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IiIIZUMAT. - Asnnrt solufllo. rn.l..tr.ttl fttr'clloraL lolorhd trItlloltl Plct..l.
in lncr{e sint prezentstc solatii rle e.traliei inncln dc (l), in c:zd in care /
estc o spli.afie Picard. ,{ccstea sitt exPrn.dre prin irtcrmcdilr !trei 6LJii cde
po.te li converseaia d.r ti di\E.gcnti d.r strmabill Printr'o metodi dc suture
drta {Cisnro, Alrl, Aoeplitz).

0. Introdrctiofi. This r'ork is concemeal with th€ solutio$ g oJ the Iuuc-
tional equation (1). The solutions are glven in the {onn oJ convetgent senes or
divergent series bit summable by som€ nethod ot srmmabilitl'.

l Prelimimfies. L€t (X, d) be a complete m€tdc sPace, Y a re3l Banach
space and let us coflsialer the follo ing functioral eqllation:

cf f(r))  +8(")  :F( ' ) ,  Jor al1 '  -  X 0)

where/:  X.*X, F: X--+Y are given mappirgs ard 8: X+Y is an urknowr
mapPrnS.

When /, F anal g are fl1nctions of a single real variablc r € l.r, Dl, the
solutions oi equation (l) have been studied by many authors lll, 13.1, t51.
Thus, the { 'ork [3]  of  K11czma qxtenals some results dte to I tardy,
respect i \ .elr  Steirhaus, l l l  cxt€trds l3l ,  is l  extends l1l  etc.  ( ior more
de1; i ts .ce 1le i i rst  secl ion iu l5 and cl .o L4 ,  L3 I .

The present work may be regarded as an o.tension oI a part of the results
siven i t r  tbc pan(rs quoted above, especial l ]  in 1,.  ODe can lreat s jmi lar ly
6thcr result  '  i ; - l  and l4l ,  e.g. theoiem 3.1 and theolcm 4.1 l rom 51.

I D  t h e p a D e r .  I , ,  ' 3 1 ,  1 5 ' / i s a \ s u m c d t o s a l i s t y  t h e  f o u o e , ' i n g  c o n d i t j o n s '
/ ;s a conri 'nuius and sir ict ly ' increasins run(l ion on 

-a. 
b ' t  l (o) f l . I lb) o'and 

flx.) > x, Jor arl i e (4, ,).
Urder thase assumptioDs it can be readly verjlied L2l thal lbe sequetrce

of the iterates oI f, O(x))">o, ilefined, as usually, by /0) (t): t afi f(x) -
:fU, \x\, lor *>1 ard lor all , e [l', ,],- coqverges.fo D, i.e.

. liflflr) : b, 1ot ^11 a e (a, bl (2)

I,et{s observe that odythe cordilion (2) is €sseatia y in the prool of theorem
I lrom tll, aod, coffiequelrtly, we may coosider a sloNer coDditiorr oD/, i.e.,

/  is a Picard mappbg [6' .

. s,. R.t'ttirii, Et, 5, lano R.ierrt ., Ro^6nic
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This iveakness is effeciive, as is showo by
Etantbl,e l:1. the function y': 10, 1l + t0, ll, /(0) : 0,

f l i  -  Axz  -1  . r+  I .  r o r  r .  { 0 ,  
r ) ^oa  

l t x \  :  t .  l o1' -  2  t  2 '

,  - l j  ,  , ' l  i5 Dot conliDuous, atso noi sr c y rtrcrcasrD8 or 0, t-,  but i t
t 2  l

car be easily Ycrificd ihal

1irnl , (r) :  r ,  for al l  r  e (0, 11.

The aim of thjs nole ;s 1o sho$ lbxl  the th.ore,D I  in f t  remains val id
under lbese $eak condi l ioD,.

.2.  Pieard mappings..For tbc deJini t ions, exa'Dples, propeft ie.  and other
resurrs coDcer nB r, lcard mapprnSs t \e reler to Lbl.  

-
As usual ly,  lve denofe by F, tbe .el  oi  at l  t ixed poinls of a ruapping / .
DeFfNrTroN 2.1. I ,et  (X, d) be a rnelr ic 'pace. A maooioe t :X "X i ,

said 1o hc a Pidtd ndlt ing i {  there exists ,  :  X su(h rh;r i  "  -

tt ftj
and

(/(r)),.1 converges to b, lot all t e X.

. ,E!a!:Pk 2.1 L.t (X,9 be a complete metric space. A cortmction map-
pin{ f: X - X is a Picard maDpiDs.
, _txayft! 2.L.t""r (x, d).be;c;pacl metric spac€. A conlracri\c.tnappins

J: -rL < /{ 15 a l.lcard maDplnq.'  
Exanpte 2.3. 13 Let j : i , ,  b l*1", ,  be a conriDuous aud str ic y iE:

c.reasing. Iunction. on ta, hl, flb): b ^r.'d Jb) > x, tot all r € Ld, ,). Thetr
/ rs a flcaro mapP'n8.

-.  oEFINrrroN 2.2. A funcl ion 9:RF*nr i ,  a .onpaisatt  lnnct i f i  i f  sst is-
fies ibe condiliotrs

i)  9 is motrolone increasing.
ii) tc"{4),.r boqverges to 0, {or au ,> q.
DEprNrrroN 2.3. Let (X, d) be a melr jc space. A niapping l :X *X is ^

?-cofiln.liotl iJ e is a cobparison Junction and

dU@\, fUD < e@k, i), tot arr r, y e x.
Now let us recall (see [6], p.33-34) some resutls $hicb give sulficient

conditions lor the mapping / be a Picard mapping.
r@oREU 2./ .  Lel  lX, d) b.  a comrlpl? m.t f i r  sb&rc a i I  o:R_ an- a

JLncl.ion &hich satisfies condilion i) aftd th. follauine'rao cot,ditions
in) e(r) < t, for att.tSo:
iv) q is right contirrqans,

I
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. .aff@, IUD < CVk, i), fo, alt t, t e X, thea f is a Picard ,ttapfitg.
TForlr4 2.2. Ld lX, d) tu a corrrklc ,fict ic sfare and, l: X - X a g-con-

,ractiorr. Then ! is a Piftrd ,natling:

.Tuor.!r4 2.3.. Let (X, d) be a cornlMe inetric .spacc ard p: n+ + [0, I,
4 ottotorr. dccrasing franctiott, If I:X+X is s*ch lhat

d(lbD, fbD < e(d(r, y)) dlt. 9, for att. ,, ) e x.
Itt.tt J 1s a Prcato map?tfiq.

rrcox.Err 2.4. Let (X. d) bc e coftfktc mchic slace ard gill+ -ll+ a
f*nctiot s*ch that 9Q)20, lot tSO.

II J: X + X is a ,natpin1 such that

allk). IU)t < dlx, y) - evv, j). lot a x. y e x.
lhn f is a Picard napp;rg.

3. Seqtroncs and seri€s. In this section. $e recall some definitjoEs aDd
properties conceining s€quencBs in a metric space, series in a real Banach spaae'and we also introduce some couccpts of summabitity of ilivergeot seri; id
BaDacb spaces, enalogous to those for Dumber series in [21.

For simplicitt in theseqlrel we shall assume, vithout any special mention,
th^t (X, d) is a cornple{e .metric space anal Y is a real Banach space_

. DEFrNrrroN 3.1. A series I a" ir Y is said to be.orrrrgN, with the sulr S,

and rre write S : D a" iI the sequedce of partial sums (S.),.x converges to S

0Il Dorm).

A series of opetators.! f , ,  f":X'*Y, E.onwrgmt on X toif i f ,  for al l

t + X, the series

D,f.(t) converges to /(') e Y.

DEFrI[nroN 3.2. I,.t E ," be a sedes in Y. We detrote, as {qrally, by

(S"),.tr the sequedbe oI partial sulrs, aail let us consiiler the sequerce (S$th.r,
defired by S!o): S, aud, for * > 1,

. s9) : s[t-r) + sf-r)-+ . .. + slti), ('a: 0, t, 2, . ..)

5 - x.ri.-u- vro
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the sequence (ClD),.i

c l t ) -  :  : :  sgr ,  r>0,
t . l
t r y

fr"u" (" lrlis tue Uio;at cocfficient) converqes to S. we sev that thet  ' t  n  I  I
the series D t. is Cdsaro-s ,fihoble ot C. - sttimfile {rit! the sum S.

, DEFINTTToN 3.3. I.et (S"),"i be the sequeoce of partial sums of the series

i r. in y. Let us consider an infinile matrix T : (trh) of real Dunrb€rs atrd
let us construct the follo\oinp series

We assume that the seies (3)is convergent, with the s m Si, h : O, l ,  2, . .
If the sequ€oce (Si)r.r cooverges to S, then tbe series f, r. is said to be Tor-
pl,itz sam able.ot Taufirneble with the $!m S. 

'-o

DEFrNrtroN 3.4. A series E t,in V is sum abh by Ab?l's ,nclhod oI s!m-

tuabilily, or A-sr.n narrr, with the surn S, iI the series f fr. converges for all

If, for sobe I,

(3)

, e f-r, fl, /> 1, enal there exists

(If  i :R x Y*Y, the l ioit

l im h\t, xJ:t,
,<'*0'

must be udlerstood as

r iml lh l t ,  zJ  - r , l l :0) .

snce theotems I artd 2 [2] pp. 404-405 are important for.this work we
quote therr here, adaptcd 1o Baoacl spac€s.
'  

-  TEEoREM 3 ,1 .  Z r r { i J " . r r . as .quc tke ,2 r+Y , lo r  oe ry  t : 0 ,  t , 2 ,  . . . ,
and lim z, : o e Y. Il f : @,") i; an infii;te rcltiat mltrlx whbse ctimet s
ar" !fr, sati"ll the conditiorts
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t l)  Fot each a2 O, au-O as h+o,

12, Tha. etids o.corrdoil C sr.ch ,hat t 
.

laa l+ lar , |+ . . . I  la* , |  <  c ,  lh> 0 ,  t t>  o) ,

thzn lh? seies, aEz- corh,fipcs lot all h7 O.

Moleolter, the seq eflge Qi)r.r

L ' ^ ' l ' 2 '  '

is corrtcrgcfit it Y and ]Jmzi:O:

,rEoRElr 3.2. IJ T : (a5,\ i-s o /.8ll,1l'r mallir ohos. eletn.tttt ar" e R s4-
l;sfy thc cond;rions t\, r2l ftoni theoren 3.l 6td th. fo ouirg

t e  \
t 3 )  i i n lD  ah l -  I .

r" \-. ''

tfun, Ior an! sequtwc lz")"-t coqrtrgine to z i4 Y, as ,t *,t, lhe seql,,rmc
kil*n Bntctt by l4), is conxer4crd and lim zl: z.

' 
4. Solutions ol the luactional equation. Now we retum to equation (l).

Letf :X-X bea Picard mapping and,F/: {6}. As in t l l ,  [3], [5] we con-
sider lbe followirg series.

r rpt + i" (-r){rLF(')r - F(r)}.

The aim oI tlns sectioE is to give su{ficient conalitions for the eraist€nce of a
solutioD of equation (-l), by l'silxg the corlvergence or tie.summability ol the
series (5).

The main tesult is slated in

TrrEor.EM 4.1. Let lX, dl bc d com?lele mdic spa.e, y a ,e&l Bdnach slacq,
F:Y -Y a gh'cl apling and ft X - X a Eir.n Picerd maflilt,

^) Ifthe ser4es (5) co$oelges on X, ats srtn glx) is a solation of.quatior, (ll.
b) lf th. series (5) is T - strm ahk toith tlk stam gbl ohtn T : {abl

is a ,es.hr ,notrit ttonsloffidion uhose dern.',ts z- e R surisly lh. conilithns
rll t6, ttun Eb) is a sot$Lot oI ttc .quation (l) if F is cor;iinlxors i" b.

c\'If lhc senes (51 isC,,- suttnebte uith lhe ssrn g(t), then g(rl is a soht
tion oI {dJ. '

d)'If lha s.rics {5) ;s ,{ - s*rnttabh @;th fit srrn glr'l tttcto g(t) is a
sotlrlion oJ lll.

(4)

(s)
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PtooJ, .
a) ,Substituting g(r) .tlveu

first statem€ft holds-
b) Putting

q( ' ) : ; r (6)  +D ( - t ) r tF( / ( , ) )  -F(d) ] ,  ' :0 ,  t ,2 ,  . . .

and

sl(r) : I ar,E(r), (e : 0, 1, 2, . . .)

' i t  rerul ts from thc T -  summabi l i ty of  the ser ies (5) that

Ol1 the other iand, we have

.  s ,U(,) l :Fk)-sJ")- ( - ry+l tFLf '+ ' ( r ) - r ( , ) l

end consequently

siu(').f :D aalpl - si(xl -D (-r).".*fF(f ,,(4) - F(b)t. (6)

FroE tl), t2) and tbe coDtiruity of F in D, it follo$s that

' tim {(-l)i+r IF(t+r(,)) - r?(a)l} -- o

hmce; applying theoren 3.1 we obtaiu

\
l im lF (- r)"+rah tFU'{ '{ ,)) - F(r) - 0
r - ' \ i - o  l

It is also oi.nious, llsing theo;eh 3.2 that

l im l ' :  ar,.F(r) l :  F(r), {or al l  * c X
' r- ' \ f i  -  

'

anal tbetefore, taking A*o, (6) becomes

V. IITINDE

by the serie! (5) in {f), we obtain. thet the

s[_f ( r ) ] :F(z) -s( r ) .

c) Tlii proof is similar with that of tbe third part
unnecessary iletails will be omittetl.

of theoreri I [1] .nd
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E we denote by q(r), S"0f(r)) the partial sunc ol the series (5), respectively
olthe series obtained from (5) replacing z by /(r), it lesults by ao elem€taty
ca!qdatioh

ci'l') -'--i cfl,k) + ;* sf -i)(,), ,
(";"1

aad

. Cfrl-r; - cl\.i(*)) : Fk) - ---j- r('r) +;L* r, .li "t/t,)1. (?)
. z(t

t;,
Now, in (7) {.e take r *.cD and follorvs, frod the C. - ffmmability of the
series (5),  i ,e.

that

l lm L; t . r)  :8t*) ,

elr) + 9Ub)l: F(x)
il) This follows from theorem 1 [1], d).

The proof of lheorel'l is now comptete.
Finally, ld us <ibserve that aIl results in this ?apet temaia valid i{ X

aDd y are complex rather than real sp?ces.
' aiE sqthd voulil Ule to tlunt I,roi6so; I..r. Rus for lclpfil snggqtlod ia IEPAtII8

tlfs nrticre
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