13
UNIVERSITY OF CLUJ-EAPOCA
FACULTY OF EATHEMATICS
Research Seminars
Semipar on Fixed Point 'I'haur‘y
Preprint nr.3,1990,pp.43-20.

'THE STABILITY OF FIXED POINTS POR A CLASS
OP { - CONTRACTIONS -
by
Vasile BERINDE
In the paper [1_] has been studied the comparison functions
I lf: R —» R, which fulfil the following condition
(c) There exipgt the numbers k, and £ ,0 £ <1, and a conver-
gent seriee of nonnegative tema. u‘i a,, such that
. llpk*l(r) _A_-gt[_lfk(rhak] ,K;:r each k >k, (7) re B .
The aim of the present paper is to show the relationship between
_the etrict comparis;on functions and the {c)~comparison functions
and to prove some reau]_.te, established for the strict ¥ — contrac-
tions in [4] , whfck ‘remains valid for the. {f~ contraations with
(¢) - comparison funotion. '
We refer $o-[4] for the ‘definition and baslc properties of
comparison funct-_l.onao
DEFINIZION 1 ( [43 ). A fuoetion {3 R,—> R, is called comparison
function if eatisfiep the followlng gonditions
(1) ¥ ie moaotone fnoregsing ;
{11) | 'f’(t”. ¢ m cooverges to o, for all % 3 0 ..
4 comparisea tg—;n-ctlog o4 1_a called strict comparlison foaction
if, in addition, ¥ satisfies the conditions
{111) is contlauous j
(1v) t - Y(t) = + o0 88 t—> 0.
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DEPIRITIOR 2.
4 function ‘-f’: R+ —= B+ is called (¢) ~ cbmparison function
ir T" ia moootone ipcreasing and satlsfies the condition (e).

The following lemma ie given in [1]
Ir ¢ B, —> R, 1s a(c) - comparison function then ¢ ls &
comparison function. )

IEHARK 1.
The condition (c) is, in fact, =& neceéary and gnfficient con-
dition for the convergence of the series of decreaslng terms

:22 Lr»"(t). for all té& R, (1

Thie result 1s proved in [1] using a generalization of the
ratlo (or D'Alembert's) test for the series of positive terms.
Por convenlence we denote by F,F_ ,F, and Pog » respectively,
the get of all comparison function's, of all strict comparison
Iunctio:;s. of 8ll (c¢) - comparlson fuoctions and of all
spbadditiv-'a (¢) - comparison functions.

STAMPLE 1. . | 2
Ii'Lf: R, —> R, » ‘f’(t) ="F:7I i ¥ ER,_, we have YcF and
=R (see [3] , example 3.1.2,) but Lfé?c, because the

series L
ot
= (lakfl) = > i- diverges .
k=1 ' k:f
XAMPLE 2. -

Por the function {1 [B+ - R, , (lp(t)_- o it t € E,l) and
K (%) = % £, if t 2 1, we have Lr‘e_?o; and ﬁ"g P_, because
Y 1s pot oontinuous. '
TAMPLE 3.
Let Lf:&+ ~ R, , (la(t) =at, t L R, &od o 8 £1, be s
function. Them \f € Pﬂ and llf e_Fc “a

Prom thie congiderations we obtain
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LEMM) 2.
1)Pg C P anod Po C P 3
11) 2 n By £
111) Ps\ Fn A @ and Fo\‘Ps Af .
DEPIRITION 3.
A funetion (: R ~> R 1s called sobadditive 1f
Lf’(tl‘i‘tz)‘ £ Lf{tl) + L,O(!z) ’ (F‘) t]_ltz ER .
EIAMPLE 4. ’
Por the fonciion Lf‘ 1 R — R ‘-f(t} -1 t2 g— £, ir t clo |
+ LAV | 3 + D E—,_ﬂ.lJ |
and i{’(t) -%t, if ¢t >1, we have Y P, and ¢ e; Po s I
becaunse

F-p@>aph =€ .

« "

EXAMPLE 5. _ ) B
Por the funotion ¢: B, —> B ey = - 242 & v, 1r
+ +? 5 e ! :
t ¢ ]:0.1] y and. ‘-f(t}'-% » 1f t>1, we have P& P
End Lr’ #‘:’Ps - .
Indeed, from the ineguallty
(‘ak(t) £ (3, ncE and te [0,
1t results that the series (2) converges uniformly, hence, it
is pointwise convergent, which implies that Y £ P, and LF&P“.
bat ¢ P_ because (f 1= not continuous.
REMARK 4.
The comparison function from example 1 is subsdditlve, ¢ €FR,
bat { ¢ P, because L EF, .
, ETAMPLE 6. ( [37 ), Example 3.1.3.)
1
let ({9: R, —> B, bea function given b_y tf’(t) - 5t, for
t elp,d) and () =t-%,1f ¢t >1. mhen
1) PePand eF, but ¢ &, ( § s not subadditive) ;
2)‘{‘ iéPu , becanpse t - (-f’(t) -_%— , for t > 1.

Prom the preceding examples and remarks it follows
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LEMMA 3.
1) P, i P AP
1) PN P, A8 and P NP A .
Other results concerning some bundles between the eomparison funeti-
ons and the rates of convergence (a (o) ~ comparlsoa functlion ie
a rate of convergence) can be found in the recent paper E?} . :
To prove the maln result of this paper w.a need some definitlons
and lemmas.
DEPIFITION 4. - [47) ,
Let (X,4) be a matric space. A“mappilng f:I --;I im called
(strict) (¢~ contractioa if and oaly if ¢cF (respectively
¥ e P) and et -
d(£(x),2(3)) £ P (x,7), (V) x5 eX . - (2
1EGIA 4. ? o -
It e P then (Iﬂ is continuous at 0 .
Proof.
Prom (1) and (11) 1t results 1f(t) £ t, (V') t>0 and
Lf’(o} = 0 (see [47 » chapter III). -

From l((t)‘; 0, we obtain lim ¥(t) > 0,
t=o

and from WY.(t)k7, lim ¥ (%) <0, hence 1im P(t) = ‘f(o) .
' t t=o0 ;

-0

as clalmed. _
LEMMA 5. = .
. Ir ﬁﬁt R, —> I‘El+ 1s a (a0) - comparison function, and

£) = S u¥(), teR.
o8 = 5 ¢ 8,

then s 1s contipuous at zero.

Froof ..
Let a > Oka flxed pumber. From the monotonocity of Lf’ ’
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we obtain
k(¢) k 4
lf’“ =% 4 (&) , (V) te[b,f_]
hence the series (1) converges uniformly on [o,a] «
Since Lf’ is contipooous inm zero, it is obvious that & is conti-
.puous in zero and the proof is ﬁoupleted.
The continuoum dependence of the fixed point of the strict .
Cf’ - contractions is given by

THEOREN 1. ( [4] ) . .
let (X,d) be a complete matric mpace and f,g : X —>I two

mappings. We suppose

() f ie & strict Y - contractlon,

(v) 1; & ,5 ’
(w) there exist "))‘:ro so that
a(r(x), g(x)) ’—-‘7 » for all x €X .
Then
. ¥ ]
d(xg » Xp) £t
i .
where P, = A{xr; and t"]‘ -aup{tlt-(r’(t_)f‘z)} .
In the proof of Theorem J we shall use the following statement
of tlj » which 'is & generalization of the Theorem 3.2.l1. from
131
THEORENM 2.
Let (X,d) be a comploée matrlc space, £ 1 X -—jI a mapping
satinfying (2) with Y &r .
Then
X
1) ,f = -{x. } 3
2) The sequence of succesive approximations, (xn)ne. .
- f(xn_l) » 0 21, eu'uv_ergea to x' , for every x, €X ;
3) We have
d(xn.:‘) < sld(x ,x))) = 5, _,(d(x,,xy)) ,
where s(t), Sn_l(t) denote the sum, respectivaly, the par-
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tirnl sum of rank n-1l , of the series (1) 3
4) It { € rc; and g 1 X =>X 4is a mapping satisfying (w),
then ) {
A(yex )E % ¢ 8(%) + s(d(x,,x;)) - 5,53 (d(x;,x%y)) »

where y, = gn(xn} . :

We are now able to prove

THEOREN 3. ;

Let (X,d) be a complete matric space and f,g : X —>X _t'n_
mappings. If f s a - contraction with fer,  and the
sesumptions (v). iw) are eatisfiled,
then :

a ¥
alxgy ) £ % +8(y) ,
where P, - {z;} and n(_;‘7) is _.tha sum of the series
=0 k
= ror

Proof. k=1

‘ o = Xb o obtaln

d(xgs 33) 27+ 8(7 ) + 8(r,) - Sp-1(Fo) »

where r = d(z; ’ f(:;)) .

We apply theorem 2, with x

[
How 1t is enough to tske n —> oo and the proof, is complated,
REMARK 5. >

1) Prom the continnity of & we have
1im ] ) =0 ;
_4? _;»,£,7+!(’7)~)_ - -
«2) If Y(t) =2t , o< ac 1’, than (see [47] , example
7.1.1.)

c , R
“(\‘)';L-‘ sl Vg
3) Ir l“’(t) = 1+£ » then (see [:4] » exemple T7.1l.2) the

Theorem 1 give an estimatiorn with

R IR R R

but theorem 3 falls, because Y% ?c s and consequently , ‘f’é
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4) If we take LF as 1o example 5, then Toneorem J applies,
but Theorem 1 not.
An analogous to Theorem 7.2.1. from (4] holds.

THBOREN 4.

Let (X,d) be a complete metric aspace and f,0:X =X, n € H,

such as : ,
1) £, isa - contractlion U;.th f €Pygs for all n ¢ B
2) (fn)ne § oonverges pointwise to f .
Then f 1s a { - coatractions with el
and {zn}ne! converges %o x*, '
where rfn - {x:} and ¥, - {;“5 . -
Proof.

Using 1) and 2), from the lueqnallty
d(f(x),r(y))£d(£(x), f (x)) + a(f_(y),f (J)} + d(r (3), f(!})'
we obtaln, lattlng n—»co, ._that f isa tf’- contraction, with
"lo € Poy ° ‘
Singe L(er on from
d(xn,x")- a(r (x> % 1P £(x*)) < (f’[d(x f'gq a(r, (£), £(x")), it
followa :
alxh,xN ¢ ¢ a2 + z et (), , x>0,
which, together with (i1), yleldl. lottlug k —> oo .
d(z"x’) re + 8(r;) ,

-'horo r, = d(rn(x‘) , TEx*)) .

Proa (2) we now obtaln le rg = 0 and, from lemma 5 ,

[ 5 B—¥oa .
1im e(r) =0 , : : |
> oo : |

hence B
1im d(x s X') = Q
o= oo .



20

REMARK 6.
The theorem 7.1.2. and 7.2.3. [4] remain also valid if we

replace the condition ¢ &P, with the condition Y€ P _ .
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