remains in [a.b). for cach x,€[a.b].

Then (x,) converges to &. the unique solution of the equation f(x)=0 and the stopping

inequaliny
{
jx,-als A fx,-x, . nz0
Km

holds, where
k= min g(x).
vilah]
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Remark.
1) For g = 1. from Theorem | we obrain a weak exit criterion for the classical Newton
method. because we assume only
feC'[ab). f(x)=0. xs[ah].
instead of the usual condition
feC[ab], f1(x)=0, x=[a.b].
If £* however exists the stopping inequality may be improved to the usual estimation
(e i G0 b s W
NFor
_._ITL(r —b)_
S(x) - (k)
from Theorem 1 we obtain a result concerning the regula falsi method.

J(x)
R

glx)=

3)For g(x) =—}—). where x, is the initial approximation we obtain a stopping inequality

for the modified Newton method:
4)For g(x) = SEUE) ;
) Sx = fx))-fx)

we obtain a stopping inequality for the Steffensen’s method, and so on.
2.THE QUOTIENT AND ROOT-RATE OF CONVERGENCE

Let (x,)=R™ be a convergent sequence to x* and generated by an iterarive

process.Motivated by an estimate of the form (3), Ortega & Rheinboldt introduced {in [9],
chapter 9, pp. 281-298 ) the notions of quotient convergence factors and root-convergence
factors, denoted by O ,(x,) and R (x,), respectively, and defined by

0, if x,=x", forall but finitely many n,

lx ., —x=
@,(x,) =9 lim sr.prfL__”, if x,= x°, for all but finitely many n, (7)
n=a ix, -x"|#

~=  athenvise,
respectively by
lim sup Jx"-x ' if p=1

n-xn

RI'(":H) 7 (8)
lim sup Qx"=x")'7" if p>1.

If C(.A, x*) denote the set of all sequence with limit x* generated by an iterative process
-#, then 0Q,(AX*) =sup IQF (x) [ {x,) €C(Ax*)}, 1 < p< e+ are called the Q- factors

of . at x* with respect to the norm in which the Q,(x,) are computed.

For a given iterative process . and limit point x .0, x*) as a function of p exhibitis
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some basic properties:(), is an isotone function of p which takes on only the values 0 and

e except at possibly one point.In a similar manner is introduced the R- factor of ..
The pnmary monvation for introducing Q-factors of an iterative process is to have

a precise mean of comparing the rate of convergence of different iterations. by the

following.

Definition ( |9] ). Let *, and .2 denote nwo iterarive processes with the same limit

point x*. and let () (7. x*) and th-g'". x*) be the corresponding Q-factors

computed in the same norm on E™. Then we sav that 2, is Q-faster than . at x* if
there is a pe[1.«)such that

()}J(‘ﬁi = x.) < Qp(';é;" x..]'
Example. ( [9] ) Letm=2. e =(1,0). u=(1,1) and(x,).(y,) the sequences defined by

[%—] ¢. for n odd

- g L
Xia _\'.,’(—'S-J e =k
n-|
( -.1-] u, for n even,

Then @, (x,) <@, (v,) under the euclidian norm. when (x,) is Q-faster than (v, ). while
0,(x,)<Q,(v,). under the norm lal_ =max(la,|. |a.|). a=(a,.a,). when(y,) is
Q-faster than (x,).

3.THE EXIT RATE OF CONVERGENCE

In the sequel, we shall restrict ourself to the one dimensional case. although all these
results could be stated in the m-dimensional case.

Let f. g be as in section 1 and let (x,) be a given sequence generated by an iterative
method of Newton type (6).

Definition 3.1. Let (x,) c E be a convergent with limit X*. Then the quatities

0, if x, =x", for but finitely many n,

| ’

; -7 - -

E (x,)=\ im sup——o— if x *x". for all but finitely many n
N PR

e athervise,
defined forall p e 1.e).are called the exit convergence factors . or E-factors. for short.
of (x).
Remarks. 1) If EP =EJ_{.1'” )< += for some pe[l.=). then for anv €20, there exisls
a n, such that (3) holds with C=£ -¢:
2)When considening not just one sequence but an iteranve process .# , 1t is

desirable thart the rate-of-convergence indicator measures the worst possible asymptotic
rate of convergence of any sequence of .- with the same limit point.
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So. we are led 1o introduce
Definition 3.2. Let C(, x*) denote the set of all sequences with timit x* penerated by
an iterative process . Then
E (. x*)=sup ! E () (x)EC(F XN 1sp<re,
are called the E-factors of .# at x*.
Definition 3.3. Let %, and .#, denote nwo iterative processes with the same limit point
x*.andlet £ (#,.x%) and [ (7. x*) be the comesponding E-factors.Then .7, is
E-faster than 7. at x* ifthereisa p<[l.=) such that
E (P .x%) < E (7., x*).
If, for a given process 7. we have E,(#, x*)=0, we say that the process has
E- superlinear convergence at x*. while. if 0<E, (. x*) <« the convergence is called
E-linear. Any process # for which E,(+®, x*)z 1 is called E-sublinear.
The main result of this paper is given by
THEQREM 2. Let all conditions in Theorem | be satisfied.
Then any Newton-tvpe process # associated 1o equation (1) is not E-sublinear.
Proof. It results from Theorem 1.

Example. For the sequence (x,), x,, =( %) -a@. a=const ( wich is the Newton iteration
for f{x)=x" ) we have E,(x,)=2.hence E, (.47 0) is superlinear (.7"= stands for the
Newton's process).

Note. It is important to establish which of the usual Newton-tvpe processes is E-faster.
This is the subject of some forthcoming papers.
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