
t-!td @ ttt n ,.tta fh6t l
rrttttlt xr-3. 1992, eP. t9-2,

or rBt ltolLDa or Dltrlosr - loxEsco

gStNc l carrRntrltlD r,tllcrrTt coxDrtlox

rll. Ell,tlrDr

l. trtroductio.. h .pplications of th! contllction rrpping

princtpt€ to concrele plobleDs assoclated vith tie tireal pointe

ol a given op.lator !n usual yay ts to flhd a space rhere the

operato!  rn questron rs  cont lact rve,  i . . .  to  construct  .  noh,

equiv.l6ht to the norhs of the spaces into consideration, eith

respcct to rhich the operalor in qlestion is contractiv€.

ReBul ts  corc€rned v i th  the const luct lon of  some aie lack l

adequate norr6. te g iveh,  fo !  exaDple,  in  t? l ,  t6) ,  I lo l :

In  th is  note ee lhal l  g lve sot ie  r rex i6rence and unigu€nessr l

theoreEs for the probleh ot Darboux-ronescu (81, ustng an

6l te.nat j .v€ of  the above he. t ioned approach,  1.e. ,  the

geherallzed contraction bappinq principle {2), rhen generalited

DorDs (e l tb v . Iues in  the posl t ive coDe of  a leal  Bahach 3P:ce) ,

r.th€! than equivalent Bieleclci nolhs are considered.

2. Mr.it p"int to."r.t ir f-!.tric !prc.s, rn thi3 paper

se  cons ide ! ,  as  i r  t2 l ,  I l l ,  a  gene la l i zed  horn .  i .e . .  .  norD

lhich tlkes vl]ues in .n abstlact co.€ x lnd cohParison b.Ps

a : x r X, eblch enjoy6 certlin prop.lties ln codon vith th. t.P

t - ot ehele o < o < 1, but la noi nec€s3.llly ltne.r-

te  need sobc  de l ln t t ion€ .nd  le6u l ts  f ro !  t l1 - (31 ,  t9 l .  I r l ,



r€! (!,1'l) be t reil Blmch tPac..

, r.t r € I i,s crlleil . co!. 1l

(1, ^ it c]o..d

( t ! ,  x ,y  .  x  l lP l i€c .x  + by .  x  to t  . I I  . ,D .  l . t

(ill) r n (-i) ' {0}, ia!e.. O is the null elcb.nt ol t.

The con. x thduc€E . refl€xive. tranEltiv. .nd

dttEiEetrlcal orde! rer.tion in a, by

x  <  Y  i f  a n d  o n l y  t f  Y  -  t  . . X ,

r.lated to th€ line.! 6tmct!.e ty the ProlErtle6

!  3 v  iupLles u +.  a v  + r ,  fo .  e.ch z .  t

u 3 v iiPlies tu 3 tv, for ..ch t . &,

that  is  j ln  i3  a l i .e . !  o td€r  !€ lat ion.

trrc .pa4 a endor€d vlth thl5 o.der relltion l. 6ll..l an

o!al.!.il lrnacl .F..., lrhil. I is t€rded as itB Potltlvr co!..

He rfy th.t t.he ron ol E i. FlatoDc it x.y . A,

o E t x  s y ,  t h p r l e a  l x l  3 l y l .

The cone I is ro$r1 tt there exiars 5 > o Euch that, ftor

t . y > O ,  x . f .  t  a n i l  l r l  E  l y i  E 1 ,  i t  l e s u l t 5  l x + y l  >  a ,

Recal l  that  i t  the rorD of  (a, l . l )  ts  loDoton. ,  tb .n i  i5

a noldr  cone [ .  ] .

1t'!ough.ut ihi3 plper x rill b€ th€ lFsttlve con6 in ! real

crdcred Eana.h 3pac. (.5.1 1) rith Donotohe nor!.

DEFTFTTIOI{ ?.1. A r'applng I r f - r js a co,f*taoD tuactiott

t t

(i) ? ls lorotone lncteaslh1i

( i l ,  ( f . ( t ) ) . . i  c@reryes to 0.  tor .  a l - l  t  .  i .



exaipTe 2.1-  L: t  r .  -  1 ,  tbe r€al  ax is ,  ? i th  t i r€  rsual  hoe,

In thls case x = l. ard a tylical cosparison feDc:ian i3

r r r, - \,
t ( t )  - . t ,  o < r < 1 ,  t . l a .

DE;INItroN 2-2. A sappiag e; i - X .!s called (cr-coEIElsot

ttuctToa 7f I is tunotone ih.reastrq a.d -a!l-ai!s tha toTleinl

cohve rge Dce codat i t i oh

(c) 
"rere 

exist teo nunbers lo, d, o < d < 7, .nd a

@nve.geht series ritrl nonr.gaLive rear tez:s t a!

t ? r ' I ( r ) t  < " ( i { ( (  t  {  e < } ,  f o r k } t o ,  ( : J : .  s .

xeeark. Every (cj - coFpariscn j!nc:!.n is a conpnrisoi

funct ion s lnce,  i l  t  is  a (c)  -  co lpnr lson :unct ion,  then (see

t l l ,  I 2 l )  t h e  s e l i e s  t h t ( c ) l  c o . v € r s e s  f o r  a 1 r  t . . (  a n c ,

consequently, .n" 
"".'tj.

E q ' t c l  ( 1 )

converges  in  r ,  hence cond l t lon  ( i i )  in  Def i . i t ion  2 .1  i s

?he tunc t ion  t  t rob  erabp le  2 . r  i s  a  (c )  -  cchpa l ison

bEt I I IT IoN 2 .3 .  Le t  x  be  a  nonenpt f  sea .  A  aapp ing

d : t : x - x is said to be a r-!et!.ic or -\ it

l t l  . r ( x , y )  > O  a h d . , l x , y )  = O  - - x  -  y ;

( i i )  a l l x .y )  =  d ly .x ) ,  aor  a - l l  x ,y  .  r ' , '

( i \ i )  d ( x , y )  <  a 6 , z t  +  a ( y , t ) ,  t o !  a t t  x . y , z  .  x .

The obtained edtity: the nonarptt sei t r:tli a x-d€tric d

is  ca l ted  I  -  r . t l l c  !p ! . . ,  denoted  as  lsua l l y  by  ( . t , c ) .



DE INTTIoN 2.a, t-t (x.att Dc . X-!.t!.ic sltlc. tD.l

I ! X - a conP.tlsoh tu.ctlon., naPPing t | X' X !s ctrfeat

!!st!..t + - @rtr.ctlon il thata .tckt . codPatlson tuhcxlon

. : l i - f , s u c h t r t . t

d ( t l x l , t l y l ,  3 l l d l x . y t l '  t o t  a t t  x . y .  x .  a 2 ,

Ex.hPle 2-2- Let r ! l+ a.d l.t t be the cobPlr13oD lunctlon

froh €xanple 2.1.  Then a R+ -  herr tc  lpace is  an usual  Detr ic

5psc. ,  vh i le  condi t ion (2)  be.o iea lhe B€l t  -  knoun cont lac l lon

d l t l x ) , t ( y ) t  < . . d ( t . y ) ,  o  <  a  <  r ,  x , i  .  x .

F€I'arl, rn a x-nlelrj.c space the concepts .5 x-lund.Dental

sequ€nce, ,i-convelEcnt requence and coFPlete x-hetrlq Bpace ar€

detined ln a sihil.r n.nher to the usual Eetric spac€5.

t3 shon. iry .x.ople 2-2, th. lolloeiDg rcaurt [21 is .

sen.rari;ation ol th. contraction |!.pplng pr.incipl€.

TIiIOREM 2.r. Let lx,d) be a conplete x-ret.!. ePace. vher.

r js a norrdt co.., anal ttx - x .^ .bsaract 9-con|tactTon. eith

? (c)-@rPa..ison tqrction.

( 1 )  f ,  =  { x ' } ,  e h e f e  F ,  =  |  x .  x l t l x )  =  x  t i

l2l rhe seqlenca (x,),.N, x, - tlxn-r), h > t, converses to

x", to. ever/ ,o . xi

d(xn,x ' ,  3  3(d(ro,11))  -  s , - r (d(xo, f , r ) ) ,

vhere s( t ) ,  s , - r ( t )  derote t l )e  sun a,d t . l6  prr t ja ,  5uE

ot tahk h-r, resFcctivery. 6f trre sefjes (r)t

(al If, th .alatltlon. a ls srD..ldltive dd ti€re exisr t€x,

!t0, .rd ! MppThg g ! X - r(, so th.a



. t l t( t t .satr, :  q, lo..- l l  r  .  ! .

dly,,x') . \at(at;r(d(n,rt l)) - sr-r(d(&,xJ ),

Y , ' f ( x o l '

Lrt l t .  i  -  I . .d r  t . . t  h.* |4t  2.1, i ld th.orer 2.1

v. obtrtr ttr. raD.ch (lr.d loint tn.oi.r t7l, (rt-

t. n{tl.rcDtlal o :.tto rtt! aarl.thg e!gNt.*, L.t u.

tlr.t con.laler tli€ lollosing probr.! ol Dalbour (31

etlf6"t ' cr"'Y'"tat*'Y'>tt ' (!)

I  u lx,ot .  o,  . r€ Io.al

l  r ,o,r t  .  o,  yE lo,bl  .  
( ' )

e n . r .  t  (  c ( 1 0 , . )  r  ( o , b )  x  l ) ,  , l  G  c ( f 0 , , 1  x  ( o , b l ,

t o , . l  r  I o , 1 1 t .

8.ca1l t l r . t  by. rolot lon o! th.  p!obl. !  ( ! )+(. t  v.  e.aD a

tunctloD u: (o,rl r (0,!l - I yhich l. contlnuour tog.!h.r elth

i t r  Drrt ia l  d.r iv. l lvd 4, * ."o.""., w a,ii&, .na ehtcb 3lttsf l.r

( r )+ ( . ) .

lbo probl.b (3)+(a) b.gutv.t.nt to dt. loUding lrtegr.I

€gultlon o! vortei!. tyie ({71. t3))

ut*,vt - l . '  I ' t te, t ,"tho, d,I dsdc. (5)

! . t  D r  [o ,a]  x  [o,D!  .nar  I . t  x  b.  the rp lcr  c{ r ) ,  €ndor.a l

elth the u.url n.n.

D. d.notc by i the con. ol the Forliive tirhclions tro x atd



rc d€ltn | lapping

'  l  ! '  :  t ' r '

by

t ' :(x,y)t,  * l t lx,yt l ,  tx.y, .  D.

It ls obvlous that l.li iG a gen€ratlz.d nor! on.r. th.t ts

(1) lui, > C. lor each u . r. eh.rc O is tn. null

function, .nd |trl. - 0 if .!ld onry ll u - Ot

{ t t )  l ; u l . '  l r l ' ! u i . ,  I o !  € a c b  r  .  t  a t u i l  . ' y  I  .  I t

( i l t )  l s  +  r l .  <  l u l .  +  l v t . ,  l o t  € . c h  u . r  . . x .

Ey o!h.r h!nd, t 15 th€ posltiv. cone o! t enilor.d rlth th€

ceblfev'a nor!,, r.bich 16 lonotone. lt.nce, i 1.. nollal cone,

aha parlial oldler lnduceil L'y r th ,. lB 9lv6D by, u,y € x,

u 3 v - -  t ' (x ,y t  3 v lx ,yr ,  v( r .y ,  .  D.

!,€! uB con6id.! th. lrpping

7 |  X r  X,

r u t x , v )  = L  
l . - ( 5 , f , u ( . r ' ( 3 , r ) ) ) d s d t .  t x . y t € D .  ,  l 5 )

Every soiutl.n cJ €9r.!ion (5r. h€hcc evlry Goturion o! th.

p iobler  (3)+ ia)  :oo,  16 a ! i :ed potnt  of  r  lna l  v ice verE! .

Thu! re ob'!.ln tle brlh lesutt of thlE pAper gtven by

lllEOREl'l 3.1. IcsuDe tnat

( L )  r . c ( D  i  R )  r n d } l .  c ( D . D ) ;

( l t )  t le le .x js ts  r  turct ioD 9r  D x \  -  t . ,  th t  gr .br .

rrith rosFca :o in€ ti.r6: ar??Jrent anat !€,noitore Fltn .'esFct to

tt|3 second.!9nrre.r ii,c., 9(.,..u) j5 ittaqt.bte on D for tlrei,

u  3 t ;  -  t i t ,y .u)  < g ly ,y .e l ,  v(x ,y t  .  Dt  (7t



rscb tDrc

lr$,y,ut -  t (r ,y.vr l  3 s(x.y. lu-vl , ,  tor

.ach lr.r, . D, !,v . I

(ttl) for tn. rt; caior ? . r - A, .t tlad by

( . )

I

I

au(x,yt - I'[,'s(s,E,u(n(r. r) )r drdc, (e)

tleie .rlrt . nurD.r o . (0,1) r.rd , .orr.rlrgdrt 3erie5 o.a

n.lDeg.tlve talrr t.r, tuch xhax. b.glnin7 lro} . tixed rah\

the toltowlng lr.qurllty nolds

f ? r * r ( ' ) l  3  c  { l t r ( . ) i  +  a r < | ,  t o , - . v . r y  z .  R '  ( 1 o )

rhen th. p.rbl.r (3)+(.) has r unlgu. lolutlo,| u', rnlct E.y

be obttTr.aa, bt tn. ffccortve .wrcxlt Ci.n ,.ah4d, tt..rtitg trca

aa ..tit!.ry .lca.rt uo . t-

rte segn€r!.. ot .ttccesive .pp@rittglont (ur)p.I. i5 givet

u"tx, yt . l,' l,' t t ". 
t, 

"-t {t(r. r} ) ) &d!,

.rd re h.vs th. touot ing €stllrtion

lur-u' | .  J r uo-utt.) - gpr uo-url.).

Proo!. rro! condttlon (?1, ee al.duce tn.t a 16 lonotone

ircreasing lnat lroE (Ui) lt r€sults th.t t 1! ! (c) -c@irisor

ltrctla.

lN I x, ti - 7v tx, I | - | [o' ["' t t | ", 
c, u tht s, tr r, -

- t  I  E, t ,  vlhl E,.t t  t  ) a" a" l '  l , '  l , '  I  t  t",  t ,  
"(D(s,.) 

) ) -

-  f ( 8 , . ,  u ( r r { s ,  t )  )  }  l d rd . .

osirlg (8) u. tb.n obt ln



lru(x,vt -rvlx,v')l '  I"J'e{s' t '  lu(}(s' t) ) ) - v(}(s' t) ) l) &dr' '

lor cach (x,Y) . D,

l l u  -  t e l .  3  r ( l u  -  v l ' ) '  u ' v  '  x '

hence 4 is an abstract l-cohtr'ctlon'

rlot, theore! 2.1 colpletes tbe Pioo!-

Renat s -

L '  Fot  g(x.y ' ! ,  =  ' 'u ,  $ere t  > 0 is  'onstant '

rhe conal t i ion ( i )  f loh theord.15 ' ' '1  [7) ;

tae foUotlng ProbleE2) 1n ! Eiltlsr Eante! one cd tleal

or D:rbdx - l"fi i i I9t_,,, .1.,:. ,.

(8) is Juat

, - r , ; ' -  :  . r ) l l  , . ,  .  . j )

vl!ere

o  .  C f o , " : ,  B  . ' C t o , D l ,  l s , h ,  '  c l D ' D )

a ( o )  =  6 ( 0 )  '

He obta in ' l  :  : ) r  '

TttEoREM 3-2. ,ssuN t}a! tna to'|dihg

ttlti7.d

( i )  I '  €  c ( D  x  l ) ,  c  .  c r t o , a l '  6  c  c r l o , b l

.nd o(o)  -  A(o)  i

( i 1 )

(rt l)
s  e  c ( D , l o , a l t , .  !  €  c ( D ; t o , D l ) i

f ie le  e : i s ts  e  tuc t ion  l t  Dx \4& in tesEab le  oh

D vith .eiFct to tle .titsa .tg@At *tl EohoxoDe '

.  ; : r  ,  i r i .  : t

@nititioBs 'ae .



lncr..sirg f,iin r€6Fct to tlre .tguiett. 1...,

!  .  v  -  l lx .y . t ' ,  3 l lx .y .v l ,  t ; r . .ch lx ,v ,  .  D,

u,v . lt ,uch tntt

l r tx .y . ! )  -  F(x,y .v t l  3 i lx ,y , lu 'v l t '  to .  each

l x , Y l  .  D  u d  u , v  . l i

(iv) /r,6 lutdtiot I I x - x. itetined Dy

ulx,  y l  .  
l , '  l , '  *  G,  t .  u{e(s,  r ) ,0{s,  r )  )  )  dsdt ,  (a,v l  1  D,

rltlsties tne convetg.rc. c@dition (8, t.oD tttoo'-ea 3-L-

then. Xhe probl.r ot D.tb@x _ Iotescu l|.6 ! unjque so]uuot

Ptoof .  r ]ne p lobleE (11)+(r2)  is  equlv l lcn l  to  the fo l rot ing

ln!.E!a] equation o! Voll€rra ttle

" 
l ' ' ,  v, = e tx, .  0 tvl - 

", .  I '  I" '  t t" '  c. D{s(s,.),rt(s, t) ) d- '  dt.

8e!er<. For l(x,y,u, - L(t.vl !, lttt 13 the Lipschttz

c o n d t t l o n  f r o E ' - h e o ! e n  ! . 1  [ ? ] .

The gene-a1 i !ed  r lpsch l tz  cond i t ions ' !3 . i1  lh  lheo len  3 .1ana l

rh€o!€ t !  3 .2  a re  t . rE .d  i t . ! !on  cond i t ioDn th  [5 ] .

( ! r )

i ! a a r t x c r

t. t.!tnde,v,, 
"r. 

r!.).ir.i., ot ti'.d P.l^.. tot. ct.ss ot r'
tr.r;int E. cl!i-lt.Poc.. reeo-

2. !.!!nd!,e-. A,bt.t... l-co^.r..xi.'s rr"clt .t. Et 'tt 6'Ppb9''
n . th6r t i c .  ( io . r r . . . l , ,

3. !.rrnd.,v-, A ,tt.tt p.!t. .n@r.' of r.t. .tE. J, t-'..rtc EP.c.t'
l t9 ! ,  Bnr ' .  c ru l -NrPocr .

r .  c r l i t . . .u , r . ,  o . . ! . r  ' .d .Eu ' . t  D  n .n  ]  r . c .o t  . r , c .s  {hon ln i tn ) ,
. r  Enc !c lo rCrc : ,  sucu ie t t  l ,  l9 lJ .

5 . ! r 3 e . f t I i , J . , i . ' . l . ' - l k M l h M , v . , c o d p ' r i . o n P l l n . i p ' .
iA  .b t r t . c r  tP .c . . t  J -  x r lh .  r t . I .  lP? I  ,  ae l le?s t ,  50 ' -

5 ,  i i . . . f . rd , . t . ,  ! . r .h i rL .^ the ,  v .  ,  o . .  bow. ! . r !  e . tu .  Prob t . '  to r . '
.t..s .t ttEr.Fhr!.t .gur!io" Yi., . d.vl.rlrt .rsu"'r, J x'th'

5 r r l t t ! ) ,  rs3- r54 .
? ,  ; ' ; i . i : ;  t l j t i i i u  i i  t c t tc t t t i . t . . . . r t . t  ponc t l r ' t  r i , ,  !d '  D" r ' ,

crut-rr@c.. rrtt.
r, i".le-tl, o; . tnbr.' ot D..bo!Fttu.'n, tr.P.Lar
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