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Abst.act, F6. a nonexpansiw (ripkchiizlan) opc.ator a whici t not a strict conlraction, iLe
Picdd ite.ation does rot converg€ g€tr*aUy to a 6x€d poiot By addins some pseudG.ontra.tive
lype a3rhpridns, it is possible to show that s€veral oth€r ir€ratioG (K.eo*lsklschsefer, MMn.
lslittwr) colvclge to s fixed poid of a.

'th€ mai! aim oi i!€ paper i! td 3uru€y some old ard r6eni results esp€cialy relaien to ihe
colversence of XnsnG€lsLi ScLaefer ite.ation in the clNs of seneralzed pseudGcont.&tir dd
lipsc.hjizian op$ators.

1. INTRoDUcrroh*

I{any of ihe most importalt nonlinear probleros of applied math€matics reduce
to linding solutio.s of Donlinear functional cquation-s (integrat equatioDs, ditrerertia.l
equatioDs ctc.) whic can be lorr ated in tcrms of fiDding the 6xed points ofa giveD
nonlinear operai.or o{ atr iffrit€ dimelsionai ftmction space X irto itself:

There is a classical general €xjstenc€ theory of fixed points for mappings satisfying
compactness conditions associated witb the naEes of Brover, Scharder, Leray etc. as
welt a-s an abundant literature of metrical fixed point th€o.ens, which €stablisb the
existerce (and uniqueness) of fxed points for maps satisfyins a variety of contractiv€
conditions ([16]). The first basic rcsult is th€ classi€.] Picard,Banach-Caccioppoti
principie

THEOR-EM O. Let (X,d) be a complete metric spa.e and T. X + X a strict
contrectio& thaL is, t.herc erists a.0 < a < 1 such that

t.2) d.\Ta,Ta) < a d@,s) for all c, s e Jr
Then the Picard itemti.on (the ,equence of successil)e awrorination) (x"), siten

( 3 )  r " = ? ( r , . r )  - " " ( " 0 ) .  D -  r . 2 .

conlieryes to the unique fzed, point r' oJ T,



(41

r i  - ' . '  (as n + - ) .

Thc colversenc€ o.de. of ile Picdd iteration ib Theorem 0 is siver by both a

?riori aDd a po.it€rion €6timaie.:

a(r , , r ' )5  fL . , i1"n, " , ; ,  " .  | ;

, l  d { r " . : ' )  <  :  
-  

d ( r " . r " - , ) .  n :  L :

This fudmentql r6u1t t[ th€ Sxrd poini th€ory hd been €xteDded to 6omc l{eer
claescs of conl.rdrtiF ad seDerhlized .otrtracti€ opentors, sce[16], for cxamplc, by
rrpla.ing the st.icr contra.tia€ condition (2) by a weaker condition of t)€ followiDg

(2 ' )  d th .T ! ) :  e@@.v \ ) ,  r , !  e  x
where r, : R+ + R+ is a.ertain compassion functioD or by a more general oEe

dlrx,ry) !  e@@,y)), d. la,rz),dlx, ' I !),  d.\u.rr), d.(!,ry)). . ,  !  < x,
where e , Rl --r R+ st d6 fo! a ce ain 5-dimeNional compari'oa fuuction (sec

'21, 
I2ll). lnportant rcsults ar Kanne o! Ciric theorems beloos to the sefl,nd class

of gencrarized contracr.io$ l16l.
If the generalizcd codlactivc condition iD a sc} fixed point th@.em b stm.g

e!ou8!, that is, tbe conpa.ison fuction sathdes some €ss€niial corditions, lhetr
lhe (possibte unique) fixed point of ? can bc obtaitred by mcans of the scqucDce of
successive approrimatio$ (Picard iteratioD).

But, if the contracl,ivc conditiotr is sligttly R:kd, e for .xdplc the case *huT
is only roncxparsivc

(2" ) d( ' t , ,Tv): d@,y), s,y e x,
theo thc Picatd iteration (3) necd no longer conve.se t o a 6xed point of I (if any).
lD fact. iD geDeml, a nonexpansiye operator T oed not havc s fixed point and e@

if f possesses a fixed poinr. th. Picdd itrratiDn need Doi conveqe to this point. see
Eximple 1 in Scction 2.

Elcn if rhe lixcd poi't cat| be obtai'ed by tlle Picdd i@ration, it G of interest to
dotcrmine oller ite.ation proc€dures thar could conver8a fast€r. in a ccrcair seEe, to

2, OTHER ltxED porNT ITERATToN pRocEDURES

The Dext exurple illustrat€c the case of a noDex"a$ivc operator pmE€$ing an
ulique fr€d poitrt, tor which tha Piced it.lation docs not cotrvergc to that 6!€d
poiDt, cxcept for tbe cae when the initial approriMtion coindder to th€ 6ied poitrt
itselt.

EXAMpLE 1. ({el) Let .x = [0, r] ald I | [0,1] r [0,1] b€ the fiIear tufftion
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T ( r ) = l - ' ' 0 < c < 1

Then : a) ? is nonexpans;ve:
b) I has an unique fix€d point

Fr = {r € t0, rllrG) = ri = {*}.
c) Thc Picffd iteratioD rn = T('. r),n = 1,2,..., yiclds the oscilla-

io.y sequercc c, l  -  o.a.1 a.a,. . . for any cq :  a(a I  ] ) .
Taking into a.coult tbe fact ihat the class of rcnspansive operators is r€ry impor-

tant in applications, we have to impose certaio additioDal conditions on the an$ient
spacc or on the op€rator itse6 in order to ensure the exbteoce of a fi.xed polnt or to
grarartee the convergcnce of the Picdrd iteration to a fix€d poirt of the operator.

In what concern l,he exist€Dc€ problem, the folowing r€sult was obtained ind€p€D-
dently by Browdcr. Gohde and Kirk (see {31, for exanple):

THEOREM l. Let C be a closed, bounded, anl .on'ex subset ol a uniloftnly
cowet BanaLh space.T:C -+C a nonexpanstue map. Then T lLas a frzed Wint.

The proofs of Theorem r arc, unfortullately, all not coBtruct €. As sbowD bl.
Example 1, th€ Picard iteration docs Eot conrerse (to thc 6x€d point) of such a
DoncxpaDsive operator,

A similax situatioD is eDcoutered for the class of lipschiiziar (atrd pseudo-
coDlractive, in some s€nse) operators. when, elen if fhc 6xed point is uDique, the
Picad itemtion does not convergc G€€ ll]).

To rcmole th€se dificulties \^'€ need to coEider some othcr scquential procedllI€s
to be used for approximating tr\ed poiDis.

Wc presDt here a few chmnolosical rcferente points. In 1953 W. R. Mann [11
introduced an itelation procedure wbich can be represented in the folowing form

( 5 )  r " + r  -  ( l  d " ) r "  + o , I r n .  n  0 , 1 , 2 , . . .

*hcre (a.) is sequence satis6'ins: (i) d,, € 10, rl ad (ii) !c" = a.

MaIl[ shol,ed that, if T is an conliouous s€lfmap of a .lGed inteffal Id, bl with at
nost on€ fixed poilrt, l,hen ihe iteratior Fch€me (5), with an = r/(r + r),cotrv€rges to
the ffxed poiDi of 7.

ln 1955, Kra.lDoselskj [18] showed thati if ,Y is a uDrfordly convex Banach Epacel
drd ?: X r X is nonexpaBive, ther the iteraiion (s"),

I
(6 )  r "+ r= ; ( r "+ rc " ) ,  n=0 , r .2 , . . . .

converyes to a fred poitrt of 7.
Later, in t957, Schacfcr considered the exteision of (6), by replaciq 1/2 by a

ronstarit ,\ € I0! 11, rha! ;$, he intmduccd the iteration procedure (r"),

( 6 )  r , - ,  = ( 1  . r ) o i + . \ . r ' " ,  n = 0 , t \ 2 , . . .

and pror.€d sioilar results [r9]-



ll is csy lo *e that (ri) siwn by (6) is in fact the Picard ite..tion for the
acrociated operator U - (l )) .I + ).T, wbeie I is the identity.

rf we take.\ : ;, hon (6') Fe obrah (6), m4 by puitins.\ = 1, ftom (6r) we obrain
rhe Pica.d iteratio!. Iteraiio! (6'), ehi..h win be called in th. sequel frosrdeirli-
S.hmjer iterotian, i6 a p.ericlld case ot the M@nn tt€mtlor i5), obiained ftom tbe
last oDe for @" : .\ (ccrast).

It va.s p.oven for coitiluolls mappings that, if the Marn ileraiive plocss con-
velges, then jt mut converge to a fxed poiDt of ?. But if f is oot co iruous, there
is no gunrantee that, cveD if th€ Man process .onvers6, it will conyerg€ to a fixed
poili ot ?, as sbown br lle D€f,i exanple.

EXAMPITE 2.  LetX=f0, I j  aDd?:X + X the map d€f fned by ?0 :  ?1
0 and ?.  :  1 ,  for  r  €  {0,1) .

fheD ? is a selfrnap of I0, ll ,havins ihe trnique 6xed point r : 0. Howcv6, ih€
MaDn ireraiion, with a" : 1/(n + 1) and .o € (0,1) converses to 1, which is nor a

Ily addinB some ps@docoDtraciive hypothscs to a nonexpesive map, Ishikawa
[7] proved t]e followins result.

TI{EOREM 3. ,et E ,e a cowe, .ompact sntuet of a HilberT swce H, T. E -+
E a lipschitzian and pscL.loconlm.niw nop. men thc seqxcncc (r"), delncd by

1.7) r"+r - (r - a,,) .  ' i  + o".r l(r - i i")4 + B-rE"l, n=0,1,2,.. .

tuheft (a,,),@,,) ore seqLenc* oJ pasiliue ntmbers satBfuins the conditiotus o <
< B" < 1, limr" = o dndtd"o,,: @, cd1leryes slmnsl! to a fued point ol

The next diagran .ep.esents ihe most importMt jteration procedu.s considscd

i I ) : 1

T.

1890 Picard

'.+r = ;(." +?''"), n > 0 1955, KrNoselski

I r )= l
r"-r: (1 ,r)." +)"x",n > 0,0< ) < r 1957 (Krasuoselski )Schaefer

It o" : )(cmst)

i" l1=(1 d") .  a" ]  @,. .  
"r" ,  

n 2 0, o" € [0.  I ]  1e53 Mann

l i 6 " : 0

r i+r = (1 a,) '  r i  + d"T l(r  b,J '"  + 6"I ' "1,n 2 0,0 < ar,6n S t

1974 Ishikas6
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3. PsEUDo-coNTRAcrIvE oPEnAToRs

The interest iD pseudocontractive mappbgs js due !]ainiy to
a) their usefulness as atr additiotral a$umptior to Lipschitz type conditions in

proving converg€nce of 6xed point iterativc procedur€s;
b) their coEnectioD $'ith the importet ctass of nonlinear accretive operators.

Let Ii be a Hilbert space and ? : H --r fi a s€Umap.
Definition 1. ? is said to be pseudoccntractive oD C c }J if

( r0 )  l t z  ru \ l  <  1 t  u l2  + l 'h  t ry  (x  y )12  ,  z ,s  eC

or equilalently

(10') \Tr rs,s - u) < l l '  - sl l ' ,  z:,a € c.

Deffnition 2. ? is called gcreralized pseudocontractiye, i{ lr > 0 such that

( r1)  m, ry l l2<r . l r -s l ' z+ l ) rx , ry  t@ uJ12,  r ,eeC,

( 11 ' )  \ Tx -Ty .e - s )< ,  r  s ) ' ? ,  \ yec

Remark, !-or r = I, hoEr Definition 2 we obtain Defnitiotr 1.
Deffnition 3. Thc opcrator ? is said to be stdctly pseudocontraciiwe on C

if there exists * < 1 such that

(12)  l . ra  ry lz  <  l , -s l l '+ i l l "o  ra-@- 12,  qseC,

Deffntion 4. The op€rator ? is calcd stronsly pseudocontractive on C iJ
there exist t > I aDd r > 0 such that

l ' -31 '?s  l (1+r )k  r t ( r I  ' rs ) I ,  r ,aec.

Remuks. 1) For t = 1, ftom Defnition 4 we obiain DedniiioD li
2) ? is pseudo'conttraciive if aad only if I - ? is accretive (lZtl).

The class of pseudo-contractive operators usua.lly associated vith lipschitziatr prop-
$tics ha.s b€en studied exteDsiv€ly by varios authon, sce I22l ard references tLerein.

The folovins r€sult has been pmved by Verna i121.

THEOREM 4. Let K be a non-enpt! closed contu subset ol E and T . K -)
K a lipschitzian and, senerdlized pseudocontractiue operator (with constant s and r,
resrtecll"eL!!. r < 1).

rhen, lor an! ^,a < ^ < ff$ tt',. ttemt;o" (""),siven by

, " + r :  ( 1  ) ) r "  + . \ 7 c " ,  n  >  0

conxeryes strongly 1o the unique fred point r' oJ T I

z "  + o . ( n  + o c ) .



In our paper lrl we conpleted the resdt of Vet1u by insertils both @ pnon ad o
potc'iort €rror Gtimat€s (Theren 3.1) and by findins thc fGtest iteratiotr amonsst
all Kt8noleski-Schafer it€.atioc.

l\'lorcover, when the Pi.ard it€ration ed Kr6noselskischaefer iteiatio! co.verg€
simultaneoDsly, it is possible to compare the fastest one, itr a certaiD seBe of rate of
.or€rg€lce. Gererally, i[ js pcsible to fiDd the taslest KrNroselski-Schaefer iteration
in l.te fanily, s showd by

THEOREM 6 ([1]). Iat K be a non-cnpts closen @Ne, subretoln ilbert spa@
dntlT: K + K d gehetuli.ed. pseulo.onttucti"e (uith @nslait r,0 <r <l) cnd
tipschitzi,n (uith.onitonl6 >0) opetutar an.l ̂ e (0,1) rt.n fia, 0 < )< i1l];*.

(, 7' has an uniwe fued point r' € K\
(ii) The Ktusnosekki.S.hdeJer itcration (x") conxeryes stronsly to r', lor cactr

( i i t )  ) x " - r ' < r  d c l  l l , 1  - ' o l  ,  E > 1

[ " "  " ' l<# . tk , ,  ]n  L  n>r
0,,e8 B = ./i .\F+-^o ,r +
li.4 rhe ldst$t Kru^onlski-SchaeJcr iterstioa is obtdined Iot

^  l r
"  L  2 r , e ,

EXAMPT,E 3.(l1l) Ler r'= l;,21 dd r : K + K rhe tuqcrio! deffDed by
? 1 ' ) : : , c  €  : ; ,  2 l  . r h {

1) Z js Lipscliirian with costei s = 4i
2) 

" 
js gen€ralized pseudo(ortracliye \vith consrant r > 0 arbitrary;

3) The Picard iteratioD, wiih ro = d I r).ields the oscillatory sequence

1 l

4) The Krsnoselki-Schdef€r iteratio! converges to i' = 1, for any ) e

5J rbr / = 0,5, lhe fasiest Krsmsclski Schaefer itcratiotr is obtaincd taking )o =

- ' '  ' l ( : r "" ' ' )  "  o-  32 \  r " . /

which converg€s to.' = 1, (slowly, becaure the coft"r"tion co"tn";""t en = f -
0.992 is very close to r).

PlN.iL ReMARKS

The cla$ ot pscudo-coDiractive operators h6 been intensirely studjed in the l6t
decade (see, for exanplc, [al, I5]). we comiderea a nore Beneral c.lss oI ps.ude
contraciire opcrato$ in [201.
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