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ERROR ESTIMATES FOR A CLASS OF
(6,9) - CONTRACTIONS

by

Vasile BERINDE

The purpose of this paper is to establish an estimates for a class of generalized
contractions.

Fixed point theorems for generalized contractions are given in [_!] - [5), (10} —-[13]
It is well known that in a fixed point theoren is very important to have an error estimates,
that is a method for the approximation of the fixed point.

Because the fixed point for (b - @)-contractions in {12}, [13] does not give an error
estimation of the fixed point, we are led to consider a class of (b,p)-contractions, as in [5],
for which such an estimaton may be obtained. To this end we need some notations,
definitions and lemmas from [12], [13], [5].

Let (Xd) be a metric space and £ X — X a mapping.

We denote as usually
Fy = (x€X1f) = x),
Ox, f): = {x, fx), .. %x), ..},
O(x,).f): = Ox,f) U O(yif),
8(A) = sup {dla,b)la. b E A}, ACX

and
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LN ={AC X4 n O f(4)C 4. B(4) < +x)
DEFINITION . (BERINDE (1]). A funcuon g: R —» R is called (cj-comparison
funcrion if the following two conditons are sausfied
{¢,) § IS MEONOLONE LNCTEASING.
{¢2) There exist two numbers k., o 0 < a < 1. and a convergent senes with

nonnegauve 12rms i a,. such as
'-;-N(_;'} = agi) - a,. foreach/ER andkz &,
LEMMA 1 (BERINDE [1]. {5]). i/ ¢ is a {c)comprison function then
(cy) @1y < 1, Jor each 1> .
(z)) § is connnuous in C.
(c;) The series
F:‘, () (1
converges for each 1 € R.. -
(cg) The sum of the series (1), s(f), is monotone increasing and contireous in 0.
(63) (g()), o COMErgesto 0. as n — «_ foreacht E R,
Remark, A funcoon @ R. — K_ satisfving (c,) and (¢;) is called comparison function
Example 1. If a € (0,1). then ¢: B. = R @(1) = at. 1 € B_ is a (c)-companison
functon, hence ¢ is a companson funcuen toc. But 7 B —+R, qn= % tER, 15 a
companson function which is noi 2 {c)}-companson functon
DEFINITION 2. {RUS [12]). Let {(X.d) be 2 mewmnic space.
A mapping £ X' — Xis a (b,¢} - contracrion if there exist 2 companson function g
such thar
F(AN s glb{dn. (2

jor al: 4 = IXvE



Exampie 2. If f is a gcontracuon (see RUS [12]), i.e. 2 mapping which sansfies
instead of (2) the following condinon
d(flx), JUY s 9d(x,)), Yx,y € X
where @ is 2 companson function, then fis a (8-g)-contraction.
Example 3. If fis a @g-conwacton with 9 a 5-dimensional companson funcuon (see
BERINDE [5]), then fis a (3-@)-contacton.
Example 4. Let £ [0,1] — [0,1] be a function defined by f(x) = x - ?l for

r€ {0%] and f(x) = +x - -é for x € (3‘ 1} Then

) F, =2,
2]
b) 1,(/) = {[0.8)/b = = L.
ElN
c)For p > = any set 4 B [0.5]) satisfies (2), with ¢(r) = i;, but fis not a (b,¢)
2 3

contraction, because for 4 = ,;1‘_ {2} is not satsfied
3

1)

DEFINITION 3. Let (X.d) be 2 metric space and £ X — X a mapping. An element
x € Xis called regular jor fif the set O{x;/) is bounded. Two elements x and y of X are
called asymptotic under fif the sequence (d( /(x), S7(0)),ex CONVerges to 0 as n — x
LEMMA 2. (RUS (13)). Let (X.6) be a merric space and f X — X a (3,g)-contraction.
If x and y are regular elements for fthen x and y are asymptotic under f.
The foliowing characienzation of the (3,q)-contracuon will be useful in the sequel.
LEMMA 3. (RUS [13)). Ler (X.d) be a metric space, @ a given comparison function
and f X — X a mapping. Then the following statements are equivalent
(i) fis a (d,p)-conmracrion;
(1) d(O(f(x), FO), ) = @(d(0(x, v, /). Jor all regular elements x and y of X,
(1) d( f(x),7(3)) = 9(8(0(x, y; 1)), for all regular elements x and v of X.
LEMMA 4. (RUS [13)). Ler (X.d) be a complete merric space and f. X — X a (b.g)



cortraction.
O Y F, = @, then F, = {x°}; .

(i)ff x"€ F,andxisa regular element for f. then (f*(x)), ., COMVErges o x.
The main result of this paper is given by

THEOREM 1. Let (X.d) be a complete metric space and f. X — X a (3, )-contraction
with @ a (c)-comparison function
If there exists a regular element x € X for S then

3) F = (x°);

BY If (x),en ¥ the sequence of the succesive approximations with X € X a regular

element for f. then

) d(x,.x") = s(d(0(x,,x...)) 3
where s({) is the sum of the series (1).
Proof From Theorem 1 [12] and example 2 it results a), b). In order to prove c), we
use Lemma 3 and condition (2) We deduce
8(0(S(x). f):.N) = @(BOx, y. /M) )
for all regular elements x,y € X

Let x, be 2 regular element and (x, the sequence of succesive approximations,

)lﬁl
x, =f"x,). n= 1L %)
Obviously, x, is a regular element for f 100, for each n 2 ] and then, from (4) we deduce

8O (x). 1" (5)) = §BO( (%), /™ (x5);/ M)

that is

8(0(x,.,,x..;:.0) s 9 (0(x,, x_, )]

By induction we obtain
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8(0(x, . x5, = FOE,. %)

Since
d(x,.x,.,) = d(x,,x,.) + d(x,.,.x,.,) *. + dlx,,,..%,.)
it results
dix,.x,,) 57+ @) +.. 2@"FN0),
where

r=8(0(x,x, ;. )
Now we take p — < in (6) and we obtain just the desired estimation (3).

Remarks.

6)

1) Theorem 1 in the present paper completes Theorem 5.2.2. [12] by the estimaton

(),

2) Itis possible 10 obtain a more general resuit if consider two metrics d and p defined

on X, In this case we denote by 8/(4) and b,(A) the diameter of the set A with respect to the

metric d and p respectively.

The following theorem corrects the sutement of Theorem 1 in MURESAN [10] and

compleses it by the estimation (7).

THEOREM 2. Let X be a nonemply set endowed with two metrics d and p and f X

—» X a mapping satisfying the following conditions
1) There exists a constant ¢ > 0 such that
d(f(x).f() = cpix,y), for all x,y € X,
2) (X.d) is a complete metric space,

3)f (Xd) —= (X.d) is contimuous,

4) £ (X.p) — (X,p) is a (bg)contraction with ¢ a (cy-comparisor function

5} There exists a regular element x € X for f (X,p) — (X.p)



Ther
(1) F,={x"
(it) The sequence U'(xo)).“ comerges io x° for any regular element x, € X,
(i) For x, € X a regular element for fand x = (*(x ). Wwe have |
d(x,.x") s cs(d(0x,.x,.,; /) (7
Proof In a similar manner to theorem | we obtain. using (1) and (4), -
dix,.x,.,) = €lg ()« gD - - g ®
where

rs= br(D{.ro.:I;_f)

Since § 15 2 {c)<ompanison function, 1t resulis {x,) s a Cauchy sequence in the complete

metric space (A.d). Hence (x,) 1s convergent. Let x” be 1ts limit. From condition (3) we obtain

r" € F,and then F. = {x'}, in view of Lemma 4. In order 1o obtain (7} it suffices to take p

— « 1n (8). The proof is now complete

Remark. If ¢ is not a2 (c)}companson function then. from (8) does not result that (x,)

1
1

is a Cauchy sequence. For example, if g: R. > R isgiven by gfn = ___ € R_, then
|

E ) . T X s p
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