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Ab€tlact Fof a class of non honoeelFB linear sed ord6 dil-
faene €quatidrs with Don-constant co€Ituicnts, atr elementsry rnethod
for obtsining thc gcnerat $lrtion 's ei!@.

the basic idea of ou method i! to rcduce the elution of a second
dde. difi€ftffe equation to tlxe solution ol two GIst order no omo6e-
neous difrerence equations.

Two exampl€s, taken ftom s r€ceor, rDom€Iaph [1], aft al$ trat€d
ilr ed€r t illustrst the simplicitv as *ell s the limite of our method
ir omparirn *ith the gen€ral m€thod descdH and usd i,r [21. Tfrc
last ore is bas€d on the disoet€ Grcen fiDctions ard oD the a prion
knowledge of two lirca y independ€nt €olutiorB of the homogd@B
e$ation a€€ociad to tbe ei1€ndi.6e!€Dce equation-

Havins in view the amlory betwe€o difierae ed diff€r€Dtial equa-
tio6 ollr rD€thod msy also be adopt€d t soh€ a sp€cial claso ofditra-

l.IIVTRODUCTION

We are cocerned with the notr homog@€ous se.ond order liaear dif-

at( ' ! lu(n + 2\ + a,{n)u(n + l )  +d3(a) ( ' ! )  =o!(n),  n>no, (1)

$,here dt(n), t = 1,2,3,4 &e Bi!e! tunctions ddned on N and

. l l
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Th6 the quattBtic €<tu
(1), which plays a imsr
with constaDt ce$.ient

do€s po€ses real re'.s. k
ty 11 snd r, . IIerc r. '.

U at lealt one r6t. si -

th6r w€ c:lrl al$ats stri t
(7) re finfled- tho * ,

t \ n  - ) \

u \ n  + 2 )  -  r l  t '  -

il rBults that r(n) t rb.

which can be dte(.lr $l\r

"k) : II .

f o r e 8 c h n > n o , n € N
N@, in oder to obtan

(1), we bave to solre tbe r
that is to solve the diFsd

dln). a'(n) + 0 Jor each neN,n>tro. (2)

IJ q(n),?,,(z) are t\',o lircarly independent solutions of the a€seiated

homogo@trB equation

ar(n)L(n + 2) + a,(n)u(n + 1)+ a3(n)u(n)= 0, (3)

ed C(,",1) is the Grdr's fiDction of (3) , that B

c\k,D = ur(z) tr(z)
q(l)  t r(*)

, I z,r (r) u,(r)
/ I u,(,+ 1) rr(t+ 1)

Itlen (seetll, Setion 2.10, pp. ?1-75 ) the seneml solution or (1) is
grr€tr by

u(F) , ,u,(nr-, , . , (nr- i  cr ' , rr" '11-l l ,  " '^,  (4)
' ; "  a ' ( r ' r )

where cr,c2 e &bitBry @Dstets.
Therefore, in ord€r to apply fommla (4) it b n€c€sary to ktrc's' two

liftarly indepeDddt $ltrtions of (2)-

2. ON A CLASS OF DIFFDRENCE F,QUATIONS

The main scal oI thb paper j.s to show that, lor a particulal dass
of second order lhear dificrence eqrations, w€ can apply atr elem€ntary
method, without assumitrg the howledge of pariic lar slutio6.

FiEt of aU, let us obsrrve that, if (2) iB tufn€d we can equilal€ntly
srit€ (l) in the forn

.t\n) '?!'], ,('r - ""{.'). .* n. - '4").
o t \ n )  o t \ n )  a t \ n )

I€t us take no = 1 e/ithout any lcs of s€noality ed ltssrme that o(n)
and 6(n) are so that

u(n + 2) - a(n)r(n + 1) + b(n)L(n): c(n), n>no (1')

d(n) = (a(nD' ,{b(n) > 0, vn>1. (6)
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L rle qr&atic cquatio (*tually thc 6arrterl*i(: cquatior of
3 fl rh,! .D irnportant !!le ir the cre ddfut:occ -F rnft

-C oo-16"i-ts):

l - a (a ) r+b (n ) -0 ,
- rcal roots, I€t us denda tM (effiddy 6tud) r@b

4 d r, . Eae 1, 12 a:e fimctiaa

Z:4i'a,p/ e. 4:4244

(7)

tat ld o,te nDt, s! \, b a @@btn frE,ctid., tbt b

rt:r{caut), (E)

iF w! (' al$aJ/s elv€ the difiacoce oquatim (1). Ld.c4 ff (5) .nd
3, !t€ tu6]le4 th€a ne can rrit€ tb€ di6!t@ 6{ra6"" 0) i; th"
inD

u(n + 2) - (r1 1rr(a))0(n 1 1) + rlrr(n)t(a) = c(n),

. cquivahtly

!(', + 2) - rr!('r + r) - r'(a) [r(z + 1) -'ru(n)] - c(n).

tl(n) = !(tt + 1) - r,u('), (s)
I trarlts that u(fl) b tbt €dutiD of thc lineat fu odcr difiaacc
Satbn

,(r+ 1) - r'(z)u(?) - c(n)

'hi.h cad b€ diEtb !dvc4 rc.[q, ed it! g@.ral olution is gi!,E ty

r 'r
,('l)= fi r,(r). l<*l+ !,"(*l l,

| -='".rI 
",(01

. . . . h a > n o , r . € N ,

. I{d', in ddq to obt ir thc g.oqal sluti@ d (f), rld thaEtuc of
l), re hsye to etve tLc dftltoe €qD'dc (9) ;ti n4€.r to a(n),
rt i. to slv€ th€ dift!,.oce €$rati@

(10)
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t l ( n + 1 ) - h u ( n )  = u ( a ) .

U€ins (r0) !,ith rr aud rl(n) ild€ad of rr('1) axd c('r), raperilrly, *€
obtaitr the g€trdal sotution of (1)

,(n) -ri io ["r^r * i *,,:cLl , n>n4, (il)
L  e f t ' '  I

wh€re o(*) ic gveo ty Q0).
CoD!€queatly , *€ haw just ploved
Theor€E 1. Il conditaotls (6) and (8) are sotitfied, then ttw s?af'td.

orb lirleff difreftte entdion (1') nog alual,s be solvd, itB gendd.
solution being giren bA (11).

Atltlicatirns, I€t us coDsiirc the two ditreeuce equatim ir h-
ample 2.10-1, pp. ?2, Example 2.10.2 fiom[1], pp. ?4 rEpectk€ly.

D<ample l- lhe diferac€ €qustioD

(2n+1)u(n+2)-4(ft+1)u(n+r)+(2n+s)u(n) = (2'l+1)(2n+B), a € N

csn be writteD a.s 
Qzl

u(n + 2) - l@l))utu + t) + ffiu-) = 2n + a.

Using the pr€vious noiations *r ha1€

.  4 fn+1 )  . .  2n+3
" tn )  

-  
zn | ,  

o (n ) -  
2n+ t  

and .  c ( ' r ) -  2n+3 ,  n€N.

Sinc.

d(a) = (d('l)), - ar('!) = I > 0, vn€N,

conditio (6) holCa. Moreover,

r l  :  I  and ,2@) -2"+3
2n+1

arc th€ tm difcr€nt ioots of tLe cbau.ter;ltic equation (?). Th€tefot€
, fiom (10) c,e ha\€

A METHOD FOR I

thst is

t,(n) : I

Ther by (lD w€ obtAin

u(n) :

which l€a& to the senen

'( ' )  = 
"

where o, p arc arbitran ,
Eb.ample 2. For rhe

((n+l)3-n3)r(n+2) -  (  1r

: [ ( r + l ) 3 _ ,

, ,  6 " 2 + 1 2 n + E
3 n ! + 3 n + l

Artbougb coditioD (6) F

a@)=(=

the real roots ol cbe clBr

r r { ' f ) : t + - " : :

and codition (8) is nor !

I
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.(",=s;l#[,'.,.iffi],
tbat is

1, , ( ' r )= (2a+1)h r (0 )+n l , ,L>0 .

Th.n by (11) w€ obtsin tb€ g.neral solutioB of (r2)

r(,) = r(o) + t(2rr + 1)lu(0) + tl,

whi{b l€ads to the gea€ral Bolutior

n ( n -  l ) ( 4 n  +  1 )
u ( n )  - o ! t  n ' + - - - '

wherc d, B sre arbikary coEstants.
Erebple 2. Fa thc difr€ftrce €$atior

(( ' r+1)3- 'x3hr(n+2)-((n+2)3-nr)u(n+l)+((n+2)3- ( ' r+1)3) i l (n) =

:  {(a + tf  - n5l.{(z+ 2)3 - ( ' ,+ l) '1, n€N, (!3)

.  6 " ' ?+ l2n+8  . ,  3n r+9n+7
ad = 

;;o;fri, d(") - ;;, _; + I' c(n) = 3n' + en + 7.

Altho0gh cuditio$ (6) is satid€4

. -  /  3n+3  \ ' ?d(') = (r**s,, t l i t o' vn € N'

the Eal 'tols d tlrc darsct ristic €guatid are

9n+7  - , - ,  r r  3n+3
r , ( ' r )=  r+611r+6 ;1 ,  h (n l  r -6n ,  

|  6n+  2 .

ard corditioi (E) ie not satiafed.
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So, ou mthod fails, wLile the eenelal fmrla (4) cnn b€ applied
bec5lr* it i! peible to 6nd two linerily indepeDdent solutiG oI the
hdos€ooB e$atioD asocist€d to (t3), seelrl:

01('r) : r, ur(n) = n3,

th€ s€neral slution being

- l
u(n) -c+  dk"  +  ; ( t  

-  l x3k  +  l ) .

3. ANAI,OGOUS DIFFERENTIAL T,QUATIONS

The main merit of our nethod r€sLs @ its applicati!€ f€atre: w€
do not apply jrrst a fmrla d in the g6€ral €se - but w€ folow the
atcpe of a practical alpnthm.

We can sohrc by an aralogous method a siEilar cLa$ of difercntial
€qlrations as, for €r.ample, the following one:

(2r + 1)s" - 4(. + 1\y' + (2. +3)v: (2. + 1)l2c +3),

i'hic} tu the coBtimrous anatoeous of (rZ).
We can r,rit€ it on D : n\{-1} ss

,, 4(x 'r] ,  ,  2r13{' -;:;r +#;! = 2r-3 + !' u' - ffitu' 
-u) = zt-t

II *e &u:tz z : ! - y w hrve to soh€ the 6I5t ordE linear eqution

,  2 r+3
z ' l2 t+ tz=2 t+3

aad, with z(c) eo obtaircd, to $h€ sgain a first ord€r differ€ntial €$r&

l -Y :z l t )

4. ANOTHER CLASS OF DIFFERENCE EQUATIONS

The mctlod uaed ia stion 2 rnay be (xily €.tad€rl to the das€
of difiemce equatiorr (l) for which thcr€ €i&t rl(a),rr(n) such that

A METHOD Fo'{

In thb .as€ (l l Bi

I

u ( n  + 2 )  -  t r t t n  - '

and than

? , ( n + 2 )  -  ( r , r ' , ' ,  r  -

I| € denot€

s€ arc lead t a firs ((

hanple 3.U * c
equatiob in Fj(ampL :]. I

k(n) and c(n ) beiDs rit

r r t n )  =  -

ed thus our ln€tho.t dJ
Re|nsrks. 1) td .

rr(a) Buch tha. {l{) h.ad
order differenc eqBria

2) Tb. s
of the form

u('t - )c

aad also for aulogtE .i
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{ 
o(a) = r(n) + r,(a) 

. (u)
l d (n )= r , ( n - l ) . r , ( n )

In this cae (1') may b€ rritt€n as

u(n + 2) (r,(n) + r'('l)hl (a + 1) + rr(n - l)"(n)r(n) = 4'})

aid ih€o

&(a + 2) - (rr(n)tt(n + 1) - fr(a){u(n + 1) - rr(17 - l),r(n)l = c(n).

f q/€ deDote

0(a) = z( ' ,  + I)-r ' ( ' l  l ) r , (n),

xle aI€ le6d to a 6rst o!d6 ditrerace cquation

r ' ("+1) -rr(n)u(n) :c(n),

E..Dple 3.If E coDsidE a sligh! modifcatior ol the dif€rEce
oquatioD in ExarDpIe 2, by puttiry

. _  J 4 _ + 9 n  O
otn) = -=-

(o(n) aDd c(n) b€ins th€ re) *E 6nd tbar (12) bol& i,ith

,  3 n ' ? + 1 5 n i 7  3 n r r 9 n - 5r'tn) - 
3;,+3,r+ I ata .,(") = 

5;t;3,.+ l-.

and thus oul method do6 nuk.
n€|Darks. 1) For a('r),6(r) sivri', in cd€r t obtah 'r(n) and

rr(n ) such tbst (14) holds, we hs\/E to bh€ gen€raly ^ nonline4r s"l
otd€r difertDce oquatior\

2) ThG slD€ &ethod does *orl fa difrererce equatione
of the folm

4n + 2q) - a(n)t(n +d + d(nb('r) = 4n),

a$d also for apalogou€ difi€ttotid €quatioB.
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