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Introduction

The main topic of this thesis is concerned with cyclic type operators, both single-
valued and multivalued, by considering several classical metrical contraction conditions.
From the multitude of such conditions existing in the literature dedicated to fixed point
theory, we will present some of them:

(i) (Banach, 1922) there exists a number a ∈ [0, 1), such that, for all x, y ∈ X,

d(Tx, Ty) ≤ ad(x, y);

(ii) (Kannan, 1968) there exists a number a ∈ [0, 1/2), such that, for all x, y ∈ X,

d(Tx, Ty) ≤ a[d(x, Tx) + d(y, Ty)];

(iii) (Chatterjea, 1972) there exist a number b ∈ [0, 1/2), such that, for all x, y ∈ X,

d(Tx, Ty) ≤ b[d(x, Ty) + d(y, Tx)];

(iv) (Zamfirescu, 1972) there exist the real numbers a, b and c satisfying

0 ≤ a < 1, 0 ≤ b <
1
2 and 0 ≤ c <

1
2;

such that, for each x, y ∈ X at least one of the following is true:
(z1) d(Tx, Ty) ≤ ad(x, y);
(z2) d(Tx, Ty) ≤ b[d(x, Tx) + d(y, Ty)];
(z3) d(Tx, Ty) ≤ c[d(x, Ty) + d(y, Tx)].

(v) (Bianchini, 1972) there exists a number h ∈ [0, 1), such that, for all x, y ∈ X,

d(Tx, Ty) ≤ hmax{d(x, Tx), d(y, Ty)};

for all x, y ∈ X.
(vi) (Reich, 1971; Rus, 1971) there exist some real constants a, b ∈ R+ with a+2b < 1

such that:
d(Tx, Ty) ≤ ad(x, y) + b[d(x, Tx) + d(y, Ty)],

for all x, y ∈ X.
(vii) (Hardy-Rogers, 1973) there exist some real constants a, b, c, e, f ∈ R+ with a +

b+ c+ e+ f < 1, such that:

d(Tx, Ty) ≤ ad(x, Tx) + bd(y, Ty) + cd(x, Ty) + ed(y, Tx) + fd(x, y).
iv



for all x, y ∈ X.
(viii) (Berinde, 2004) there exist two constants δ ∈ [0, 1) and L ≥ 0 such that

d(Tx, Ty) ≤ δd(x, y) + Ld(y, Tx),

for all x, y ∈ X, where T is an operator defined on a metric space (X, d) into
itself.

Let us consider two nonempty subsets A and B ofX. An operator T : A∪B → A∪B
is called a 2-cyclic contraction(see [70]) if

(i) T (A) ⊆ B and T (B) ⊆ A;
(ii) d(Tx, Ty) ≤ kd(x, y), for all x ∈ A and y ∈ B, where k ∈ [0, 1).

The concept of 2-cyclic contraction has been introduced by W.A. Kirk, P.S. Srini-
vasan and P. Veeramani [70] in 2003, and afterwards studied by some authors [1, 7,
47, 48, 49, 65, 67, 82, 83, 109, 111, 51, 66, 8, 113]. Our material study cen-
ters around these contractive-type conditions when the contractive assumptions are
restricted to pairs x ∈ A, y ∈ B, and has been organized in four chapters.

In [47] a more abstract formulation of 2-cyclic contraction was considered by re-
placing (ii) with the following contractive condition:

d(Tx, Ty) ≤ kd(x, y) + (1− k)D(A,B),

where D(A,B) = inf{d(x, y)|x ∈ A, y ∈ B}, and in this case the problem is not to seek
for the existence of a fixed point, but for the existence of a point called best proximity
point x ∈ A, that is a point satisfying:

d(x, Tx) = D(A,B).

If D(A,B) = 0 then from the above contraction condition we obtain (2). Moreover,
d(x, Tx) = 0, i.e., x is a fixed point of T , situated in the intersection set, A∩B. These
results are useful when the fixed point equation

Tx = x,

does not necessarily possess a solution.
I am conscious off all the imperfections of this work and shall welcome any com-

ments, remarks, suggestions and additional bibliographical references coming from the
readers.
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CHAPTER 1

Preliminaries

In this chapter we present some basic notions, like the concepts of metric and
normed spaces, Banach space, concepts regarding comparison functions, the notion
of fixed point structure accompanied by appropriate examples. The fourth section
is dedicated to some concepts regarding functionals defined on P (X), like the gap
function between two sets, the excess functional of a set over another set, the generalized
Pompeiu-Hausdorff functional with some properties.

The sectionOperators and basic fixed point theorems presents some classical contrac-
tive-type operators. Among them, one can find Banach contraction, Kannan opera-
tors, Chatterjea operators, Zamfirescu operators, Bianchini operators, Reich-Rus op-
erators, Hardy-Rogers operators, Ćirić, ϕ-contraction, almost-contraction, with their
corresponding fixed point theorems.

The basic notion used in the construction of this thesis, namely cyclic operator,
is presented accompanied by some fixed point theorems given by W.A. Kirk, P.S.
Srinivasan and P. Veeramani in [70].

Author’s original contributions in this chapter are: Examples 1.5.3, 1.5.5 and 1.6.3.
Among the notions and results included in the first chapter we mention the basic

notion used in the construction of this thesis is that of cyclic operator.
Let p ∈ N, p ≥ 2.

Definition 1.6.1. Let {Ai}p
i=1 be nonempty closed subsets of a metric space (X, d).

An operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is called a cyclic operator if the following condition is
satisfied:

(1.1) T (Ai) ⊆ Ai+1, for all i ∈ {1, 2, . . . , p}(whereAp+1 = A1).

In particular, for p = 2 we have the following condition for a cyclic operator:

(1.2) T (A) ⊆ B and T (B) ⊆ A.

Because the role played by the class of cyclic operators in the architecture of the
present thesis is an important one, this section will present a brief survey of those fixed
point results regarding them.
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Fixed point theorems for cyclical operators
The first moment in the evolution of fixed point theory for cyclic operators is marked

by the paper [70] of W.A. Kirk, P.S. Srinivasan and P. Veeramani, which deals with
this type of cyclic operators by considering contractive assumptions restricted to pairs
(x, y) ∈ Ai×Ai+1. Their theorems illustrate the methodology to obtain other extension
of Banach’s Theorem, which is the main aim of this thesis. This is the reason of the
presence of the proofs for some of the following results.

First W.A. Kirk, P.S. Srinivasan and P. Veeramani [70] considered the following
extension of Banach’s theorem, for two sets:

Theorem 1.6.1.([70]) Let A and B be two non-empty closed subsets of a complete
metric space X, and suppose T : X → X satisfies (1.2) and

(1.3) d(Tx, Ty) ≤ kd(x, y), for all x ∈ A, y ∈ B,

where k ∈ (0, 1). Then T has a unique fixed point in A ∩B.

An interesting feature about the above observation is that continuity of T is no
longer needed. Also it is possible to reformulate this result as a common fixed point
theorem for two mappings.

Corollary 1.6.1.([70]) Let A and B be two non-empty closed subsets of a complete
metric space (X, d). Let f : A→ B and g : B → A be two functions such that

(1.4) d(f(x), g(y)) ≤ kd(x, y), for all x ∈ A and y ∈ B,

where k ∈ (0, 1). Then there exists a unique x0 ∈ A ∩B such that

f(x0) = g(x0) = x0.

Obviously the reasoning in Theorem 1.6.1 can be extended to a collection of finite
sets.

Theorem 1.6.2.([70]) Let {Ai}p
i=1 be nonempty closed subsets of a complete metric

space, and suppose T :
p⋃

i=1
Ai →

p⋃
i=1

Ai satisfies (1.1) and the following one (where
Ap+1 = Ap):

(1.5) d(Tx, Ty) ≤ kd(x, y), for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

where k ∈ (0, 1). Then T has a unique fixed point.

In [70] Edelstein’s result in [46], Geraghty’s result in [52], the well known Boyd-
Wong result in [35] and Caristi’s theorem in [60] were similarly extended. Suggested
by these considerations, in [109] the following concept was introduced.
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Definition 1.6.2.([109]) Let X be a nonempty set, T : X → X an operator. By
definition, X =

p⋃
i=1

Ai is a cyclic representation of X with respect to T if

(i) Ai, i = 1, p, are nonempty sets;
(ii) T (A1) ⊂ A2, . . . , T (Ap−1) ⊂ Ap, T (Ap) ⊂ A1.

Example 1.6.3. Let A1 := {2n : n ∈ N} and A2 := {2n−1 : n ∈ N∗} and an operator
defined by

Tx = 3x+ 1, for all x ∈ A1 ∪ A2.

Then N = A1 ∪ A2 is a cyclic representation of N with respect to T .

Regarding the concept of cyclic representations I.A. Rus in [109] gave two lemmas:
Lemma 2.1.2 and 2.1.3.

Among the results obtained for cyclic operators we mention the following one:

Theorem 1.6.7.([91]) Let (X, d) be a complete metric space, A1, A2, . . . , Ap ∈ Pcl(X),
Y =

p⋃
i=1

Ai, ϕ : R+ → R+ a (c)-comparison function and T : Y → Y an operator.

Assume that
p⋃

i=1
Ai is a cyclic representation of Y with respect to T and T is a cyclic

ϕ-contraction, i.e., it satisfies

d(Tx, Ty) ≤ ϕ(d(x, y)) for all x ∈ Ai, y ∈ Ai+1.

Then

(i) T has a unique fixed point x∗ ∈
p⋂

i=1
Ai and the Picard sequence {T nx} converges

to x∗ for any starting point x ∈ Y ;
(ii) the following estimates hold:

d(T nx, x∗) ≤ s(ϕn(d(x, Tx))), n ≥ 1;

d(T nx, x∗) ≤ s(ϕn(d(T nx, T n+1x))), n ≥ 1;

(iii) for any x ∈ Y :
d(x, x∗) ≤ s(d(x, Tx))

where s : R+ → R+ is given by

s(t) =
∞∑

k=0
ϕk(t).

Best proximity point theorems for cyclical operators
As one can notice, in the previous theorems, for a cyclic operator, if a fixed point

exists then it is located in the intersection of the sets, therefore the intersection set is
non-empty. A. Anthony Eldred and P. Veeramani, in [47], considered the case when

3



the intersection of the sets is empty. In this case they seek not for the existence of a
fixed point but for the existence of a best proximity point, as is defined below.

Definition 1.6.3. Let A and B be two nonempty subsets of a metric space (X, d) and
T : A∪B → A∪B an operator. A point x ∈ A∪B is called a best proximity point if

d(x, Tx) = D(A,B),

where

D(A,B) = inf{d(a, b) : a ∈ A, b ∈ B}.

A. Anthony Eldred and P. Veeramani in [47], considered the contractive condition
from Theorem 1.6.1, and with respect to this condition it was defined the following
operator:

Definition 1.6.4. [47] Let A and B be two nonempty subsets of a metric space (X, d).
An operator T : A ∪ B → A ∪ B is called a cyclic contraction operator if it is cyclic
operator and for some k ∈ (0, 1) T satisfies

d(Tx, Ty) ≤ kd(x, y) + (1− k)D(A,B), for all x ∈ A, y ∈ B.

For this operator, in [47], was given some existence and convergence result, which
form an algorithm to find a best proximity point for an operator in the settings of a
uniformly convex Banach space. This algorithm will be used in Chapter 4 to obtain
similar results for other cyclic operators. For this reason we will present here the
algorithm from [47], used for cyclic contraction operators.

Proposition 1.6.1. ([47])Let A and B be nonempty subsets of a metric space X.
Suppose T : A ∪ B → A ∪ B is a cyclic contraction operator. Then starting with any
x0 ∈ A ∪B we have

d(T nx, T n+1x)→ D(A,B), n = 0, 1, 2, . . . .

Proposition 1.6.2. ([47]) Let A and B be nonempty closed subsets of a complete
metric space X. Let T : A ∪ B → A ∪ B be a cyclic contraction operator, let x0 ∈ A
and define xn+1 = Txn. Suppose {x2n} has a convergent subsequence in A. Then there
exists x ∈ A such that d(x, Tx) = D(A,B).

4



Lemma 1.6.1. ([47]) Let A be a nonempty closed subset and B be a nonempty closed
subset of a uniformly convex Banach space. Let {xn} and {zn} be sequences in A and
{yn} be a sequence in B satisfying:
(i) ‖zn − yn‖ → D(A,B);
(ii) for every ε > 0 there exists N0 such that for all m > n ≥ N0,

‖xm − yn‖ ≤ D(A,B) + ε.

Then, for every ε > 0 there exists N1 such that for all m > n ≥ N1,

‖xm − zn‖ ≤ ε.

Lemma 1.6.2. ([47]) Let A be a nonempty closed and convex subset and B be
nonempty closed subset of a uniformly convex Banach space. Let {xn} and {zn} be
sequences in A and {yn} be a sequence in B satisfying:
(i) ‖xn − yn‖ → D(A,B),
(ii) ‖zn − yn‖ → D(A,B).
Then ‖xn − zn‖ converges to zero.

Theorem 1.6.8. ([47])Let A and B be nonempty closed convex subsets of a uniformly
convex Banach space. Suppose T : A∪B → A∪B is a cyclic contraction map, then there
exists a unique best proximity point x ∈ A. Further, if x0 ∈ A and xn+1 = Txn, n ≥ 0,
then {x2n} converges to the best proximity point.

This chapter is developed on the following books/ papers: [4, 5, 6, 16, 22, 24,
25, 26, 30, 31, 32, 33, 34, 35, 36, 37, 40, 42, 43, 45, 46, 47, 50, 52, 53, 54, 55,
56, 57, 58, 60, 63, 64, 68, 69, 70, 74, 76, 79, 80, 84, 85, 86, 88, 91, 92, 93,
95, 97, 98, 101, 102, 104, 105, 106, 108, 109, 110, 125, 129, 130, 131, 132].

5



CHAPTER 2

Fixed Point Theorems for Cyclical Contractive
Operators

In this chapter we will consider extensions of some of classical metrical fixed point
theorems due to Banach, Kannan, Chatterjea, Zamfirescu, Bianchini, Hardy-Rogers,
Reich-Rus, Ćirić and many others by considering cyclical operators and by restricting
the contractive conditions. For some of this results both a priori and a posteriori error
estimates are available. It is possible for part of the proofs to use convergence theorems
given by P.D. Proinov in [84, 85, 86], but for the sake of simplicity we prefer to use
the technique of the classical proof of the Banach Contraction Mapping Principle. We
also provide very interesting examples in support of our results.

This chapter starts with the proof of a technical lemma, which will be constant
used in the proof of the new results presented in this chapter. In each section first we
shall introduce the corresponding cyclic operator, and for some of this operators we
will present fixed point theorems with a priori and a posteriori error estimates and the
rate of convergence. Very interesting examples usually accompany the new results.

A fixed point of an operator usually corresponds to a solution of a certain equation.
Some equations have more than one solution. This reason suggested to consider op-
erators with a non-unique fixed point. Ćirić considered several contractive conditions
which assures the existence of the fixed point. We present some of this conditions in
the eighth section of this chapter, by considering cyclic operators.

We also present in this chapter some applications of fixed point structures in the
study of cyclic operators. Using a fixed point lemma, given by I.A. Rus, in [109], we
can prove some fixed point results from the previous sections.

It is very natural to use some of the cyclic fixed point theorems to obtain common
fixed point results. But, this is possible only if in the right side of the contractive con-
dition we have a function which depends only on the distance d(x, y). Two applications
of common fixed point theorems close the section Common Fixed Point of Contractive
Type Operators.

Author’s original contributions in this chapter are: Definitions 2.1.1, 2.3.1-2.3.4,
2.4.1, 2.5.1, 2.6.1, 2.6.2, 2.7.1, 2.7.3, 2.7.4, Examples 2.2.1, 2.2.2, 2.3.1, 2.3.2, 2.3.3,
2.9.4-2.9.8, Lemma 2.1.1, Corollaries 2.10.1, 2.10.2, Theorems 2.2.1, 2.3.1, 2.3.2, 2.3.3,
2.4.1, 2.5.1-2.5.4, 2.6.1, 2.6.2, 2.7.1, 2.7.3, 2.7.4, 2.8.1-2.8.4, 2.11.2.
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1. Fixed Point Lemmas

Definition 2.1.1. Let {Ai}p
i=1 be nonempty closed subsets of a metric space (X, d).

An operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is called cyclic graphic contraction if it is a cyclic
operator, i.e., satisfies (1.1), and there exists k ∈ [0, 1) such that

(2.6) d(Tx, T 2x) ≤ kd(x, Tx),

for all x ∈
p⋃

i=1
Ai.

The following lemma is very simple but useful in the proof of the results presented
in this chapter.

Lemma 2.1.1. (Petric [125, 124]) Let {Ai}p
i=1 be nonempty closed subsets of a com-

plete metric space (X, d). If T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is a cyclic graphic contraction, with
the constant k ∈ [0, 1), then:
(i) d(T nx, T n+1x) ≤ knd(x, Tx), for all n = 0, 1, 2, . . ..
(ii) For each x ∈

p⋃
i=1

Ai the Picard iteration defined by

(2.7) xn+1 = Txn, n = 0, 1, 2 . . .

converges to a point x∗ ∈
p⋂

i=1
Ai.

(iii)
p⋂

i=1
Ai 6= ∅.

Lemma 2.1.2. ([109]) Let (X,S(X),M) be a fixed point structureon an L-space (X,→
). Let A1, A2, . . . , Ap ∈ Pcl(X), Y =

p⋃
i=1

Ai and T : Y → Y . We suppose that

(i) Y is a cyclic representation of Y with respect to T ;
(ii) there exists x ∈ Y such that {T nx} converges;
(iii) if A =

p⋂
i=1

Ai, then A ∈ S(X) and T |A ∈M(A).

Then T has at least one fixed point.

Lemma 2.1.3. ([109]) Let (X,S(X),M) be a fixed point structureon an L-space (X,→
). Let A1, A2, . . . , Ap ∈ Pcl(X), Y =

p⋃
i=1

Ai and T : Y → Y . We suppose that

(i) Y is a cyclic representation of Y with respect to T ;
(ii) at least Ai ∈ S(X);
(iii) g, h ∈⇒ g ◦ h ∈M .
Then Tm has at least one fixed point.

2. Banach Contraction Principle for Cyclical Operators

First, we take up the question, if we can complete Theorem 1.6.2 with some error
estimates, to obtain a similar formulation as Banach’s Contraction Mapping Principle.
The answer at this question can be found in the following theorem.
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Theorem 2.2.1. (Petric-Zlatanov [128]) Let all the assumptions in Theorem 1 be
satisfied, with the constant a ∈ [0, 1). Then

(i) T has a unique fixed point x∗ in
p⋂

i=1
Ai;

(ii) The Picard iteration {xn}n≥0 defined by (2.7) converges to x∗, for any x0 ∈
p⋃

i=1
Ai;

(iii) The following a priori and a posteriori error estimates

(2.8) d(xn, x
∗) ≤ an

1− ad(x0, x1), n = 0, 1, 2, . . .

(2.9) d(xn, x
∗) ≤ a

1− ad(xn−1, xn), n = 1, 2, . . .

hold;
(iv) The rate of convergence of Picard iteration is given by

(2.10) d(xn, x
∗) ≤ ad(xn−1, x

∗), n = 1, 2, . . .

Example 2.2.1. (Petric-Zlatanov [128]) Consider the space C[0, 1] endowed with the
metric

d(f, g) = max
x∈[0,1]

|f(x)− g(x)|.

Define the subsets of C[0, 1]:

A1 =
{

n∑
k=1

αkx2k, αk ≥ 0,
n∑

k=1
αk ≤ 1, n ∈ N

}

A2 =
{

n∑
k=1

βkx2k−1, βk ≥ 0,
n∑

k=1
βk ≤ 1, n ∈ N

}
.

By definition the sets A1 and A2 are closed and bounded subsets in C[0, 1]. Define the
map T : C[0, 1]→ C[0, 1] by

Tf = 1
2

∫ x

0
f(t)dt.

We will show that the map T satisfies the conditions of Theorem 2.2.1. Let f ∈ A1.
We need to show that Tf is in A2.

Case I. Let f(x) = ∑n
k=1 αkx

2k, αk ≥ 0, ∑n
k=1 αk ≤ 1. Then

Tf = 1
2

∫ x

0
f(t)dt = 1

2

∫ x

0

n∑
k=1

αkt
2k =

n∑
k=1

αk

2(2k + 1)x
2k+1 ∈ A2,

because
n∑

k=1

αk

2(2k + 1) ≤ 1.

Case II. There exists a sequence fn(x) =
pn∑

k=1
α

(n)
k x2k, α(n)

k ≥ 0,
n∑

k=1
α

(n)
k ≤ 1, which

is uniformly convergent to f . By the uniform convergence of {fn}∞n=1 we have that

lim
n→∞

1
2

∫ x

0
fn(t)dt = 1

2

∫ x

0
f(t)dt.
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By Case I we have
1
2

∫ x

0
fn(t)dt =

pn∑
k=1

β
(n)
k x2k+1 = gn ∈ A2,

where βk = αk

2(2k + 1). By the uniform convergence of the sequence {fn}∞n=1 we have
that for every ε > 0 there exists N ∈ N, such that for every n,m ≥ N holds

max
x∈[0,1]

|fn(x)− fm(x)| < ε.

Then it is easy to see that

max
x∈[0,1]

|gn(x)− gm(x)| = max
x∈[0,1]

∣∣∣∣∣
pn∑

k=1
β

(n)
k x2k+1 −

pm∑
k=1

k(m)x2k+1
∣∣∣∣∣

≤ 1
2 max

x∈[0,1]

∣∣∣∣∣
pn∑

k=1
α

(n)
k x2k −

pm∑
k=1

k(m)x2k

∣∣∣∣∣
= 1

2 max
x∈[0,1]

|fn(x)− fm(x)| < ε,

which ensures that {gn}∞n=1 is a Cauchy sequence in A2. Therefore there exists g ∈ A2,
such that limn→∞ gn = g and thus 1

2
∫ x

0 f(t)dt = g ∈ A2.

The proof that T : A2 ⊆ A1 is similar. It is well known that T is a contraction.
The constant zero is a fixed point of the map T and 0 ∈ A1 ∩ A2.

Let us mention that the sets A1 and A2 consists not only of polynomial functions.
For example 1

4e
x2 ∈ A1. Indeed

1
4e

x2 = lim
n→∞

(
1
4 +

n∑
k=1

x2k

4.k!

)
.

Thus the function 1
8

∫ x

0
ex2 is in A2.

Example 2.2.2. (Petric-Zlatanov [128]) Consider the sets:

A = [0, 1]
⋃( ∞⋃

n=1

[ −1
22n−1 ,

−1
22n

])
, B = [−1, 0]

⋃( ∞⋃
n=1

[ 1
22n

,
1

22n−1

])
.

Define the map Tx = x
4 . Then T satisfies the conditions of Theorem 2.2.1. It is easy

to see that

T

( ∞⋃
n=1

[ −1
22n−1 ,

−1
22n

])
⊆
( ∞⋃

n=1

[ 1
22n

,
1

22n−1

])
and

T

( ∞⋃
n=1

[ 1
22n

,
1

22n−1

])
⊆
( ∞⋃

n=1

[ −1
22n−1 ,

−1
22n

])
and 0 is the fixed point of T . The interior of the intersection A ∩ B is not an empty
set, but the fixed point of T is not in the interior of A ∩B.

For any x0 ∈ A∩B, xn = Txn−1 ∈ A∩B and for any x0 6∈ A∩B xn = Txn−1 6∈ A∩B.
9



3. Cyclical Quasi-Nonexpansive Operators

A generalization of a nonexpansive operator, with at least one fixed point, is that
of the quasi nonexpansive operators. This class of quasi-nonexpansive operators is
strongly connected to the Newton’s iterative method, see [10, 11, 12, 13, 14, 15, 17,
18, 19, 20, 21, 27, 28, 29, 89, 90, 43].

Obviously, for a cyclic quasi-nonexpansive operator, we have the following defini-
tion:

Definition 2.3.1. Let {Ai}p
i=1 be nonempty closed subsets of a metric space X. An

operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is said to be cyclical qausi-nonexpansive if

(i) T is a cyclic operator, i.e., satisfies (1.1);
(ii) T has at least one fixed point in

p⋂
i=1

Ai;

(iii) for each fixed point x∗ ∈
p⋂

i=1
Ai, we have

(2.11) d(Tx, x∗) ≤ d(x, x∗), for all x ∈
p⋃

i=1
Ai.

In this section we will present three examples of cyclic quasi-nonexpansive opera-
tors.

3.1. Cyclical Kannan’s operators

In [26] was proved that the class of Kannan operators is included in the class of
quasi-nonexpansive operators. Let us define a cyclic Kannan operator:

Definition 2.3.2. Let {Ai}p
i=1 be nonempty closed subsets of a metric space X. An

cyclic operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is said to be cyclical Kannan operator if there exists
a ∈ [0, 1/2) such that

(2.12) d(Tx, Ty) ≤ a
[
d(x, Tx) + d(y, Ty)

]
, for all x ∈ Ai, y ∈ Ai+1, for 1 ≤ i ≤ p.

Regarding this definition M.A. Petric and B.G. Zlatanov, in [128], proved the
following theorem.

Theorem 2.3.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

X and suppose T :
p⋃

i=1
Ai →

p⋃
i=1

Ai, is a cyclical Kannan operator with a ∈ [0, 1/2).
Then

(i) T has a unique fixed point x∗ in
p⋂

i=1
Ai.

(ii) The Picard iteration {xn}n≥0 given by (2.7) converges to x∗ for any starting point
x0 ∈

p⋃
i=1

Ai;

10



(iii) The following estimates hold

(2.13) d(xn, x
∗) ≤ λn

1− λd(x0, x1), n = 0, 1, 2 . . .

(2.14) d(xn, x
∗) ≤ λ

1− λd(xn−1, xn), n = 1, 2 . . .

where λ = a

1− a .
(iv) The rate of convergence of Picard iteration is given by

(2.15) d(xn, x
∗) ≤ λd(xn−1, x

∗), n = 1, 2, . . .

where λ = a

1− a .

It is a simple exercise to show that any cyclic Kannan operator with constant
a ∈

[
0, 1

2

)
is a cyclic quasi-nonexpansive operator.

Example 2.3.1. (Petric-Zlatanov [128]) Consider the function:

f(x) =


−1/3|x sin 1

x
|, x ∈ (0, π],

1/3|x sin 1
x
|, x ∈ [−π, 0),
0, x = 0.

Obviously f : [0, π]→ [−π, 0] and f : [−π, 0]→ [0, π].
It is easy to see that for x ∈ [0, π] and y ∈ [−π, 0] holds

|f(x)− f(y)| =
∣∣∣∣∣13 |x sin 1

x
|+ 1

3 |y sin 1
y
|
∣∣∣∣∣ ≤ 1

3(|x|+ |y|)

≤ 1
3

(∣∣∣∣−1
3 |x sin 1

x
| − x

∣∣∣∣+
∣∣∣∣∣13 |y sin 1

y
| − y

∣∣∣∣∣
)

= 1
3(|f(x)− x|+ |f(y)− y|).

If y ∈ [0, π] and x ∈ [−π, 0] it is proved similarly that

|f(x)− f(y)| ≤ 1
3(|f(x)− x|+ |f(y)− y|).

So f satisfies all the conditions of Theorem 2.3.1 and thus it has a fixed point which is
the intersection of the sets [0, π] and [−π, 0].

It is interesting in this example that there is no a constant a > 0 such that

|f(x)− f(y)| ≤ a|x− y|.

Indeed if we take
xn = 1

2nπ + 1
n

and
yn = 1

2nπ
11



then we have
lim

n→∞

|f(xn)− f(yn)|
|xn − yn|

= lim
n→∞

2nπ sin(1/n)
3/n = +∞

and therefore there is no a > 0 so that |f(xn)− f(yn)| ≤ a|xn − yn|.

Example 2.3.2. (Petric-Zlatanov [128]) Consider the map T : `2 → `2 defined by

T ({xk}) =


{−1/3|xk sin(1/xk)|}∞k=1, xk ≥ 0, k ∈ N
{1/3|xk sin(1/xk)|}∞k=1, xk ≤ 0, k ∈ N

{0}∞k=1, xk = 0, k ∈ N.

Consider the sets
A1 = {{xk}k=1 :

∞∑
k=1

x2
k ≤ 1, xk ≥ 0}

and
A2 = {{xk}k=1 :

∞∑
k=1

x2
k ≤ 1, xk ≤ 0}.

Obviously T : A1 → A2 and T : A2 → A1. It is easy to show, similarly to Example
2.3.1, that for x = {xk}∞k=1 and y = {yk}∞k=1 ∈ A2 holds

‖Tx− Ty‖ ≤ 1
3(‖Tx− x‖+ ‖Ty − y‖).

So T satisfies all the conditions of Theorem 2.3.1 and thus it has a fixed point which
is the intersection of the sets A1 and A2.

Example 2.3.3. (Petric-Zlatanov [128]) Consider the sets:

A1 = {0} ∪ {1/n}∞n=1 ∪
{−1

2n

}∞
n=1

and
A2 = {0} ∪ {−1/n}∞n=1 ∪

{ 1
2n− 1

}∞
n=1

.

Define the map

Tx =


− x

x+ 4 , x ∈ A1

−x4 , x ∈ A2

It is easily to be checked that T (A1) ⊆ A2 and T (A2) ⊆ A1.
For any x ∈ A1 and any y ∈ A2 we have the chain of inequalities

|Tx− Ty| =
∣∣∣∣ x

x+ 4 −
y

4

∣∣∣∣ ≤ 1
4(|x|+ |y|) ≤ 1

4

(
|x|
∣∣∣∣1 + 1

x+ 4

∣∣∣∣+ |y| ∣∣∣∣1 + 1
4

∣∣∣∣)

= 1
4

(∣∣∣∣ −xx+ 4 − x
∣∣∣∣+ ∣∣∣∣−y4 − y

∣∣∣∣) = 1
4(|Tx− x|+ |Ty − y|).

So T satisfies all the conditions of Theorem 2.3.1 and thus it has a fixed point
x∗ = 0 ∈ A1 ∩ A2. It is interesting in this example that the intersection of A1 and A2

is with empty interior and that if we start from an arbitrary point x0 6∈ A1 ∩ A2 then
for any n ∈ N the Picard iteration xn = Txn−1 6∈ A1 ∩ A2.
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3.2. Cyclical Chatterjea operators

Another example of cyclic quasi-nonexpansive operators consists in the cyclic Chat-
terjea operators.

Definition 2.3.3. Let {Ai}p
i=1 be nonempty closed subsets of a metric space X. An

cyclic operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is said to be cyclical Chatterjea operator if there
exists b ∈ [0, 1/2) such that

(2.16) d(Tx, Ty) ≤ b
[
d(x, Ty) + d(y, Tx)

]
, for all x ∈ Ai, y ∈ Ai+1, for 1 ≤ i ≤ p.

In the following we will prove the existence of a unique fixed point, located in the
intersection of the sets, for cyclic Chatterjea operators. The next result is included in
the paper [125], by M.A. Petric.

Theorem 2.3.2. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space,

and suppose T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is a cyclical Chatterjea operator. Then T has a unique

fixed point in
p⋂

i=1
Ai.

If T is a cyclic Chatterjea operator, then taking in (2.16) y := p we obtain that T
is a cyclic quasi-nonexpansive operator.

The fixed point result due to Chatterjea [36] can be obtained by taking Ai = Aj

for all i, j in the above theorem.

Example 2.3.4. ([88]) Let X = [0, 1] with the usual norm and A = B = [0, 1] be two
closed sets. Define T : [0, 1]→ [0, 1] by

Tx =


1
5 , x ∈

[
0, 8

15

)
1
3 , x ∈

[
8
15 , 1

]
Then T is a Chatterjea operator with constant c = 2

5, and the fixed point 1
5 ∈ A ∩B.

3.3. Cyclical Zamfirescu 0perators

Now, as we have done before, we will begin this section with the definition of a
cyclic Zamfirescu operator.

Definition 2.3.4. Let {Ai}p
i=1 be nonempty closed subsets of a metric space X. An

cyclic operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is said to be cyclical Zamfirescu operator if there
exists the real numbers a ∈ [0, 1), b ∈ [0, 1

2) and c ∈ [0, 1
2) such that for each pair

(x, y) ∈ Ai × Ai+1, for 1 ≤ i ≤ p, at least one of the following is true:
(z1) d(Tx, Ty) ≤ ad(x, y);
(z2) d(Tx, Ty) ≤ b

[
d(x, Tx) + d(y, Ty)

]
;

(z3) d(Tx, Ty) ≤ c
[
d(x, Ty) + d(y, Tx)

]
.
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Using the same technique, we will prove the following result, included in the original
paper Petric-Zlatanov [128].

Theorem 2.3.3. Let A1, A2, . . . , Ap, Ap+1 = A1 be nonempty closed subsets of a com-
plete metric space X and suppose T :

p⋃
i=1

Ai →
p⋃

i=1
Ai is a cyclical Zamfirescu operator.

Then

(i) T has a unique fixed point x∗ in
p⋂

i=1
Ai.

(ii) The Picard iteration {xn}n≥0 given by (2.7) converges to x∗ for any starting point
x0 ∈

p⋃
i=1

Ai;
(iii) The following estimates hold

(2.17) d(xn, x
∗) ≤ λn

1− λd(x0, x1), n = 0, 1, 2 . . .

(2.18) d(xn, x
∗) ≤ λ

1− λd(xn−1, xn), n = 0, 1, 2 . . .

(iv) The rate of convergence of Picard iteration is given by

(2.19) d(xn, x
∗) ≤ λd(xn−1, x

∗), n = 1, 2, . . .

where λ = max
{
a,

b

1− b,
c

1− c
}
.

It is easy to check that if T is cyclic Zamfirescu operator then T is also o cyclic
quasi-nonexpansive operator.

4. Cyclical Bianchini Operators

The preceding ideas lead us also to an analogous extension of Bianchini’s fixed
point theorem [33], which is included in Petric [125]. It is natural to define the cyclic
Bianchini operator.

Definition 2.4.1. Let {Ai}p
i=1 be nonempty closed subsets of a metric space X. An

cyclic operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is said to be cyclical Bianchini operator if there
exists h ∈ [0, 1) such that

(2.20) d(Tx, Ty) ≤ hmax{d(x, Tx), d(y, Ty)}, for all x ∈ Ai, y ∈ Ai+1, for 1 ≤ i ≤ p.

For this type of operators we have the following existence and uniqueness result of
a fixed point.

Theorem 2.4.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space,

and suppose T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is a cyclical Bianchini operator. Then T has a unique

fixed point in
p⋂

i=1
Ai.
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5. Cyclical Reich-Rus Type Operators

In a similar manner to the previous results in this chapter the theorems established
in the following are included in our paper Petric [124]. First we considered the cyclic
version of Reich-Rus operators and secondly, we study the existence and uniqueness
for some generalizations of this contractive type operator.

5.1. Cyclic Reich-Rus operators

Let us consider the following class of cyclic contractive-type operators.

Definition 2.5.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete space X. An

cyclic operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is said to be cyclical Reich-Rus operator if there
there exist the constants a, b ∈ R+ with a+ 2b < 1 such that

(2.21) d(Tx, Ty) ≤ ad(x, y) + b
[
d(x, Tx) + d(y, Ty)

]
,

for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p.

We extend the fixed point theorems of S.Reich [93] and I.A. Rus [102] by imposing
the cyclic condition (1.1) to the operator.

Theorem 2.5.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and suppose T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is a cyclic Reich-Rus operator. Then T has a

unique fixed point in
p⋂

i=1
Ai.

Let us mention that in the case (2.21) is replaced by the condition

d(Tx, Ty) ≤ ad(x, y) + bd(x, Tx) + cd(y, Ty),

with a, b, c ∈ R+, a + b + c < 1, the corresponding fixed point result can by found in
the original paper Petric [125].

As condition (2.21) is obtained from (1.5) by adding the extra term from (2.12), it
is a very natural question of whether another contractive conditions of the same type
can be considered.

5.2. Generalized Reich-Rus operators

In this section we shall study some contractive conditions of Reich-Rus type.
First time we consider a contractive condition formed by adding to (1.5) an extra

term from (2.16). We have the following result.

Theorem 2.5.2. Let (X, d) be a complete metric space and {Ai}p
i=1 be nonempty closed

subsets of X. Suppose that a mapping T :
p⋃

i=1
Ai →

p⋃
i=1

Ai satisfies the conditions (1.1)
and there exist two constants a, b ∈ R+ with a+ 2b < 1 such that

(2.22) d(Tx, Ty) ≤ ad(x, y) + b
[
d(x, Ty) + d(y, Tx)

]
,
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for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p. Then T has a unique fixed point in
p⋂

i=1
Ai.

In the following we shall follow the mentioned steps by considering a contractive
condition formed by adding to (1.5) an extra term from (2.20), establishing the fixed
point theorem:

Theorem 2.5.3. Let (X, d) be a complete metric space and {Ai}p
i=1 be nonempty closed

subsets of X. Suppose that an operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai satisfies the conditions (1.1)
and there exist two constants a, b ∈ R+ with a+ b < 1 such that

(2.23) d(Tx, Ty) ≤ ad(x, y) + bmax{d(x, Tx), d(y, Ty)},

for each x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p. Then T has a unique fixed point in
p⋂

i=1
Ai.

In a similar way we can build a contractive condition using one similar with Bian-
chini but of Chatterjea’s type:

Theorem 2.5.4. Let (X, d) be a complete metric space and {Ai}p
i=1 be nonempty closed

subsets of X. Suppose that a mapping T :
p⋃

i=1
Ai →

p⋃
i=1

Ai satisfies the conditions (1.1)
and there exist two constants a, b ∈ R+ with a+ 2b < 1 such that

(2.24) d(Tx, Ty) ≤ ad(x, y) + bmax{d(x, Ty), d(y, Tx)},

for each x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p. Then T has a unique fixed point in
p⋂

i=1
Ai.

The condition (2.24) appears in Rhoades’s classification [97].

6. Cyclical Hardy-Rogers Operators

We proceed to obtain a more general fixed point result for the class of cyclical
operators.

Definition 2.6.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete space X. An

cyclic operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is said to be cyclical Hardy-Rogers operator if there
there exist the constants a, b, c, e, f ∈ R+ with a+ b+ c+ e+ f < 1 such that

(2.25) d(Tx, Ty) ≤ ad(x, Tx) + bd(y, Ty) + cd(x, Ty) + ed(y, Tx) + fd(x, y),

for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p.

Theorem 2.6.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and suppose T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is a cyclic Hardy-Rogers operator. Then T has

a unique fixed point in
p⋂

i=1
Ai.

Now we will investigate a class of generalized contractions introduced by Lj. B
Ćirić in [40].
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Definition 2.6.2. Let {Ai}p
i=1 be nonempty closed subsets of a complete space X. An

cyclic operator T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is said to be cyclic Ćirić generalized contraction if
for every x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p there exist nonnegative numbers q, r, s and t

which may depend on both x and y, such that

sup{q + r + s+ 2t : x, y ∈ X} < 1

and

(2.26) d(Tx, Ty) ≤ qd(x, y) + rd(x, Tx) + sd(y, Ty) + t[d(x, Ty) + d(y, Tx)].

Now, in the same manner, we are in position to prove the next extension of the
above result, from the original paper [125].

Theorem 2.6.2. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and suppose T :
p⋃

i=1
Ai →

p⋃
i=1

Ai is a cyclic Ćirić generalized contraction. Then

T has a unique fixed point in
p⋂

i=1
Ai.

7. Cyclical Almost ϕ-Contractions

The present section contains a similar approach of a very general class of contrac-
tions, called almost ϕ-contractions, introduced by V. Berinde in [23].

7.1. Cyclical almost contractions

In [87, 88] the following definition was introduced.

Definition 2.7.1. Let (X, d) be a metric space, A1, . . . , Ap ∈ Pcl(X), Y =
p⋃

i=1
Ai and

T : Y → Y an operator. If

(i)
p⋃

i=1
Ai is a cyclic representation of Y with respect to T ;

(ii) there exist δ ∈ [0, 1) and L ≥ 0 such that

(2.27) d(Tx, Ty) ≤ δd(x, y) + Ld(y, Tx)

for all x ∈ Ai, y ∈ Ai+1, where Ap+1 = A1,

then T is a cyclic almost contraction.

Taking into account this definition we will prove the following result which ensures
the convergence of the fixed point, which always exists, but is not necessary unique.

Theorem 2.7.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d) and T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be an cyclic almost contraction. Then

(i) T has at least one fixed point in
p⋂

i=1
Ai;
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(ii) The Picard iteration {xn}n≥0 defined by (2.7) converges to some x∗ ∈ FT , for any
starting point x0 ∈

p⋃
i=1

Ai.
(iii) The error estimates are given by

(2.28) d(xn, x
∗) ≤ δn

1− δd(x0, x1), n ≥ 0,

(2.29) d(xn, x
∗) ≤ δ

1− δd(xn−1, xn), n ≥ 1,

where δ is the constant appearing in (2.27).

As the previous theorem does not posses sufficient conditions to assure the unique-
ness of a fixed point, the following definition, gives am additional condition.

Definition 2.7.2. ([88]) Let (X, d) be a metric space, A1, . . . , Ap ∈ Pcl(X), Y =
p⋃

i=1
Ai

and T : Y → Y an operator. If

(i)
p⋃

i=1
Ai is a cyclic representation of Y with respect to T ;

(ii) T is a cyclic almost contraction with constants δ ∈ [0, 1) and L ≥ 0;
(iii) there exist δu ∈ [0, 1) and Lu ≥ 0 such that

(2.30) d(Tx, Ty) ≤ δud(x, y) + Lud(x, Tx),

for all x ∈ Ai, y ∈ Ai+1, where Ap+1 = A1,

then T is a cyclic strict almost contraction.

In view of these definition, we will present the main result of the paper [87].

Theorem 2.7.2. ([87, 88]) Let (X, d) be a complete metric space, A1, A2, . . . , Ap ∈
Pcl(X), Y =

p⋃
i=1

Ai, and T : T → Y an operator. Assume that
p⋃

i=1
Ai is a cyclic

representation of Y with respect to T and T is a cyclic strict almost contraction with
constants δ ∈ [0, 1), L ≥ 0 and δu ∈ [0, 1), Lu ≥ 0, respectively. Then

(i) T has a unique fixed point x∗ ∈
p⋂

i=1
Ai and the Picard iteration {xn} given by (2.7)

converges to x∗ for any starting point x0 ∈ Y ;
(ii) the following estimates hold:

d(xn, x
∗) ≤ δn

1− δd(x0, x1), n ≥ 1,

d(xn, x
∗) ≤ δu

1− δu

d(xn−1, xn), n ≥ 1,

(iii) for any x ∈ Y

d(x, x∗) ≤ 1
1− δu

d(x, Tx).
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7.2. Cyclical almost ϕ-contractions

Using the comparison functions and their properties, presented in Section 3 of
chapter 1, we can extend the results from the previous section, in the following way.
The concepts and results in this subsection were introduced in our paper [126].

Definition 2.7.3. Let {Ai}p
i=1 be nonempty closed subsets of a metric space (X, d)

and T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be an cyclic operator, i.e., it satisfies (1.1). If there exists ϕ a
(c)-comparison function and some L ≥ 0 such that

(2.31) d(Tx, Ty) ≤ ϕ(d(x, y)) + Ld(y, Tx), for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

then T is a cyclic ϕ-almost contraction.

Clearly, any cyclic almost contraction is cyclic almost ϕ-contraction, with ϕ(t) = δt,
t ∈ R+ and 0 < δ < 1. Theorem 2.7.1 could now be easily extended to cyclic almost
ϕ-contractions.

Theorem 2.7.3. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d) and T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be an cyclic ϕ-almost contraction. Then

(i) T has at least one fixed point in
p⋂

i=1
Ai

(ii) the Picard iteration {xn} given by (2.7) converges to some x∗ for any starting
point x0 ∈

p⋃
i=1

Ai;
(iii) the following estimates hold:

(2.32) d(xn, x
∗) ≤ s(ϕn(d(x0, x1))), n ≥ 0,

(2.33) d(xn, x
∗) ≤ s(ϕ(d(xn, xn−1))), n ≥ 1,

where s(t) =
∞∑

n=0
ϕn(t), for all t ∈ R+.

It is possible to force the uniqueness of the fixed point of a cyclic almost ϕ-
contraction, like in the case of simple almost contraction, by imposing an additional
contractive condition, quite similar to (2.30), as shows the next definition

Definition 2.7.4. Let {Ai}p
i=1 be nonempty closed subsets of a metric space (X, d)

and T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be an cyclic operator, i.e., it satisfies (1.1). If T is a cyclic
almost ϕ-contraction with ϕ a (c)-comparison function and there exists ψ a comparison
function and some L1 ≥ 0 such that

(2.34) d(Tx, Ty) ≤ ψ(d(x, y)) + L1d(x, Tx), for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p.

where Ap+1 = A1, then T is a cyclic strict almost ϕ-contraction.

Regarding this definition we have the following new result.
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Theorem 2.7.4. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d) and T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be an cyclic strict almost ϕ-contraction. Then

(i) T has at least one fixed point in
p⋂

i=1
Ai;

(ii) The Picard iteration {xn}n≥0 defined by (2.7) converges to some x∗ ∈ FT , for any
starting point xo ∈

p⋃
i=1

Ai.
(iii) The error estimates are given by (2.32) and (2.33).
(iv) The rate of the convergence is given by

d(xn, x
∗) ≤ ψ(d(xn−1, x

∗)), n ≥ 1.

8. Cyclical Operators of Ćirić Type with a Non-unique Fixed Point

A fixed point of a mapping usually corresponds to a solution of certain equation.
Some equations have more than one solution. For solving an equation, one care only
the existence of a solution and how to approximate it. The concepts and results in this
subsection were introduced in our paper [121].

In 1974 Ćirić introduced and considered the class of mappings which satisfy the
following contractive-type condition:

(2.35) min{d(Tx, Ty), d(x, Tx), d(y, Ty)} −min{d(x, Ty), d(y, Tx)} ≤ λd(x, y)

where λ ∈ [0, 1).

Remark 2.8.1. The class of almost contractions is independent of the class of Ćirić
operators satisfying (2.35). Indeed, see Example 4.3, pp 80 in [37]:

Let X = [0, 1] with the usual norm and T : [0, 1]→ [0, 1] be defined by

Tx =


x

2 , x ∈ (0, 1]

1, x = 0

T does satisfy (2.35) but does not satisfy (2.7.3), since T is fixed point free and any
almost contraction has a fixed point. This this motivates the study of Ćirić operators
satisfying (2.35).

We can also prove a corresponding results for cyclic operators which satisfy this
contractive type condition.

Theorem 2.8.1. Let (X, d) be a complete metric space and {Ai}p
i=1 be nonempty,

closed subsets of X. Let T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be an cyclical orbitally continuous mapping.
Suppose that T satisfies (2.35) for each x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p. Then

(i) T has at least one fixed point in
p⋂

i=1
Ai;

(ii) The Picard sequence {T nx} is convergent for each starting point x ∈
p⋃

i=1
Ai and

its limit is a fixed point of T ;
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(iii) The following error estimates hold

d(T nx, x∗) ≤ λn

1− λd(x, Tx), n ≥ 0.

d(T nx, x∗) ≤ λ

1− λd(T
n−1x, T nx), n > 0.

Now we will consider a contractive condition stronger then (2.35), which guarantees
the existence of a fixed point, without added condition T to be (orbitally) continuous
(see [37]).

Theorem 2.8.2. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d) and T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be a cyclical mapping satisfying:

(2.36) min{d(Tx, Ty),max{d(x, Tx), d(y, Ty)}}−min{d(x, Ty), d(y, Tx)} ≤ λd(x, y)

for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p, where λ ∈ [0, 1). Then

(i) T has at least one fixed point in
p⋂

i=1
Ai.

(ii) The Picard sequence {T nx} is convergent for each starting point x ∈
p⋃

i=1
Ai and

its limit is a fixed point of T .
(iii) The following error estimates hold

d(T nx, x∗) ≤ λn

1− λd(x, Tx),∀n ≥ 0.

d(T nx, x∗) ≤ 1
1− λd(T

n−1x, T nx),∀n > 0.

Ćirić and Jotić [41] considered a wider class of maps which still have a non-unique
fixed point. We will prove the cyclic version of this theorem.

Theorem 2.8.3. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d) and T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be a cyclical orbitally continuous mapping satisfying:

min
{

d(Tx, Ty), d(x, y), d(x, Tx), d(y, Ty), d(x, Tx)[1 + d(y, Ty)]
1 + d(x, y) ,(2.37)

d(y, Ty)[1 + d(x, Tx)]
1 + d(x, y) ,

min{d2(Tx, Ty), d2(x, Tx), d2(y, Ty)}
d(x, y)

}
− amin{d(x, Ty), d(y, Tx)} ≤ λmax{d(x, y), d(x, Tx)}

for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p, x 6= y, where a ≥ 0 and λ ∈ [0, 1). Then

(i) T has at least one fixed point in
p⋂

i=1
Ai.

(ii) The Picard sequence {T nx} is convergent for each starting point x ∈
p⋃

i=1
Ai and

its limit is a fixed point of T .
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(iii) The following error estimates hold

d(T nx, x∗) ≤ λn

1− λd(x, Tx), n ≥ 0.

d(T nx, x∗) ≤ 1
1− λd(T

n−1x, T nx), n > 0.

In [41] is considered another contractive condition, quite similar to (2.37). But in
this case the space must be T -orbitally complete, and also it is needed that T to be
orbitally continuous. We will state now the cyclic version for this result.

Theorem 2.8.4. Let {Ai}p
i=1 be nonempty closed subsets of a T -orbitally complete

metric space (X, d) and T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be a cyclical orbitally continuous mapping
satisfying:

min
{
d(Tx, Ty), d(x, y), d(x, Tx), d(y, Ty), d(y, Ty)[1 + d(x, y)]

1 + d(x, Tx)

}

(2.38) − amin{d(x, Ty), d(y, Tx)} ≤ λmax{d(x, y), d(x, Tx)}.

for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p, where a ≥ 0 and λ ∈ [0, 1). Then

(i) T has at least one fixed point in
p⋂

i=1
Ai.

(ii) The Picard sequence {T nx} is convergent for each starting point x ∈
p⋃

i=1
Ai and

its limit is a fixed point of T .
(iii) The following error estimates hold

d(T nx, x∗) ≤ λn

1− λd(x, Tx), n ≥ 0.

d(T nx, x∗) ≤ 1
1− λd(T

n−1x, T nx), n > 0.

Open Problem Almost contractions and Ćirić non-unique type conditions are
related? Find examples.

9. Applications of Fixed Point Structure Theory

We remark that using Lemma 2.1.1 and the definition of a fixed point structure we
also can prove some of the results from this chapter. Therefore those theorems can be
considered as applications of the fixed point structure theory.

10. Common Fixed Points of Contractive Type Operators

In this section we present some applications of fixed point theorems for cyclic op-
erators to common fixed point results. We will consider the case of p ≥ 2 sets.

22



Corollary 2.10.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and suppose fi : Ai → Ai+1, for 1 ≤ i ≤ p, with Ap+1 = A1, be p functions such
that:

(2.39) d(fi(x), fi+1(y)) ≤ kd(x, y), for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p

where k ∈ [0, 1). Then there exists a unique x0 ∈
p⋂

i=1
Ai such that

fi(x0) = x0, for all i ∈ {1, 2, . . . , p}.

Corollary 2.10.2. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and suppose fi : Ai → Ai+1, for 1 ≤ i ≤ p, with Ap+1 = A1, be p functions such
that:

(2.40) d(fi(x), fi+1(y)) ≤ ϕ(d(x, y)), for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p

where ϕ : R+ → R+ is a (c)-comparison function. Then there exists a unique x0 ∈
p⋂

i=1
Ai

such that
fi(x0) = x0, for all i ∈ {1, 2, . . . , p}.

11. Maia’s Fixed Point Theorem for Cyclical Operators

We end this chapter by stating fixed point theorems of Maia’s type for cyclic op-
erators. A Maia type result regarding cyclic ϕ-contractions with ϕ a (c)-comparison
function was given in [91], in the following form:

Theorem 2.11.1. ([91]) Let X be a nonempty set, d and ρ two metrics on X, p a
positive integer, A1, A2, . . . , Ap ∈ Pcl(X), Y =

p⋃
i=1

Ai and T : Y → Y an operator. We
assume that:

(i)
p⋃

i=1
Ai is a cyclic representation of Y with respect to T ;

(ii) d(x, y) ≤ ρ(x, y), for any x, y ∈ Y ;
(iii) (X, d) is a complete metric space;
(iv) T : (Y, d)→ (Y, d) is continuous;
(v) T : (Y, ρ) → (Y, ρ) is a cyclic ϕ-contraction with ϕ : R+ → R+ a (c)-comparison

function.

Then FT = {x∗} and the sequence {T nx0} converges to x∗ in (X, d), for any x0 ∈ X.

Notice that condition (v) in Theorem 2.11.1 may be replaced by one of the following
conditions:

(i) T : (Y, ρ)→ (Y, ρ) is a cyclic contraction, i.e., satisfies (1.5);
(ii) T : (Y, ρ)→ (Y, ρ) is a cyclic Kannan operator, i.e., satisfies (2.12);
(iii) T : (Y, ρ)→ (Y, ρ) is a cyclic Chatterjea operator, i.e., satisfies (2.16);
(iv) T : (Y, ρ)→ (Y, ρ) is a cyclic Zamfirescu operator;
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(v) T : (Y, ρ)→ (Y, ρ) is a cyclic Bianchini operator, i.e., satisfies (2.20);
(vi) T : (Y, ρ)→ (Y, ρ) is a cyclic Reich-rus type operator;
(vii) T : (Y, ρ)→ (Y, ρ) is a cyclic Hardy-Rogers operator, i.e., satisfies (2.25);
(viii) T : (Y, ρ)→ (Y, ρ) is a cyclic strict almost ϕ-contractions.
As it is an easy task to construct the Maia type results for this cyclic contractive-
type conditions, we will present only the one corresponding to cyclic strict almost
ϕ-contractions.

Theorem 2.11.2. Let X be a nonempty set, d and ρ two metrics on X, p a positive
integer, A1, A2, . . . , Ap ∈ Pcl(X), Y =

p⋃
i=1

Ai and T : Y → Y an operator. We assume
that:
(i)

p⋃
i=1

Ai is a cyclic representation of Y with respect to T ;
(ii) d(x, y) ≤ ρ(x, y), for any x, y ∈ Y ;
(iii) (X, d) is a complete metric space;
(iv) T : (Y, d)→ (Y, d) is continuous;
(v) T : (Y, ρ) → (Y, ρ) is a cyclic strict almost ϕ-contraction with ϕ : R+ → R+ a

(c)-comparison function, and ψ : R+ → R+ a comparison function.
Then FT = {x∗} and the sequence {T nx0} converges to x∗ in (X, d), for any x0 ∈ X.

For other Maia type results see for example [77, 78].
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CHAPTER 3

Fixed Foint and Strict Fixed Point Principles for
Multivalued Cyclic Contraction Operators

A very large and a very important branch of fixed point theory is devoted to the
fixed point theory for multivaled operators. The study of fixed point theorems for
multivalued operators has been initiated by Markin [73] and Nadler [79]. The fun-
damental result in this theory is Nadler’s theorem, publised in 1969 in [79]. Since
the pioneering works of Markin [73] and Nadled [79], an extensive literature has been
developed, consisting in many theorems which deal with fixed point for multivalued
operators, see for example [2, 3, 37, 38, 39, 44, 59, 61, 62, 71, 72, 75, 81, 94, 96,
99, 97, 103, 107, 112, 100, 114, 115].

This chapter is a natural continuation of Chapter 2, and presents fixed point the-
orems for cyclic multivalued operators. All the new results extend and generalize the
fundamental results for multivalued mappings.

The first section of this chapter presents the following abstract results: intersection,
fixed points and periodic points theorems for multivalued cyclical operators on a metric
space with cyclic representation, obtained by I.A. Rus, A. Petruşel and G. Petruşel in
[111].

The second section of this chapter is concerned with obtaining fixed point theorems
for multivaled cyclic contractions, Kannan, Chatterjea, Zamfirescu, Bianchini, Reich-
Rus operators and cyclic almost contractions. Further, we give a version of a generalized
multivalued almost contraction considered in [111]

The last section of this chapter discusses strict fixed point results for multivaled
cyclic Kannan, Bianchini and Reich-Rus operators.

Author’s original contributions in this chapter are: Theorems 3.2.1, 3.2.2, 3.2.3,
3.2.4, 3.2.5, 3.2.6, 3.2.7, 3.2.8, 3.3.1, , 3.3.2, 3.3.3.

1. Intersection, Fixed Points and Periodic Points Theorems for
Multivalued Cyclical Operators

In this section we consider the following abstract results for a multivalued operator
on a metric space with cyclic representations, included in [111].
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Theorem 3.1.1. ([111]) Let (X,→) be an L-space, T : X → P (X) a multi-valued
operator and X =

p⋃
i=1

Ai be a cyclic representation of X with respect to T . Suppose
that:
(i) Ai ∈ Pcl(X), for all i ∈ {1, 2, . . . , p};
(ii) there exists a convergent sequence {xn}, where xn ∈ X, xn+1 ∈ T (xn), for each

n ∈ N.
Then

p⋂
i=1

Ai 6= ∅.

As consequence of the above result we have the following fixed point theorem.

Theorem 3.1.2. ([111]) Let (X,S(X),M) be a fixed point structure, where (X,→)
is an L-space. Let Ai ∈ Pcl(X), for each i ∈ {1, 2, . . . , p}. Denote Y =

p⋃
i=1

Ai and
consider T : Y → P (Y ) a multi-valued operator. Suppose that:

(i)
p⋃

i=1
Ai is a cyclic representation of Y with respect to T ;

(ii) there exists a convergent sequence {xn}, where xn ∈ X, xn+1 ∈ T (xn), for each
n ∈ N;

(iii) if A =
p⋂

i=1
Ai 6= ∅ then A ∈ S(X) and T |A ∈M(A).

Then FT 6= ∅.

Some applications of the above results can be obtained by taking in Theorem 3.1.2
some particular fixed point structures.

Theorem 3.1.3. ([111]) Let (X,S(X),M) be a fixed point structure, where X is a
nonempty set. Let Ai ∈ P (X), for each i ∈ {1, 2, . . . , p}. Denote Y =

p⋃
i=1

Ai and
consider T : Y → P (Y ) a multi-valued operator. Suppose that:

(i)
p⋃

i=1
Ai is a cyclic representation of Y with respect to T ;

(ii) Ai ∈ S(X) for some i ∈ {1, 2, . . . , p};
(iii) G1, G2 ∈M implies G1 ◦G2 ∈M.
Then FT p 6= ∅.

2. Fixed Point Principles for Multivalued Cyclical Operators

Starting from the background of the previous chapters, the main aim of this section
is to extend the classical concepts of contractive type operators from the single-valued
case to multivalued case. In this way we shall obtain general fixed point theorems that
extend, improve and unify a multitude of corresponding results in literature dedicated
to fixed point theory, for both single-valued and multivalued operators. To prove the
new results in this section we shall need the properties of functional on P (X) presented
in the first chapter of this thesis.

All the results from this section will be considered in our paper Petric [122].
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2.1. A fixed point theorem for multivalued cyclical contraction
operators

We consider the extension of Nadler’s theorem to multivalued cyclic operators.

Theorem 3.2.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let

T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic contraction, i.e., it satisfies

T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and

(3.41) H(Tx, Ty) ≤ kd(x, y), for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

where k ∈ (0, 1). Then there exists a sequence of successive approximations of T
starting from x0 ∈

p⋃
i=1

Ai which converges to a fixed point x∗ ∈ Tx∗ ⊆
p⋂

i=1
Ai.

2.2. A fixed point theorem for multivalued cyclical Kannan operators

Theorem 3.2.2. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Kannan operator, i.e., it

satisfies
T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and

(3.42) H(Tx, Ty) ≤ a[D(x, Tx) +D(y, Ty)], for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

where a ∈ (0, 1
2). Then there exists a sequence of successive approximations of T

starting from x0 ∈
p⋃

i=1
Ai which converges to a fixed point x∗ ∈ Tx∗ ⊆

p⋂
i=1

Ai.

2.3. A fixed point theorem for multivalued cyclical Chatterjea
operators

Theorem 3.2.3. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Chatterjea operator, i.e.,

it satisfies
T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and

(3.43) H(Tx, Ty) ≤ b[D(x, Ty) +D(y, Tx)], for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

where b ∈ (0, 1
2). Then there exists a sequence of successive approximations of T starting

from x0 ∈
p⋃

i=1
Ai which converges to a fixed point x∗ ∈ Tx∗ ⊆

p⋂
i=1

Ai.
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2.4. A fixed point theorem for multivalued cyclical Zamfirescu
operators

Theorem 3.2.4. Let A1, A2, . . . , Ap, Ap+1 = A1 be nonempty closed subsets of a com-
plete metric space X and T :

p⋃
i=1

Ai → P
( p⋃

i=1
Ai

)
be a multivalued cyclic Zamfirescu

operator, i.e., it satisfies

T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and there exists exist the real numbers
a ∈ (0, 1), b ∈ (0, 1

2) and c ∈ (0, 1
2) such that for each pair (x, y) ∈ Ai × Ai+1, for

1 ≤ i ≤ p, at least one of the following is true:

(z1) H(Tx, Ty) ≤ ad(x, y);
(z2) H(Tx, Ty) ≤ b

[
D(x, Tx) +D(y, Ty)

]
;

(z3) H(Tx, Ty) ≤ c
[
D(x, Ty) +D(y, Tx)

]
.

Then there exists a sequence of successive approximations of T starting from x0 ∈
p⋃

i=1
Ai

which converges to a fixed point x∗ ∈ Tx∗ ⊆
p⋂

i=1
Ai.

2.5. A fixed point theorem for multivalued cyclical Bianchini operators

Theorem 3.2.5. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Bianchini mappings, i.e.,

it satisfies

T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and

(3.44) H(Tx, Ty) ≤ hmax{D(x, Tx), D(y, Ty)}, for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

where h ∈ (0, 1). Then there exists a sequence of successive approximations of T
starting from x0 ∈

p⋃
i=1

Ai which converges to a fixed point x∗ ∈ Tx∗ ⊆
p⋂

i=1
Ai.

2.6. A fixed point theorem for multivalued cyclical Reich-Rus operators

Theorem 3.2.6. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Reich-Rus operators, i.e.,

it satisfies

T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and

(3.45)
H(Tx, Ty) ≤ ad(x, y) + b[D(x, Tx) +D(y, Ty)], for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

28



where a, b ∈ R+ with a+ 2b < 1. Then there exists a sequence of successive approxima-
tions of T starting from x0 ∈

p⋃
i=1

Ai which converges to a fixed point x∗ ∈ Tx∗ ⊆
p⋂

i=1
Ai.

2.7. A fixed point theorem for multivalued cyclical almost contractions

In this section the concept of almost contraction from the both single valued and
multivalued case is extended to multivalued cyclic almost contraction and the corre-
sponding convergence theorem for the Picard iteration associated to multivalued cyclic
almost contraction are obtained.

Theorem 3.2.7. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic almost contraction or a

multivalued (φ, L)-almost contraction, i.e., it satisfies

T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and there exist two constants φ ∈ (0, 1) and
L ≥ 0 such that

(3.46) H(Tx, Ty) ≤ φd(x, y) + LD(y, Tx), for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p.

Then there exists a sequence of successive approximations of T starting from x0 ∈
p⋃

i=1
Ai

that converges to a fixed point x∗ ∈ Tx∗ ⊆
p⋂

i=1
Ai, for which the following estimates hold:

(3.47) d(xn, x
∗) ≤ αn

1− αd(x0, x1), n ≥ 0,

(3.48) d(xn, x
∗) ≤ α

1− αd(xn−1, xn), n ≥ 1,

for a certain constant α < 1.

Remark 3.2.1. Due to the symmetry of the metrics d and H, in order to check that
T is a multivalued cyclic almost contraction we have also to check the dual of (3.46),
that is to check that T verifies:

H(Tx, Ty) ≤ φd(x, y) + LD(x, Ty).

Remark 3.2.2. By taking Ai = Aj, for all i, j in Theorem 3.2.7 we can obtain Theorem
3 in M Berinde and V. Berinde [9]. This contractive condition introduced by V. Berinde
is really very general because it doesn’t ask φ+L be less than 1, as happens in almost
all fixed point theorems based on contractive conditions that involve one or more of
the displacements:

d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx).
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Example 3.2.1. ([79]) Let {Ai}p
i=1 be nonempty closed subsets of a complete metric

space (X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic α-contraction,

with α ∈ (0, 1). Then T is a multivalued cyclic almost contraction. Nadler’s fixed
point theorem can be obtained by taking .

Example 3.2.2. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Kannan operator. Then

T is a multivalued cyclic almost contraction.

Example 3.2.3. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Chatterjea operator.

Then T is a multivalued cyclic almost contraction.

Example 3.2.4. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Zamfirescu operator.

Then T is a multivalued cyclic almost contraction.

Example 3.2.5. ([94, 95, 96]) Let {Ai}p
i=1 be nonempty closed subsets of a complete

metric space (X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Reich

operator for which there exist a, b, c ∈ R+, a+ b+ c < 1 such that

H(Tx, Ty) ≤ ad(x, y) + bD(x, Tx) + cD(y, Ty),

for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p. Then T is a multivalued cyclic almost contraction.

2.8. A fixed point theorem for generalized multivalued cyclical almost
contractions

One can extend all results in this section by considering various generalizations of
Nadled’s fixed point theorem, see M Berinde and V. Berinde [9] and references therein,
by considering by considering instead of the term φd(x, y) in (3.46) the expression

k
(
d(x, y)

)
d(x, y), where k : [0,∞)→ [0, 1)

is a function satisfying certain conditions.
We will present the cyclic version of Theorem 4 in [9].

Theorem 3.2.8. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a generalize multivalued cyclic (α,L)-almost

contraction, i.e.,
T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and there exists a function α : [0,∞)→ [0, 1)
satisfying

lim sup
r→t+

α(r) < 1, for every t ∈ [0,∞),
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such that
(3.49)

H(Tx, Ty) ≤ α
(
d(x, y)

)
d(x, y) + LD(y, Tx), for all x ∈ Ai, y ∈ Ai+1, i ≤ i ≤ p,

Then T has at least one fixed point.

3. Strict Fixed Point Principles for Multivalued Cyclical Operators

The following results are included in the original paper [123].

3.1. A strict fixed point theorem for multivalued cyclical Kannan
operators

Theorem 3.3.1. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Kannan operator, i.e. it

satisfies
T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and

(3.50) δ(Tx, Ty) ≤ a[δ(x, Tx) + δ(y, Ty)], for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

where a ∈ (0, 1/2). Then

(i) T has a unique strict fixed point in
p⋂

i=1
Ai;

(ii) there exists a sequence of successive approximations of T starting from x0 ∈
p⋃

i=1
Ai

which converges to a fixed point x∗ ∈ Tx∗ ⊆
p⋂

i=1
Ai;

(iii) for all n ≥ 0 we have the following a priori estimate

(3.51) d(xn, x
∗) ≤ αn

1− αd(x0, x1),

where α := aq

1− a , with arbitrary q < 1− a
1 .

3.2. A strict fixed point theorem for multivalued cyclical Bianchini
operators

Theorem 3.3.2. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued cyclic Bianchini operator, i.e.,

it satisfies
T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and

(3.52) δ(Tx, Ty) ≤ hmax{δ(x, Tx), δ(y, Ty)}, for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

where h ∈ (0, 1). Then
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(i) T has a unique strict fixed point in
p⋂

i=1
Ai;

(ii) there exists a sequence of successive approximations of T starting from x0 ∈
p⋃

i=1
Ai

which converges to a fixed point x∗ ∈ Tx∗ ⊆
p⋂

i=1
Ai;

(iii) for all n ≥ 0 we have the following a priori estimate

(3.53) d(xn, x
∗) ≤ αn

1− αd(x0, x1),

where α := h

q
, with arbitrary h < q < 1.

3.3. A strict fixed point theorem for multivalued cyclical Reich-Rus
operators

Theorem 3.3.3. Let {Ai}p
i=1 be nonempty closed subsets of a complete metric space

(X, d), and let T :
p⋃

i=1
Ai → P

( p⋃
i=1

Ai

)
be a multivalued Reich-Rus operator, i.e., it

satisfies
T (Ai) ⊆ Ai+1,

for all i ∈ {1, 2, . . . , p}, where Ap+1 = A1, and

(3.54) δ(Tx, Ty) ≤ ad(x, y)+b[δ(x, Tx)+δ(y, Ty)], for all x ∈ Ai, y ∈ Ai+1, 1 ≤ i ≤ p,

where a, b, c ∈ R+, with a+ b+ c < 1. Then

(i) T has a unique strict fixed point in
p⋂

i=1
Ai;

(ii) there exists a sequence of successive approximations of T starting from x0 ∈
p⋃

i=1
Ai

which converges to a fixed point x∗ ∈ Tx∗ ⊆
p⋂

i=1
Ai;

(iii) for all n ≥ 0 we have the following a priori estimate

(3.55) d(xn, x
∗) ≤ αn

1− αd(x0, x1),

where α := aq + b

q(1− c) , with arbitrary q < 1− a− c
1− b .
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CHAPTER 4

Best Proximity Points for Cyclical Contractive
Operators

The main aim of this chapter is to obtain existence and convergence results for best
proximity points considering different contractive type conditions. Kirk, Srinivasan
and Veeramani in [70], introduced the notion of contractions under cyclic conditions.
Actually in this case the problem is solved under the hypothesis that the intersection
of the sets involved in the cyclic contraction is nonempty, that is A∩B 6= ∅. Moreover,
the fixed points are situated in the intersection set. In the case A∩B = ∅, it is natural
to try to find an approximative solution for the fixed point problem, that is a best
proximity point.

In this chapter we will extend further Theorem 1.6.1, using the technique in [47],
by considering certain contractive conditions. The fixed point theorems are usually
proven by using the fact that the geometric series

∞∑
n=0

qn is convergent for q ∈ [0, 1).
The A. A. Eldred and P. Veeramani technique does not use the geometric series.

The best proximity point theorems are obtained in the framework of a uniformly
convex Banach space, and the contractive condition imposed to the operator is weak-
ened. Basically, we are speaking about weak cyclic Kannan contractions, weak cyclic
Chatterjea contractions, weak Bianchini contractions and weak cyclic Reich-Rus con-
tractions. In notion of weak cyclic Kannan contraction was generalized to weak p-cyclic
Kannan contraction. In this case it was proved that the distance between two adjacent
sets are equal.

Let us mention that almost all the papers concerned with best proximity points
for cyclic operators present results for operators with nonexpansivity property, see for
example [65, 67, 7, 1, 116, 48, 49].

Author’s original contributions in this chapter are: Definitions 4.2.1, 4.3.1, 4.4.1
and 4.5.1, Examples 4.1.1, 4.2.1 and 4.2.2, Lemmas 4.1.1 and 4.2.1, Remarks 4.1.1,
4.2.1, 4.3.1, 4.4.1 and 4.5.1, Theorems 4.2.1, 4.2.2, 4.2.3, 4.3.1, 4.3.2, 4.4.1, 4.4.2, 4.5.1
and 4.5.2.

1. Preliminaries

In [47] A. Antony Eldred and P.Veeramani extended Theorem 1.6.1 to the case
when A∩B = ∅, and in this case they didn’t asked for the existence of a fixed point of
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T but for the existence of a best proximity point, that is, a point x in A ∪B such that

d(x, Tx) = D(A,B).

where

D(A,B) = inf{‖x− y‖ : x ∈ A, y ∈ B}.

Let us mention that an operator is said to be nonexpansive if

d(Tx, Ty) ≤ d(x, y), for all x, y ∈ X.

Example 4.1.1. Let X = [0, 1] with the usual norm and T : [0, 1]→ [0, 1] be defined
by

Tx =


2
5 , x ∈

[
0, 2

3

)
1
5 ,

[2
3 , 1

]
T is a Kannan operator (see [88]), but T is not a nonexpansive operator. Take, for
example x = 16

25 and y = 17
25. In this particular the nonexpansive condition becomes

1
5 ≤

1
25 ,

which is impossible.

This example lead us to investigate some classes of contractive type conditions
which do not imply the nonexpansivity property of the operators.

In order to obtain the existence and uniqueness of a best proximity point we will use
two important convergence lemma’s given in [47] and reasserted in the first chapter of
this thesis: Lemma 1.6.1 and Lemma 1.6.2. The following lemma is also an important
tool used in the proofs the new results.

Lemma 4.1.1. (Petric [119]) Let X be a uniformly convex Banach space, A and B
be two nonempty, closed, convex subsets of X. Let T : A ∪ B → A ∪ B be a cyclic
operator satisfying

(4.56) ‖Tx− T 2x‖ ≤ α‖x− Tx‖+ (1− α)D(A,B), for all x ∈ A ∪B,

where α ∈ [0, 1). Then

(i) ‖T nx− T n+1x‖ ≤ αn‖x− Tx‖+ (1− αn)D(A,B), for all x ∈ A ∪B and n ≥ 0.
(ii) ‖T nx− T n+1x‖ → D(A,B), as n→∞, for all x ∈ A ∪B.
(iii) ‖T 2nx− T 2n+_2x‖ → 0, as n→∞, for all x ∈ A ∪B.
(iv) z is a best proximity point if and only if z is a fixed point of T 2

Remark 4.1.1. The uniform convexity of the space X needed to prove (iii) and (iv).
Therefore (i) and (ii) can be used even if we have a metric space.
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2. Best Proximity Point Theorems for Weak Cyclic Kannan Contractions

In this section we will introduce a new class of contraction, called weak cyclic Kan-
nan contraction, and we will give convergence and existence results for best proximity
points. The results in this section are included in the original paper [119].

Definition 4.2.1. Let (X, d) be a metric space and let A and B be nonempty subsets
of X. Then an cyclic operator T : A ∪ B → A ∪ B is called weak cyclic Kannan
contraction if it satisfies the following condition

(4.57) d(Tx, Ty) ≤ a[d(x, Tx) + d(y, Ty)] + (1− 2a)D(A,B), for all x ∈ A, y ∈ B,

where a ∈
[
0, 1

2

)
.

Example 4.2.1. Let X = lp, 1 ≤ p ≤ ∞ and k ∈ (0, 1). Define two sets by

A = {((1 + k2n)e2n) : n ∈ N}, B = {((1 + k2m−1)e2m−1) : m ∈ N}.

Define an operator T : A ∪B → A ∪B by

T ((1 + k2n)e2n) = (1 + k2n+1)e2n+1,

and
T ((1 + k2m−1)e2m−1) = (1 + k2m)e2m.

Then D(A,B) = 2
1
p and T is a cyclic contraction, see [47]. Also T is a weak cyclic

Kannan contraction. Indeed, we have[
(1 + k2n+1)p + (1 + k2m)p

] 1
p

≤
[(

1− k + k2n+1

2 + k2n+1

2 + k
)p

+
(

1− k + k2m

2 + k2m

2 + k
)p] 1

p

≤
[(

1− k + k2n+1

2 + k2n+2

2 + k
)p

+
(

1− k + k2m

2 + k2m+1

2 + k
)p] 1

p

≤ k

2

{[
(1 + k2n)p + (1 + k2n+1)p

] 1
p

+
[
(1 + k2m−1)p + (1 + k2m)p

] 1
p
}

+ (1− k)2
1
p .

Consequently, T is weak cyclic Kannan contraction with a := k

2 ∈
(

0, 1
2

)
.

Example 4.2.2. Let X = R with the usual norm, and

0 ≤ b ≤ α ≤ c ≤ e ≤ β ≤ f,

be real numbers. Let’s denote by A := [b, c] and B := [e, f ] and define an operator
T : A ∪B → A ∪B by

Tx =

 β , if b ≤ x ≤ c

α , if e ≤ x ≤ f
.
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Obviously T is a cyclical map. We want to find out in which conditions this is a
weak cyclic Kannan operator.

Suppose c < e. Then D(A,B)=e-c. Let x ∈ A and y ∈ B. In this particular
situation condition (4.57) becomes:

(4.58) β − α ≤ a(y − x+ β − α) + (1− 2a)(e− c).

As b ≤ x ≤ c and e ≤ y ≤ f it follows that

(y − x+ β − α) ∈ [e− c+ β − α, f − b+ β − α].

Since the minimum value of the right side in (4.58) is a(e− c+β−α) + (1−2a)(e− c),
then for (4.58) to hold it is necessary that

β − α ≤ a(e− c+ β − α) + (1− 2a)(e− c),

which implies β − α ≤ e− c, that is true only for β = e and α = c.
If c = e then D(A,B) = 0 and (4.57), for x ∈ A, y ∈ B, becomes:

(4.59) β − α ≤ a(y − x+ β − α).

Since the minimum value of the right side in (4.59) is a(β −α), so for (4.59) to hold it
is necessary that

β − α ≤ a(β − α),

which is impossible since a ∈
(

0, 1
2

)
.

Analyzing these situations we conclude that in order for (4.57) to be fullfiled, T
must be defined by

Tx =

 e , if b ≤ x ≤ c

c , if e ≤ x ≤ f
,

where 0 ≤ b ≤ c < e ≤ f , are real numbers. It is easy to see that T is also a cyclic
contraction.

Example 4.2.3. ([97]) Let A = B = [0, 1] be two subsets of X = R with the usual
norm, and a map defined by Tx = x

3 , for all x ∈ [0, 1].
Then D(A,B) = 0. T is cyclic contraction but it is not a weak cyclic Kannan

contraction.

Example 4.2.4. ([26]) Let A = B = R be two subsets of X = R with the usual norm,
and a map T : R→ R defined by

Tx =

 0 , if x ∈ (−∞, 2]
−1

2 , if x ∈ (2,∞)
,

Then D(A,B) = 0. T is not a cyclic contraction but T is a weak cyclic Kannan
contraction.
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Remark 4.2.1. If we take y := Tx in (4.57) then we obtain (4.56) where α = a

1− a .

Hence we can apply Lemma 4.1.1. Since a ∈
[
0, 1

2

)
it is easy to see that α ∈ [0, 1).

The following result gives a necessary condition for the existence of a best proximity
point, for weak cyclic Kannan contractions.

Theorem 4.2.1. Let (X, d) be a metric space, let A and B be nonempty subsets of
X and let T : A ∪ B → A ∪ B be a weak cyclic Kannan contraction. Let x ∈ A such
that a subsequence {T 2nix} of {T 2nx} converges to z ∈ A. Then z is the unique best
proximity point of T .

We can now state the convergence and existence result for a weak cyclic Kannan
contraction.

Theorem 4.2.2. Let A and B be nonempty closed convex subsets of a uniformly convex
Banach space. Suppose T : A ∪B → A ∪B is a weak cyclic Kannan contraction map.
Then

(i) T has a unique best proximity point z in A.
(ii) The sequence {T 2nx} converges to z for any starting point x ∈ A.
(iii) z is the unique fixed point of T 2.
(iv) Tz is a best proximity point of T in B.

Best Proximity Point Theorems for Weak p-Cyclic Kannan Contractions
Consider p ∈ N, p > 1.

Definition 4.2.2. Consider a self map T defined on the union of p nonempty subsets
A1, A2, . . . , Ap of a metric space (X, d), satisfying the following generalized cyclical
conditions

T (Ai) ⊆ Ai+1,

for all 1 ≤ i ≤ p, where Ap+1 = A1. In this case T is called a weak p-cyclic Kannan
contraction if it also satisfies the contractive condition

(4.60) d(Tx, Ty) ≤ a[d(x, Tx) + d(y, Ty)] + (1− 2a)D(Ai, Ai+1),

for all x ∈ Ai and y ∈ Ai+1, for each 1 ≤ i ≤ p, where a ∈
(
0, 1

2

)
.

The following lemma shows that the distance between the adjacent sets are equal
under weak p-cyclic Kannan contraction.

Lemma 4.2.1. Let {Ai}p
i=1 be nonempty subsets of a metric space X, T :

p⋃
i=1

Ai →⋃
i = 1pAi be a weak p-cyclic Kannan contraction. Then D(Ai, Ai+1) = D(Ai+1, Ai+2),

for all 1 ≤ i ≤ p, where Ap+1 = A1.
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In a similar manner one can extend the main result of this section, namely Theorem
4.2.2, which is formulated for p = 2 to the case general p ≥ 2, as follows

Theorem 4.2.3. Let {Ai}p
i=1 be nonempty, closed and convex subsets of a uniformly

convex Banach space. Let T :
p⋃

i=1
Ai →

p⋃
i=1

Ai be a weak p-cyclic Kannan contraction.
Then
(i) for each i, 1 ≤ i ≤ p, there exists a unique best proximity point x∗i , of T in Ai;
(ii) the sequence {T pnx} converges to x∗i for any starting point x ∈ Ai;
(iii) x∗i is the unique fixed point of T p;
(iv) T jx∗i = x∗i+j is a best proximity point of T in Ai+j, for j = 0, p− 1.

The complete proof of this result we be included in our joint paper [127].

3. Best Proximity Point Theorems for Weak Cyclic Chatterjea
Contractions

The aim of this section is to introduce the notion of weak cyclic Chatterjea contrac-
tion and to present existence and convergence results for this type of operators. The
results in this section are included in the original paper [118].

Definition 4.3.1. Let (X, d) be a metric space and let A and B be nonempty subsets
of X. Then an cyclic operator T : A ∪ B → A ∪ B is called weak cyclic Chatterjea
contraction if it satisfies the following condition

(4.61) d(Tx, Ty) ≤ b[d(x, Ty) + d(y, Tx)] + (1− 2b)D(A,B), for all x ∈ A, y ∈ B,

where b ∈
(
0, 1

2
)
.

Remark 4.3.1. If we take y := Tx in (4.61) then we obtain (4.56) where α = b
1−b

.

Hence we can apply Lemma 4.1.1. Since b ∈
(
0, 1

2
)
it is easy to see that α ∈ (0, 1).

In the following we shall prove the existence and uniqueness result of best proximity
point for weak cyclic Chatterjea contractions.

Theorem 4.3.1. Let (X, d) be a metric space, let A and B be nonempty subsets of X
and let T : A ∪ B → A ∪ B be a weak cyclic Chatterjea contraction. Let x ∈ A such
that a subsequence {T 2nix} of {T 2nx} converges to z ∈ A. Then z is a best proximity
point of T . Moreover, if

(4.62) diam(A) + diam(B) ≤ 2D(A,B)

then z is the unique best proximity point.

The main result of this section is:
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Theorem 4.3.2. Let A and B be nonempty closed convex subsets of a uniformly convex
Banach space, such that (4.62) is satisfied. Suppose T : A ∪ B → A ∪ B is a weak
cyclic Chatterjea contraction map. Then
(i) T has a unique best proximity point z in A.
(ii) The sequence {T 2nx} converges to z for any starting point x ∈ A.
(iii) z is the unique fixed point of T 2.
(iv) Tz is a best proximity point of T in B.

4. Best Proximity Point Theorems for Weak Cyclic Bianchini Contractions

Regarding Bianchini contractive condition we can define the following notion:

Definition 4.4.1. Let (X, d) be a metric space and let A and B be nonempty subsets
of X. Then an cyclic operator T : A ∪ B → A ∪ B is called weak cyclic Bianchini
contraction if it satisfies the following condition

(4.63) d(Tx, Ty) ≤ hmax{d(x, Tx), d(y, Ty)}+ (1− h)D(A,B),∀x ∈ A, y ∈ B,

where h ∈ [0, 1).

The above definition, and the following results in this section are included in the
original paper [117]. It ie easy to see that:

Remark 4.4.1. Let x ∈ A ∪ B. Since T is cyclic we can take y := Tx in (4.63). We
obtain

d(Tx, T 2x) ≤ hmax{d(x, Tx), d(Tx, T 2x)}+ (1− h)D(A,B).

If d(Tx, T 2x) > d(x, Tx) then from the above inequality it follows that d(Tx, T 2x) =
D(A,B), and hence d(x, Tx) = D(A,B) = d(Tx, T 2x), a contradiction. Therefore
d(Tx, T 2x) ≤ d(x, Tx) and (4.63) implies (4.56) with α = h ∈ [0, 1). Hence we can
apply Lemma 4.1.1.

Hawing in view this definition and remark we can prove now the following:

Theorem 4.4.1. Let (X, d) be a metric space, let A and B be nonempty subsets of X
and let T : A ∪ B → A ∪ B be a weak cyclic Bianchini contraction. Suppose that A
is a convex set and let x ∈ A such that a subsequence {T 2nkx} of {T 2nx} converges to
z ∈ A. Then z is the unique best proximity point of T .

As in the previous sections, we will prove a convergence and existence result for
weak cyclic Bianchini contractions.

Theorem 4.4.2. Let A and B be nonempty closed convex subsets of a uniformly convex
Banach space. Suppose T : A∪B → A∪B is a weak cyclic Bianchini contraction map.
Then
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(i) T has a unique best proximity point z in A.
(ii) The sequence {T 2nx} converges to z for any starting point x ∈ A.
(iii) z is the unique fixed point of T 2.
(iv) Tz is a best proximity point of T in B.

5. Best Proximity Point Theorems for Weak Cyclic Reich-Rus Contraction

In a similar manner to the previous sections, in this section we shall extend Reich-
Rus operators to a cyclic contractive-type condition.

Definition 4.5.1. (Petric [120]) Let (X, d) be a metric space and let A and B be
nonempty subsets of X. Then an cyclic operator T : A ∪ B → A ∪ B is called weak
cyclic Reich-Rus contraction if it satisfies the following condition

(4.64) d(Tx, Ty) ≤ ad(x, y) + b[d(x, Tx) + d(y, Ty)] + (1− a− 2b)D(A,B),

for all x ∈ A, y ∈ B, where a and b are nonnegative numbers such that a+ 2b < 1.

In the following considerations we will use the below remark.

Remark 4.5.1. (Petric [120]) Let x ∈ A ∪ B. Since T is cyclic we can take y := Tx

in (4.63). We obtain

d(Tx, T 2x) ≤ a+ b

1− bd(x, Tx) +
(

1− a+ b

1− b

)
D(A,B).

If we denote α = a+ b

1− b then the above inequality is in fact the relation (4.56), and
since a+ 2b < 1 it follows that α ∈ [0, 1). Hence we can apply Lemma 4.1.1.

Considering this remark we can prove the following existence and uniqueness result:

Theorem 4.5.1. (Petric [120]) Let (X, d) be a metric space, let A and B be nonempty
subsets of X and let T : A ∪ B → A ∪ B be a weak cyclic Reich-Rus contraction.
Suppose that A is a convex set and let x ∈ A such that a subsequence {T 2nkx} of
{T 2nx} converges to z ∈ A. Then z is the unique best proximity point of T .

We can also prove the following existence, uniqueness and convergence result for
best proximity points in the case of a weak cyclic Reich-Rus operator.

Theorem 4.5.2. (Petric [120]) Let A and B be nonempty closed convex subsets of a
uniformly convex Banach space. Suppose T : A∪B → A∪B is a weak cyclic Reich-Rus
contraction. Then
(i) T has a unique best proximity point z in A.
(ii) The sequence {T 2nx} converges to z for any starting point x ∈ A.
(iii) z is the unique fixed point of T 2.
(iv) Tz is a best proximity point of T in B.
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