STUDIA UNIV, _BABF;S-B-OLYAI, MATHEMATICA, XXXV, 4, 1990

1

iy

ON THE SOLUTIONS OF A FUNCTIONAL EQUATION USING
, PICARD MAPPINGS :

VASILE BERINDE* ~

« Received ; January 18, 1900 .
AMS subject classification : 40J05

REZUMAT. — Asupra soluffilor unei ecuatii funetionale folosind a pllu nm l‘l(-nrd
In lucrare sint prezentate solutii ale ecuatiei functmua[e (1), in cazul in care }
este o aplicatie Picard. Acestea sint exprimate prin intermedinl unei serii care
poate fi convergenta dar §i divergentd dar sumabild printr-o metedi de sumare
datd (Césaro, Abel, Toeplitz).

X 0. Introduetion, This work is concerned with the solutions g of the func-
tional equation (1). The solutions are given in the form of convergent series or
divergent series but summable by some method of summability.

1. Preliminaries. Let (X, d) be a complete metric 5pace Y a real Banach
space and let -us consider the following functional equation :

g(f(x)) + g(x) = F(x), for all ¥ « X (1)

W]JEIEf XX R X — Y are given mappings and g X —Y is an unknown
- mapping.

- When f, F and g are functlons of a single real variable x € [q, b:[ the
solutions of equation (1) have been studied by many authors [1], [3], [5].
Thus, the work [3] of Kuczma extends some results due to Hardy,
respectwely Steinhaus, [1] extends [3], [5] extends [1] etc. (for more
details see the first section in [5] and also [4], [3]).

The present work may be regarded as an extensien of a part of the results
given in the papers quoted above, especially in [1]. One can treat similarly
other results in {1] and [4], eg. theorem 3.1 and theorem 4.1 from [5].

In the papers [1], [3], [5] is assumed to satisfy the fo]low:lng conditions :
f is a continuous and strlctly increasing function on [a, b] fla) = a, f(b) = b
and f(x) > %, for all & = (a, b).

Under thase assumptmns it can be readly verified [2] that the sequence
of the iterates of £, (_f (%))ns0, defined, as usually, by f@ (x) = x and f"(x) :
= f(f*=Y=x), for n> 1 and for all x € [a, b], converges to b, i.e.

I:me"(x) = b, for all ¥ € (a, b] " 0t 2)

Let us observe that only the condition (2) is essentmlly in the proof of theorem
I from [1], and, consequently, we may consider a slower condition on f ie;,
f is a Picard mapping [6].
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