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Zabfresu! Iix€d poiut th€oreq Btablshed for s cl6!s of qussi-noDqpansive
ope$toru, i! ore of the mct iDtq6tins ext€Gions of Bana.h's $c ktr@tr con
ir*tion p.idciple. It b the msin aim of thiB psp@ to swey ehe reigt ddelop-
nedt8 in lnetlicsl lixed poiDt th€ory that are @Dnectcd to, exiend or gedFalia
Zmft@u's fix€d point th@Eo-
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fe! uar*i @hplsle metic sp@, 7.m6€u opsator, st.ict cont@tion, Rak
@ntractio!, ffied point, MM iteratio!, Ishil€s itdatio!, @nve.-
8€nce th€ord, stability.

1. INTRODUCTION

An operator ? vhich satisfres the contraatir€ conditioff of Theorem Z
in Section 2 will be called a" ZarnflzscL opemtor. Tbe class of Zamfrrescu ope-
rators is onc of the moat studied class€s of quasi-Do[expansive t]?e operators.
In this class of mappings, all importarlt fixed point iteration procedures, i.e.,
Picard [22], Mann [15j and Ishikawa [17] iteratioDs, are known to mnverge to
the unique 6xed poiat of ?.

Earder and Hicks [11] htroduced a concept of stability for fixed point
iteratioD procedures and prov€d that, in a complete Eet.ic space setting, thc
Picaxd iteration is stable with respect to the class of ZaBfucscu operators. The
sa"me authors proved that, in a linear normed spaa€, certain Mann iterations
are stable with lespcct to ary Zamfuescu operator.

Floades [20, Thoorem 31] completed the previous results, shov,ring that
the Ishikdwa, iteretion co[verges to the fixed poi]xt of and is stable with respeEt
to a Zamfrrescu operator.

So6e of the convergetrc€ resul* ln lf6l and [17] wcrc vcry rccenUy ex-
tended from uniformly convex to axbitrary Bara4h spacgs, by simultaneously
weakening ihe assumptions on the s€quence {o,} which is hloh€d in the
definition of Mann and Isbilawa fixed point iteratioss, see [5], [4.

Starting from the fsct that Picard iteratioo, Ma,nn ite!6tioo, Ishikawa it-
eration and, in particular, KBsnoselskij itentioB can be used to appro{imate
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fixed points of Zamfrrescu operators, the first author has shown in {4] that Pi
card iteration converges laster than Mann iteration for this class of mappings,
as snggested by some previous empirical shldies reported in [1]. Very receltly,
Babu and Vara Prashad [23] e€tablished that Ma.nn iteratiotr is faster than
Ishikawa iteration in the sarne class of Zamflrcscu operatols.

Rece tly the fust arthor [8] used a contra.ctivc condition that is satisfied
itr particular by any Zanrirescu operator, in order to obtain turther general
izations of Zamfirescu's fixed point theorem.

Using the main idea of proving Za.rnfirescu's fixed point theorem in [1] , rr'c
also introduccd in [6] a morc gencral conbradive condition that also includes
Zamfirescu's cotrditions, amongst other importa-nf mntractir,€ t ?e conditions,
and obtained very general constructive fixed pojnt theorerls. These rcsults
w€re then exte[ded to weak g]cotrtractions in [2]- A comparison of our weak
contractive condition to other importarf contractiv€ cotrditions in met cal
[.(ed poitrt th€ory wa,s presented in [3].

Motivated by such a rich literature conc€rlung Zanfirescu operators, the
prcsent paper airis to survey somc of thc most important r€€ent results on
that topic.

The next sc'ction presents son1e basic results in metrical fixed point the-
ory, includiflg the stateDetrt of Za.nrfrrescu's flxed point theorem, whjle the
subs€queBt sectioffi axe delgted to some extensions of it.

2. PRDLIMINARIES

Banach's classical contra.cJion principle is onc of the most 1]s€Si results
in flj(ed point theory, see for example [21]. In a metdc space setting it car] be
briefly stated a,s follows.

]'IIEoREM D. Let (X,rl) be a complete metric space and,T: X n X dn
a-conharction, i.e., e map sati.sfying

d\Ta,Ty) ! ad(x,y)

for all x,g e X , wherc 0 3 a < 1 is constant. Thetu T has a unxque fred point
p and. the Piulrd. itemtion {cn}flo defrned bU

{2.1)

12.2) h+ r :  Ton ,  n :0 ,1 ,2 , . . . ,

conueryes to p, for atu! r.o e X.
Theorern B ha,s many applications in solving nonlinear equatio4, but

sufe$ ftom one drawback the contrective conditioa (2.1) forces ? to be
continuous on X. Kannan [13] obtained in 1968 a trxed point theorem which
extends Thcorem B to mapphgs that ncled not be continuous, by considering
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instead of (2.1) the mnditiotr: ther€ exists 6 € {0, }) such that

(2.3) d('IqTy) < bld(s,I:x) + d(y,T]|ill
for all r,g € X.

Following Kaorun's theorcm, a lot of papels were dcvoted to obtaining
fixed point theorems for va ous classes of co4tractive type mnditions which
do not require the coDtiDuity of?, see for example I21l and references therein.
One of them, satually a sort of dual of Kannan's fixed point theorem, due to
Chatterjea I9], is bused on a condition similsr to (2.3): there exists c € [0, ;)
such that
(2.4)
fo ra l l r , y€X

It is know!, s€e Rhosdes [18], that (2.r) and (2.3), (2.1) and (2-4), (2.3)
and (2.4), r€pcttiveh axe independent contractive cooditiors.

Zaltrfilescu I22] obtained in 1972 a i€ly iuter€6ting 6xed point tbeorem,
by coEbiring in an ing€nious way the three irdependeut conditions (2.1), (2.3)
and (2.4).

TIEoREM Z. Let (X,d) be a complete melnc space andT : X + X a
map Jor which theft erist the rcal numbers a,b and, c setisfving 0 < a < I,
0i6,c<| slLch that lor each pair x:,A inX, at leost one ol the lollouitLg iB

(a) d,(Ta,Ty) 3 ad,(a,y)i
(22) tt(rx,Ts) < bLd@,ra) + d( ,T l;
(23) dQ'z,Ty) ! cld(a,r + d.(u,Tr)).

Then T has o uniqne faed point p and tlg Picard itetutio[ I,j"Ifa d,efiiled, b!
rn11 :T rn ,  n  =  0 ,1 ,2 , , , ,

conuerges to p, lor arv ao e X.
Remarka. 1) One of the most geuera.l contractioE conditions for which

the (uoique) fixed point can be approJ<i4ated by mcans of Picard iteration
ha.s b€en obtained by Cidc [10] in 1974: there exists 0 S h < 1 such that
(2.s) dQz,'ry) j  h.max {d@, y), d(x,Tx), d(y,Ts), d.(z,Ty),d(s,.Ir)\
for d1 r,A e X.

2) A mappiag satisfying (2.5) is comnonly ceJ-leiJ Eu*si cotthwction.
It is obviors that eari of conditions (2.1), (2.3), (2.4\ a l (zr) (4)

implies (2.5). It is also krown, s€e [18], that any qussi contractiotr with 0 <
i < l/2 is a Zamnrcscu oDeraior.

d(TqT!) < c[d(r,T + a(s, ro)]



Vdile Bsinde &d Midilina Beride

Actually, as shown \ R.hoades [18], Zamfre€cu's contractive conditions
are eqi\ralent to the followilg Cidc type contmctive conditiotr: there exists
0< l l ,< l such tha t

d(Tr,Ty) ! h. max {d(c,s),[d(z,trx) + d(y,Ty)l/  2,

ld(o,'r + d(s,r'r)l/2\
for all 6,9 € X.

For the sake of completeness, we conclude this s€ction with the defnitioDs
of Picard, Krasrcs€lskij, Mann and Ishilcawa iteration procedues.

Let E be a trormed litrear spa4e atrd ?: .E + -a a given operator, Let
oo € E be arbitrary a.nd {o"} C 10,11 a sequence or rea.l rumbcrs. The se
quence {o"}f;=a c E defined by

(2.6) q,+1= (l  - dtu)rt + dnTtn, tu=0,1,2,.. .

)s called the Menn iter&tion or Mann itemtNue prccedurc (cf. [15]).
The sequence {2"}po c .D defined by

r2 .7 \  I  
r ' - r :  ( l  - o " ) t "+d " l a " '  n -0 ' 12 "

l u " ' - ( I  0 ) t "+  0 .T2 " ,  n  - 0 ' 1 ' 2 , . . . .

where {o,} and {B"} a.re sequences of positive numbers in [0,1], and so €
E axbitraxy, is called the Ishikaua iterction ot Ishiknuo i,tentti e pmcedutv
(cr It2]).

Remark. For qn: ) (co!sta.d), iteration (2.6) rcduces to the so caled
Kmsnoselsbij itemtion, cf. [14], while for d" = 1lve obtar lhe Picard i,tetution
(2.2) or mcthod of successive apprcximations, gs it is commonly kncm'n, cl [1].
Obviously, for f, = 0, Ishikawa iteration (2.7) reduces to Ma.trn iteration (2.6).

3. PICARD ITERATION

We start this section by pre€eEting a proof of Za.rnfirescu's fixed point
theorem (Theorem Z), adapted afier [1].

We frst 6x r,gr € X. At least one of (21), (22) or (zs) is true. If (22)
holrls, then

d(I'x,'Is) ! Pld.(x,Tx) + d(s,Tv)l <
3 P{d.(E ,Tx) + ld,(y, t) + d.@ ,T r) + d('I r ,Ty)l} .

So

I  A)  d ( r .Tu)  3  28dQ. ' r r \  +  Ad?,y \ .
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which yields
' R  A

(3.r) d(I-x,'rs) ! ,-\ d.(x,?'r) + T' - d(x, .
t - P  ! - P

If (23) holds, then we sioilarly get

(3.2) ,4
d.(Tr,Tu) S ;= d(x,Tx, + - d(", .r -7  r  ' y

Thercfore, detuting ,:^*{",fr,*\, ':
we bave 0 S d < .1. Then, for all2.9 € X, the inequality
(3.3)
holds. ln a similar manrer we obl,ain
(3.4) d(Tq1:s) !z6.t1(t,Ty) +5.d(a,g)
for all o,g e X, It folo s from (3.3) thai card Fl. < 1. We will show that ?
has a unr'que ffxed poitrt. t€t r0 € X be arbitrary and {c"}f;=o, with

'  x " :T -so ,  a  -  0 ,1 ,2 , . . .
be the Pica,rd iteration aisociated {'ith ?.

II r ,= xn, A :: tn-r are two successir€ apgo<imations,

(3.5) d@",,.yn") 15.d,(t",t"-).
Hence {c"}pq is a Cauchy sequence, thus a cotrvergent sequeoce, too,,

Let l'* € X be its limit. Io paxticular, we have

Jjgd('tr+i,o"): 0.

By tbe triangle rule and (3.4) we have
. tl(x',,Tt') < d(xtiz"a) + d(Ta",Tr*.) !

< d(x*,c^av) + 6 d,(ca,q) +26d(a.,Trn\,
wbich, by let l,iug n , m, yields

. d(t' ,Taa) = O e c* :'Pi*

and therefore

for eaah ,o € X.
- t ' f  : l l '  I  a I Io  t : -+x  ln4c . ) l

D
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rBemortr. It is a simple ta.sk to obtain by (3.5) the a pnori aj|.d. a postertori
error estimates for the Picaxd iteratiotr associated with a, Za.mfirescu opera,tor,
that is,

(3.6)

(3.7)

d( r . ,x - )  3  {6  01"o, ' r1 ,  n :0 ,1,2, . . . ,

d . (z* , r . )  !  t 'u  o{"^ , " .  1) ,  n  =0,1,2, . . .

4. MANN AND ISHIKAWA ITER-{TION PROCEDURES

l€t -a be a Banarh Bpa,ce a,Bd 7 : -E - -& all operator for which there
exist 0 < d < 1 atrd I > 0 such that
(4.1)  l l rx-ry l l36.) l r -u l l+L.J l r - , IEl l
for a,ll r, V € .E.

It is knol,Tr that the opemto$ satisfying (4.1) ne€d not hale a fixed point
but, if F(") - {c e E I T r = r} + z, th.et F(?) is a sinsleton.

Condition (4.1) is in fa.t condition (3.4), firlflled by any Za,mfirescu
operator.

All axguments h proviag Theorem Z do work if we consider, itrstead
of ZaBfrescu opemtols, all opera.to$ that have at least onc fixed point and
satisry (4.r).

TEEoREM 1 ([8]). Let E be o nomnil li,near space, K a closeiL conuex
subset of E, and T : K + K an opemtor uith F(T) + a safisfui.ng (4.1).

La {a.)irJ be the Ishikaua itemti.on defined, by (2.7) and. oo € K, arbi-
horg, uhere {a"} and {B^} arc sequences in l0,ll with {&.} soti,sfuiw

(i) t"" = o".
n=0

Then {x^} comtergcs strcngla to the nique fioed point ol T.
Assuming that the trormed linea,r space E in Theorern 1 is a Banach

space and ? a Za,mfirescu operator, we get the Baln result ia [5], while by
tsking B" : 0 fu Theorem 1 atrd assnming that ? is a Zamfuescu operator,
we obtain the main rcsult i$ 14:

CoRoLLARy l, Let E be o,n arbi,tmry Bo,nadz s1nce, K a closed. conues
s"ubset oJ E, and,T : K + K r' Zetnf,lescu openttor. Let {x"}flo be the Mann
itemtion d,efined, by (2.6) and zn e K, bhere {a"} and {8"} arc sequences ot
pniti,ue nunben itu 10,11 uith {a"} sat;slvtng (l). Then {r"}f;o anoerges
stmnglV to the uniE e fued point oJ T.
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-BernorLs- 1) Since both Kanna['s and Cbatte{ea's contractile conditjons
do imply the Zainirescu conditions, ftom Theorem 1 we obtaitr a corresponding
convergenc€ theolema for the Ishilawa iteration in these classes of oDerators.

2) Other i-olporta.Dt r€sults, arEoDgst rhem those due ro B.E. Rhoades
[16, 11, are special cases of Thmrem 1.

Wc conclude this sectiotr by ststing two re$ults, the first one taken ftom
ou paper [4], regardiag thc compadson of Picsxd and Mann iteretions in the
class of Zamfirescu operators, atrd the second one ftom Babu and Va.ra prssha.d
[23], which both basically show that, to efficiently approximate fixed points of
Zanirescu operatorc, oue should always use picard iterstion-

THEoREM 2- Let E be an crbitlry Bdnach sPnce, K a closeil conlrer
subset of E, andT : K + K a Zamfresat opentor. Let {y*}}s be the Mann
itemtion defined, by (2.6) and. y6 6 K, with {a"} c IO,II se;tisfuing (i). Then
{y.}fs conuerges shonglg to the frtd point oJ T and,-morciter,- til nnra
iLemhon lrnITD defuvn by (2.3) Bid to t K conuerges lf,sler than Ihe Mafln
iterction.

The previous result was !€ry recenrly exlended by Babu and Vara prasbad
{231 for the Marn and Ishikawa ilerative procedures. Thcir result is given by

'rHEoREM 3 (1231)- Let E be on arbitmry Banoch sgace, K o clased
anu* stbset o! E, and T : K - K a Zamfrscv opetutot. Let {Vn}f;atu.,tlrc Mann iteratiol defnd, W Q. ann go e K, arLd tet {r"}Z; b; th;
Ishikaua itention definen bs Q.7) and z:6 e K, with {d_} c iO,i1"iiur1yt"s(i). ?hen {c"}pq and {y"}_?_o conoerge shongLy to the unigue'faed poiit
oI T and, moreouer, lhe Mann itetution conuetges Joster than the Ishikauo,
ite,ftttion to the frred point oJT.

The concept of ratc of convelgence used in t heorens 2 aDd 3 is that
considered in [1] and [4]. Let {un}Eo and {u"}fl. be two fixed point iteration
procedures that convergc to the salle fixed poitrt p ald satisfy, respectiveiy,

(4.2)

a-nd

(4.3)

l lt+ - pll 3 o-, n : 0,1,2,...

l lu"  -  p l l  <  6" ,  n :  0 ,1 ,2, .  .  .  ,

where {anJf;-o a.nd {bn }fle are rwo sequences of posirive numbers (coNcrgjng
ro zero). If {a" ff; o con!€rges faster rhan {6"}f o, rhen we say that {u_}f;_ogiven by (4.2) @n pryes lostcr to p tba.n {r.,"Jf;_n given by (4.3).
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5. WEAK CONTRACTIONS

Let (X,d) bc a metdc space. A Eap 7: X + X is cdleA u@h conha,c-
,toz [6], if there exist a constant d € 10,1) and some I 2 0 such that
(5.1) d(Tx,:tg) ! 6.d,(z,yl + Ld.(s,1'c)
fot all a,g e X. By the symmetry of the distance, any *eak co[traction must
satisfo the dual condition
(5.2) d(Tz,Ty) 16.d.(z,s) + L.d(a,Ty)
for all o,g € X, obtained from (5.1) by formatly rcplaciag d(Tr,:Iy) eLn.d,
d(e,y) by d(Tg,Ta) and d(9, o), respectircly, and then interchanSiry r a.nd I.

It i6 easy to s€€ that any Zamfrescu mapping is a weat contractioo. As
we already mentioned, ary quasi contra.tion with 0 < h < 1/2 is a wea.k
cotrhaation, t,oo.

We state herc the maiq results in I3], i.e., Theorco 4 (an sd8tcrc€ theo-
rem) and l'heorem 5 (a.n exist€Ne and uniqueness theorem). Their main merit
is that th€y extetrd both Theorem B and Theorem Z to the la.rger class of wca.k
contractions, in thc spirit of Th€orem B, that is, ir such a way that they ofer
a metbod for approximating the fixed point, for which both a p ori ard a
posteriorl estimates are available.

THEoREM 4. IEt (X,d) be a bfitplete metri. spce atd T : X - X o
watk cotutntctiofl. men

1.) F(T): {a e x :Tx = x} * s;
2) lor any xs € X, the Pi,cltrd itemtion {r"}lo giuen by (2.2) conterges

to sone x' € F(Tli
3) estirnates (3.6) ad (3.7) hold, wherc 6 i.s the @nstant oepearing

in  (5 .1 ) .

As we hale shown in [6], a v/es.k contractiol oeed not hare a unique fixed
point- The simplest example to illustlat€ this is T : [0, r] - l0,ll,'h = x,
c € [0, 1].

It is however poesible to force the uniqu€n€ss of the fixed point of a weal<
contraation, by imposing an additiotral coltractive condition, quite similar to
(5.1), as shom by the trext rcsult.

TIIEoREM 5. Let (X,d) be d complete metric sparn and T : X + X a
ueak @ntft,ction lor uhich therc crist 0 e (0,1) and some Lt 2 0 such that
(5.3) d(T x,I'y) 3 e . d@, u) + L1 - d(x,Tr)
lor oll t, y t- X. Then

l) T has a unique fzed, point, i,.e., F(T) = {t'};
2) the Picad itetatiorr {z"lrEo conaerges to x' , for ang cs e X;
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the a priori aniL a posleriori, ennr estinLates (3.6) and (3.2) hold;
the rate of conuergerL.e of the Picrlrd itetution is gi1)en bU

d , ( t " , r ' )  !  0  d , ( x " -1 ,  x+ ) ,  n :1 ,2 , . . .

It is easy to see that Theorem Z is a special case of Theorem 5, since any
Za,mirescu operator do€6 satisfy conditioff (5.1) and (5.3), which axe aatualy
conditions (3.4) and (3.3), respectivelv.

Starting ftom the fact that g,.contra'ction,3 are natural g€lers]izatiol6 of
stiict contractioDs, see 121], we furthermore extended in [2] the results giveo in
16l, ftom weak contractions to the more geaersl clsss of $/eak g,-contr6,ctions.

6. CONCLUSIONS

Thc class of Zamfrescu operato$ js a 1ery important subcla.ss of quasi
trons<pansive meppings (" : ,A' + K is qrasi-nonexpansive if ? has at least one
fixed poht and, for a:ry flxed poirot p, the inequality llfe - pll J llr - pll holds
for any :' € K). This is due to the fa€t that the class of quasi-notrexDa_nsive
operators is independeDt of l-he class o[ trotrexparsive operarors, atso very
importart ia metdcal fixed point theory. Indeed, if we consider X : lR and
T I X 4 X, Tt:0, f  z e (-oo,2l and ?c : - ' ,  i f  r  > 2, then (i) 

" 
i6

trot contimous; (ii) 
" 

firlfills (2.3) (x'ith o: 5) and hence it is a Za,mfrescu
mapping: ( i i ;)  ? is Dor, Dooexpa-nsivc, since lT2-7;l  - i  t  l :  lZ l lIn this paper we were only iD!€resled jn presenting tbe -oei receot de-
velopments axound Za.mflrcscu's fxed point th€orcm, in order to illustlate its
main fealures- Other important results, as for exastple those regaxding the
stability of Picard ard Menn itcrations with resp€ct to a Zafirflrcscu oDerator
IIll, s€re Dot included h this paper. For more details and resuJrs, and also
for a comprehcnsi!€ bibJiography, see our recent moDograph [1].

Starting ftom the properties of a Zamfirescu operator v,e obtai[ed otre
of the most general classes of contractit€ mappitr$ for vrhich the fixed points
can by approcimated by mea-ns of Picaxd iteration, i.e., the class of weak
contrartiv€ mappings.

Indeed, the $eat majority of the met cal contractive conditions know:r
in literatu:re (see [18]) wbich invoh.e in the right-hand side the displacemeDts

d(t , y) , d@,'Ix), d(E ,'ry) , d.(c,Ty), d.(s ,.h)
with nonnegative coeffi cients

a(c, s), b(2, s), c(c, s) ,  d.(x, y), e(x, y),
respectively, are cornmonly based on a restrictive a.ssumption of the kind

0 3 a(x,y) + b@,s\ + c(r, y) + d(t,y) + e(r,!) < r,

3)
4)
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while olll conditioD (5.1) does not require d + -L be le6s than 1, thu6 providing
a large class of contnrtive type mappings.

Iat us also metrtiotr that iD R-hoad6' classification of the main contractive
condiiions [18], in a list that comprises 25 cotrtra.tive conditions, which are
basically ordcred with rcspect to their generality, BanAch's cortm,ction condi-
tion is nuEbered (1), Ka:rna.n condition is numbered (4), while Zamfrescu'E
contra.til€ condition is numbered (19) and Ciric'8 cotrtracti€ conditiotr is
mrmbered fZ)-
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