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ON ZAMFIRESCU’S FIXED POINT THEOREM
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Zamfirescu’s fixed point theorem, established for a class of quasi-nonexpansive
operators, is one of the most interesting extensions of Banach’s well known con-
traction principle. It is the main aim of this paper to survey some recent develop-
ments in metrical fixed point theory that are connected to, extend or generalize
Zamfirescu’s fixed point theorem.
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1. INTRODUCTION

An operator T' which satisfies the contractive conditions of Theorem Z
in Section 2 will be called a Zamfirescu operator. The class of Zamfirescu ope-
rators is one of the most studied classes of quasi-nonexpansive type operators.
In this class of mappings, all important fixed point iteration procedures, i.e.,
Picard [22], Mann [15] and Ishikawa [17] iterations, are known to converge to
the unique fixed point of T'.

Harder and Hicks [11] introduced a concept of stability for fixed point
iteration procedures and proved that, in a complete metric space setting, the
Picard iteration is stable with respect to the class of Zamfirescu operators. The
same authors proved that, in a linear normed space, certain Mann iterations
are stable with respect to any Zamfirescu operator.

Rhoades [20, Theorem 31] completed the previous results, showing that
the Ishikawa iteration converges to the fixed point of and is stable with respect
to a Zamfirescu operator.

Some of the convergence results in [16] and [17] were very recently ex-
tended from uniformly convex to arbitrary Banach spaces, by simultaneously
weakening the assumptions on the sequence {a,} which is involved in the
definition of Mann and Ishikawa fixed point iterations, see [5], [7].

Starting from the fact that Picard iteration, Mann iteration, Ishikawa it-
eration and, in particular, Krasnoselskij iteration can be used to approximate
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fixed points of Zamfirescu operators, the first author has shown in [4] that Pi-
card iteration converges faster than Mann iteration for this class of mappings,
as suggested by some previous empirical studies reported in [1]. Very recently,
Babu and Vara Prashad [23] established that Mann iteration is faster than
Ishikawa iteration in the same class of Zamfirescu operators.

Recently the first author [8] used a contractive condition that is satisfied
in particular by any Zamfirescu operator, in order to obtain further general-
izations of Zamfirescu’s fixed point theorem.

Using the main idea of proving Zamfirescu'’s fixed point theorem in [1], we
also introduced in [6] a more general contractive condition that also includes
Zamfirescu’s conditions, amongst other important contractive type conditions,
and obtained very general constructive fixed point theorems. These results
were then extended to weak ¢-contractions in [2]. A comparison of our weak
contractive condition to other important contractive conditions in metrical
fixed point theory was presented in [3].

Motivated by such a rich literature concerning Zamfirescu operators, the
present paper aims to survey some of the most important recent results on
that topic.

The next section presents some basic results in metrical fixed point the-
ory, including the statement of Zamfirescu’s fixed point theorem, while the
subsequent sections are devoted to some extensions of it.

2. PRELIMINARIES

Banach’s classical contraction principle is one of the most useful results
in fixed point theory, see for example [21]. In a metric space setting it can be
briefly stated as follows.

THEOREM B. Let (X, d) be a complete metric space and T : X — X an
a-contraction, i.e., a map satisfying

(2.1) d(Tz,Ty) < ad(z,y)

forallz,y € X, where 0 < a <1 is constant. Then T has a unique fized point
p and the Picard iteration {z,}2, defined by

(2.2) Bt =Tl e =01 Biwins

converges to p, for any o € X.

Theorem B has many applications in solving nonlinear equations, but
suffers from one drawback — the contractive condition (2.1) forces 7' to be
continuous on X. Kannan [13] obtained in 1968 a fixed point theorem which
extends Theorem B to mappings that need not be continuous, by considering
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instead of (2.1) the condition: there exists b € [0, 1) such that
(2.3) d(Tz,Ty) < bld(z, Tz) + d(y, Ty)]

for all z,y € X.

Following Kannan’s theorem, a lot of papers were devoted to obtaining
fixed point theorems for various classes of contractive type conditions which
do not require the continuity of T', see for example [21] and references therein.
One of them, actually a sort of dual of Kannan’s fixed point theorem, due to
Chatterjea [9], is based on a condition similar to (2.3): there exists ¢ € [0, §)
such that

(2.4) d(Tz,Ty) < c[d(z,Ty) + d(y, Tz)]

for all z,y € X

It is known, see Rhoades [18], that (2.1) and (2.3), (2.1) and (2.4), (2.3)
and (2.4), respectively, are independent contractive conditions.

Zamfirescu [22] obtained in 1972 a very interesting fixed point theorem,
by combining in an ingenious way the three independent conditions (2.1), (2.3)
and (2.4).

THEOREM Z. Let (X,d) be a complete metric space and T : X — X a
map for which there exist the-real numbers a,b and ¢ satisfying 0 < a < 1,
0<h ex -;— such that for each pair z,y in X, at least one of the following is
true:

(z1) d(Tz,Ty) < ad(z,y);

(72) d(T'z, Ty) < bld(z,Tx) + d(y, Ty));

(z3) d(T'z, Ty) < c[d(z, Ty) + d(y, Tz)).
Then T has a unique fized point p and the Picard iteration {z,}32,, defined by

Tnil =Txy, 1=0,1,2,...

converges to p, for any xg € X.

Remarks. 1) One of the most general contraction conditions for which
the (unique) fixed point can be approximated by means of Picard iteration
has been obtained by Ciric [10] in 1974: there exists 0 < h < 1 such that

(2.5) d(Tz,Ty) < h-max {d(z,y),d(z, Tz),d(y, Ty),d(z, Ty),d(y, Tz)}

for all z,y € X.

2) A mapping satisfying (2.5) is commonly called quasi contraction.

It is obvious that each of conditions (2.1), (2.3), (2.4) and (z)(z3)
implies (2.5). It is also known, see [18], that any quasi contraction with 0 <
h < 1/2 is a Zamfirescu operator.
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Actually, as shown by Rhoades [18], Zamfirescu’s contractive conditions
are equivalent to the following Ciric type contractive condition: there exists
0 < h < 1 such that

d(Tz,Ty) < h- max {d(z,y), [d(z,Tz) + d(y, Ty)]/2,

[d(z, Ty) + d(y, Tz)]/2}

for all z,y € X.

For the sake of completeness, we conclude this section with the definitions
of Picard, Krasnoselskij, Mann and Ishikawa iteration procedures.

Let F be a normed linear space and T : E — E a given operator. Let
zo9 € E be arbitrary and {a,,} C [0,1] a sequence or real numbers. The se-
quence {z,}32, C E defined by

(2.6) Toti = (1 ap)zn tonTan,  n=0,1,2...

is called the Mann iteration or Mann iterative procedure (cf. [15]).
The sequence {z,}22, C E defined by

2.7)

Tnt1 = (1 — an)Zn + 0nTyn, | B 01,2554
Yn = (1 — Bn)zn + PnT'zn, n=012,...,

where {a,} and {8,} are sequences of positive numbers in [0,1], and zg €
E arbitrary, is called the Ishikawa iteration or Ishikawa iterative procedure

(cf. [12]).

Remark. For a,, = X\ (constant), iteration (2.6) reduces to the so called
Krasnoselskij iteration, cf. [14], while for a;, = 1 we obtain the Picard iteration
(2.2) or method of successive approximations, as it is commonly known, cf. [1].
Obviously, for 8, = 0, Ishikawa iteration (2.7) reduces to Mann iteration (2.6).

3. PICARD ITERATION

We start this section by presenting a proof of Zamfirescu’s fixed point
theorem (Theorem Z), adapted after [1].
We first fix z,y € X. At least one of (z1), (z2) or (z3) is true. If (z2)
holds, then
d(Tz, Ty) < Bld(z,Tz) +d(y, Ty)] <
< B{d(x, T2) + [d(y, 7) + d(z, Tc) + d(Tz, Ty)]}.

So
(1-B) d(Tz, Ty) < 26d(z, Tx) + Bd(z,y),
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which yields
2B B
: s Ao :
(3.1) d(Tz,Ty) < -5 d(z,Tz) + -3 d(z,y)
If (z3) holds, then we similarly get
2y v
: < — e :
(3.2) d(?"z,Ty) g d(z,Tz) + Ty d(z,y)

Therefore, denoting

0 1 By e
J—max{a,l_ﬂ,l_’y},

we have 0 < § < 1. Then, for all z,y € X, the inequality

(3.3) d(Tz,Ty) <26 -d(z,Tz) + 5 - d(z,y)
holds. In a similar manner we obtain :
(34) d(Tz,Ty) < 26 -d(z,Ty) + 6 - d(z,y)

for all z,y € X. It follows from (3.3) that card Fr < 1. We will show that T
has a unique fixed point. Let 2o € X be arbitrary and {z,}32,, with

Bni= T %0, =i 00152 v

be the Picard iteration associated with 7. '
If r := z,, y := z,1 are two successive approximations, then by (3.4)
we have .

(3.5) d(Tnt1,Tn) < 6 -d(Tp, Tn_1).

Hence {z,}32, is a Cauchy sequence, thus a convergent sequence, too.
Let z* € X be its limit. In particular, we have

n—o0

By the triangle rule and (3.4) we have

d(z*, Tz*) < d(z*;zny1) + d(Tzy, Tz*) <

< d(z*,zp41) +0d(z*, z,) + 2 &i(:cn, T.a:,,).,
which, by letting n — oo, yields

sl 2Bt 0= =TT

and therefore , ‘
: Fr={z*} and =z, — z*(n— o)
foreach zgp € X. 0O -
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Remark. It is a simple task to obtain by (3.5) the a priori and a posterior:
error estimates for the Picard iteration associated with a Zamfirescu operator,
that is,

()

=3 “d(zo,21);2 n=0,1,2,...,

(3.6) sy 2") < T

(3.7) d(zs;z") € T—i—g A p Bp=1)y =010 <

4. MANN AND ISHIKAWA ITERATION PROCEDURES

Let E be a Banach space and T' : E — E an operator for which there
exist 0 < § < 1 and L > 0 such that

(4.1) [Tz - Tyl <6 |lz -yl + L[z —Tz|

for all z,y € E.

It is known that the operators satisfying (4.1) need not have a fixed point
but, if F(T) ={z € E: Tz =z} # @, then F(T) is a singleton.

Condition (4.1) is in fact condition (3.4), fulfilled by any Zamfirescu
operator.

All arguments in proving Theorem Z do work if we consider, instead
of Zamfirescu operators, all operators that have at least one fixed point and
satisfy (4.1).

THEOREM 1 ([8]). Let E be a normed linear space, K a closed convex
subset of E, and T : K — K an operator with F(T) # @ satisfying (4.1).

Let {zp}22, be the Ishikawa iteration defined by (2.7) and zo € K, arbi-
trary, where {an} and {B,} are sequences in [0,1] with {a,} satisfying

() N i

n=0
Then {z,} converges strongly to the unique fized point of T

Assuming that the normed linear space F in Theorem 1 is a Banach
space and T a Zamfirescu operator, we get the main result in [5], while by
taking 3, = 0 in Theorem 1 and assuming that 7" is a Zamfirescu operator,
we obtain the main result in [7]:

COROLLARY 1. Let E be an arbitrary Banach space, K a closed convex
subset of E, and T': K — K a Zamfirescu operator. Let {z,}22, be the Mann
iteration defined by (2.6) and zo € K, where {a,} and {8,} are sequences of
positive numbers in [0,1] with {an} satisfying (i). Then {z,}32, converges
strongly to the unique fized point of T.
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Remarks. 1) Since both Kannan’s and Chatterjea’s contractive conditions
do imply the Zamfirescu conditions, from Theorem 1 we obtain a corresponding
convergence theorems for the Ishikawa iteration in these classes of operators.

2) Other important results, amongst them those due to B.E. Rhoades
[16, 17], are special cases of Theorem 1.

We conclude this section by stating two results, the first one taken from
our paper [4], regarding the comparison of Picard and Mann iterations in the
class of Zamfirescu operators, and the second one from Babu and Vara Prashad
(23], which both basically show that, to efficiently approximate fixed points of
Zamlfirescu operators, one should always use Picard iteration.

THEOREM 2. Let E be an arbitrary Banach space, K a closed convezx
subset of E, and T : K — K a Zamfirescu operator. Let {yn}32( be the Mann
iteration defined by (2.6) and yo € K, with {an} C [0,1] satisfying (i). Then
{yn}no converges strongly to the fized point of T and, moreover, the Picard
iteration {z, }52, defined by (2.3) and z9 € K converges faster than the Mann
iteration.

The previous result was very recently extended by Babu and Vara Prashad
(23] for the Mann and Ishikawa iterative procedures. Their result is given by

THEOREM 3 ([23]). Let E be an arbitrary Banach space, K a closed
conver subset of E, and T : K — K a Zamfirescu operator. Let {¥n}
be the Mann iteration defined by (2.6) and yo € K, and let {z,}22, be the
Ishikawa iteration defined by (2.7) and zo € K, with {as} C [0,1] satisfying
(). Then {zn}2y and {y.}, converge strongly to the unique fized point
of T and, moreover, the Mann iteration converges faster than the Ishikawa
iteration to the fized point of T.

The concept of rate of convergence used in Theorems 2 and 3 is that
considered in [1] and [4]. Let {uy}32, and {v,}2, be two fixed point iteration
procedures that converge to the same fixed point p and satisfy, respectively,

(42) ”un_p” Sa'm n=071:2""
and
(4.3) lun—2ll <b:, n=0,1,2,...,

where {a, }7° ; and {b, }32, are two sequences of positive numbers (converging
to zero). If {an}72 ; converges faster than {b,}S2,, then we say that {un}2,
given by (4.2) converges faster to p than {v,}32 given by (4.3).
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5. WEAK CONTRACTIONS

Let (X,d) be a metric space. A map T : X — X is called weak contrac-
tion [6], if there exist a constant d € [0,1) and some L > 0 such that

(51) d(T.’E, Ty) < f- d(ziy) + Ld(y’ TfL‘)

for all z,y € X. By the symmetry of the distance, any weak contraction must
satisfy the dual condition

(5.2) d(Tz,Ty) <é-d(z,y) + L-d(z,Ty)

for all z,y € X, obtained from (5.1) by formally replacing d(7T'z,Ty) and
d(z,y) by d(Ty, Tz) and d(y, z), respectively, and then interchanging = and y.

It is easy to see that any Zamfirescu mapping is a weak contraction. As
we already mentioned, any quasi contraction with 0 < h < 1/2 is a weak
contraction, too.

We state here the main results in [3], i.e., Theorem 4 (an existence theo-
rem) and Theorem 5 (an existence and uniqueness theorem). Their main merit
is that they extend both Theorem B and Theorem Z to the larger class of weak
contractions, in the spirit of Theorem B, that is, in such a way that they offer
a method for approximating the fixed point, for which both a priori and a
posteriori estimates are available.

THEOREM 4. Let (X,d) be a complete metric space and T : X — X a
weak contraction. Then

DFTD={reX: Te=2}+2;

2) for any zo € X, the Picard iteration {z,}2, given by (2.2) converges
to some z* € F(T);

3) estimates (3.6) and (3.7) hold, where § is the constant appearing
in (5.1).

As we have shown in [6], a weak contraction need not have a unique fixed
point. The simplest example to illustrate this is T : [0,1] — [0,1], Tz = =z,
z € [0,1].

It is however possible to force the uniqueness of the fixed point of a weak
contraction, by imposing an additional contractive condition, quite similar to
(5.1), as shown by the next result.

THEOREM 5. Let (X,d) be a complete metric space and T : X — X a
weak contraction for which there erxist 6 € (0,1) and some Ly > 0 such that
(5.3) d(Tz,Ty) <0 -d(z,y) + L; - d(z,Tz)
for allz,y € X. Then :

1) T has a unique fized point, i.e., F(T) = {z*};

2) the Picard iteration {x,}22 , converges to z*, for any 29 € X;
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3) the a priori and a posteriori error estimates (3.6) and (3.7) hold;
4) the rate of convergence of the Picard iteration is given by

d(zn,z*) <0d(zp_1,2*), n=1,2,...

It is easy to see that Theorem Z is a special case of Theorem 5, since any
Zamfirescu operator does satisfy conditions (5.1) and (5.3), which are actually
conditions (3.4) and (3.3), respectively.

Starting from the fact that ¢-contractions are natural generalizations of
strict contractions, see [21], we furthermore extended in [2] the results given in
[6], from weak contractions to the more general class of weak p-contractions.

6. CONCLUSIONS

The class of Zamfirescu operators is a very important subclass of quasi-
nonexpansive mappings (1': K — K is quasi-nonexpansive if T" has at least one
fixed point and, for any fixed point p, the inequality ||Tz — p|| < ||z — p|| holds
for any z € K). This is due to the fact that the class of quasi-nonexpansive
operators is independent of the class of nonexpansive operators, also very
important in metrical fixed point theory. Indeed, if we consider X = R and
T:X—>X,Tz=0,if z € (~o00,2 andTwz—%,ifz’>2, then (i) 7" is
not continuous; (i) 7' fulfills (2.3) (with @ = ) and hence it is a Zamfirescu
mapping; (iii) 7" is not nonexpansive, since |T2 - Tg] = % > % = [2 = % 3

In this paper we were only interested in presenting the most recent de-
velopments around Zamfirescu’s fixed point theorem, in order to illustrate its
main features. Other important results, as for example those regarding the
stability of Picard and Mann iterations with respect to a Zamfirescu operator
[11], were not included in this paper. For more details and results, and also
for a comprehensive bibliography, see our recent monograph [1].

Starting from the properties of a Zamfirescu operator we obtained one
of the most general classes of contractive mappings for which the fixed points
can by approximated by means of Picard iteration, i.e., the class of weak
contractive mappings.

Indeed, the great majority of the metrical contractive conditions known
in literature (see [18]) which involve in the right-hand side the displacements

d(z,y),d(z,Tz),d(y, Ty),d(z, Ty),d(y, Tz)
with nonnegative coefficients
a(z,y),b(z,y), c(z, y), d(z,y), e(z, y),
respectively, are commonly based on a restrictive assumption of the kind

0 <a(z,y) +b(z,y) + c(x,y) + d(z,y) + e(z,y) < 1,
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while our condition (5.1) does not require § + L be less than 1, thus providing
a large class of contractive type mappings.

Let us also mention that in Rhoades’ classification of the main contractive
conditions [18], in a list that comprises 25 contractive conditions, which are
basically ordered with respect to their generality, Banach’s contraction condi-
tion is numbered (1), Kannan condition is numbered (4), while Zamfirescu’s
contractive condition is numbered (19) and Ciric’s contractive condition is
numbered (24).
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