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Inlrodu.aion. Thc aim of this paper is to es[bish a rclation betwecn x chss of

monolone operators, by a hand, and a class ofcontractive mappings. on the other hand, using

a Eeneftlizllion of the contr.ction mapping principle due to KRASNOSELSKI and

STECENKO 16l. As rhown by CEA []1. which applies this resulls in optimization theory. if

lhe operator (; satisfiB cenain monotonic conditions. thcn 7; = / - {;, for r censin y > 0, is

a conrracl ion. In [5] DINCA argued rhat CEA's condit ions arc'only sumcienr and.

cooseqoently fumishcs necessary and sumcient conditions, obnining $c tollowing

gcneralization ofCEA's result: 0 is slrongly rnonorone and Lipscbilz operalor iland only if

there exists y > 0 such thal 4, rs a contraclion

'fheorem 3.1 exlends thase resulls, by means ofscme new concepls, and stales thal

(i is tsmonotooe operato. ifand only if rherc is y > 0 such that 7, b fconracdon.

l. Comprrison furctiona, Va.ious co'|cepts ofcomparison functions rva3 delined and

' 
I'a^arrtv nf &aid-lha, D.tmtwit of llalln ,tu,tt.!. .l\t)t, Itn-thm. h,hnnl
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intcnsivcly studied io conncclion wift thc lcnefllized conn ctiou nrpprng principle, see. for

cxarnple RUS,A.I. t7l, [8], BERINDE,V. iil. [2] ln lhe pr6cnt papc.r wc need conpaison

functioos defin€d without the monoloo€ urcrc.t'ing condilion.

DEFINITION Ll. A napping 9 : l, - n. rs sard to bc s crrrrlf,niy j rjtr.r, if

(i) q) is conrinuous;

(i') 0 < qr(/) < /, for / > 0.

Lefs denote by + thc aet ofall oomparison funclions. Cuviously,0 is nonenpty lnd contains

both linear and nonlinelr functions as shown by

fianu' lc I t . l fV t.  * I ' ,  qtr) =d! I , '  :  1,, E f, , ,  rheo {,€{.

l,ion'p,c t.X. lf q, : f,.. - I'., lt) (t) =,(r-r.,L|, ., :; i.. I snd q{r) = r-1. for., > t,

tben q' e t, bul t{, is nonlin.ar

LEMMA Ll. l,rr q, e {, hc a conpri:oti.fnuun, Lhcn

a) q(0) = 0:

b) 0 < lrq(4 - qi(/) < l.l,' r > o

a) From (ii) we oblainlinr qr(t) - 0, hcncq by (i). rt(o) - 0.

b) Since qr € I, wc have qtl) > 0 ao'l r - q(r) - c,, € 1.. Then, t'or evcry, e n.,

2 , ' 1 , ( r )  -  q ; ( r )  .  q , ( r ) [ ,  * ( ,  - p ( r ) ) ] .  0

F ina l l y ,  I b r />0 , / - rh / )>0 , l hen?r9 ( l ) - ' 1 , : ( / )>0a ' rd ( - { (0 ) I>0 , tha t i s ,? /q {4 -q , ro

< I, which completes the proof.

We are oow able to gve thc following

DEFINITION 1.2. Lct I € f be. compan5on tinctior. A firnction rr: l. - l. sivcn

by r.() =y'?4,(t)-q;(r) is calllrl rhc rr.,,ry'.'/,./d or ri,.
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.F,.1ry+{l:1rLtFtt,iry.{qly,r4T,.,3d1'to.llff,Y,i1?,"..
r)t"efi

b) Ir'e nappl,A Q - l, t(q,) - r! ri tr"/e.rite;

c) q4D < rt0,fq eeh t > o.

Pr@L
' !  t " t  i ' ' '

a) follows from Lcmna l,l,

b)lt $filcr!.to rhop.rl fo..ny t eI ficrc r{i s r uniquc AeI Ocrcruliquc.

0 €{ iuch thrl -.i,

which hrs r uniquc rdutioo r e'  ' . . . , i .  : ,

r , ..,., . .. ' ',, i,,:i 1

' fu44. rer..
is rhc uniquc soiu-tioo of.(l} firt ir, r k bijcdirr

, ,  , . - "1 l t i " . * r  t ' . : i i  . , : r , ,  , i 1  . , ! . , . , . i . . . , r , ,1 ,
DEFTNITION 1.3. Lct (X./) b. t met.ic !prc'e. A mappingf,X { X is cdld +

,c'ntacrrd, il$dr,:1t!ts ! cornpl:ltot!,ful1l q, e,l such th.t

W. nced the following gcfleraliz ioo ofrhc conlr.ction nrapling principlcI |rle Conracton orapprng pnncrprc

, nqO.,REM l.l. (KRASNOSELSKI and STECENKO [61. RUS.A.|. [4)..]!

. .,! :l (,!'b". " w4* i:,r. !!:,!! 4 x : \.?,t -,t!"r!!,:. l,f,i I tu o
5l



tet ,t bc s real llilbart space who6e norm

l.l and <.,->, resp€61ively. An opcaator C :

8nd ioncr

H - H i s

M.

yieldr.

<Cu -  Cv ,u  -v>s lC | / -Cv l . l t - v t r ,  V  t , ve  H

which together with (4) and (5) givcs ,r t r - vll - M.lr - v;'l, Vr,r, L Il , thar is zr <

tunuk. lf G: ,l * i ii srronety monotone then G is injccti"ci r& rir inlecr;'c

op€rdor G and a given comparison function ry, let denore by t, = 4(C,q,) , 4 = 4(C.V) ,r <
' ' .

,2, thc (rssum€!) raal roots of the quadratic cquation

lG  -C i l ' z t '  - ' , - <C  -Cv , i - v> ' t  i p ' ( 1u -v l ) . o ,  z , ' ' e t , x ; v .  ( 6 )

DEFINnION 2.1. W. lry rhat an injcdive opcratot G: H - H isr fmonttt.rn(
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operator if there cxisii q, € 0 such rhat

(m, )  <Ct  -Gv , t -v>  >  t rGu -Cv l 'U( i / - r l l ) ,  V ,ve  H :

( lnJ n t r , (G,r) , r ! (G,r t , ) I ,  { .
':::

LEMMA 2.2. Any strcnql! mo oto e ard Lipschitz oryrator is a fnorcione

Pfool Assume G satisfies (a) and (5). To prov€ (n,) it suffices to show rhat therc

cx i sa {€ {s l ch ths t

'  n . I |  - v l ' 7>  M- | t r  -  r  l l  .  t  (  l l  I  -  v  !  )  ,  V  , /  ,  v  €  l /

or equivalendy,

n  I r - v [>  M ' , t , ( I u -  ' l ) .  v t l , ved .  C )

lf r, = M C) hd& f( ary {(4 =.r, 0 < o < t., e & a'd if ,'' < M f ) hd& fcr V ( I ) - 3 /

For the second pan of lhe proof, let us observe lhat [rr,4] is the solution of th€ inequation

obtained fmm (6) replacing'=' bt '=', n"n"" ,.,) is equivalenl to rhe following condfuion:

lhere exists y > 0 such that

lGu  -  Gv l ' f  -  X .  <G u  -Gy ,n  -  l , > . y  +  q i ( [ z  -  v l l )  <  0 ,  V  r , v  €  l / .

Using (4) and (5) we have

'  ,  i  C r  -  C t  l l r t '  -  2  '  <G I  -  Gv ,u  -  e>  '  y+q : ( l l , r - v l l )  s  I' '  
) ( i , f  - t \nt. i i l  - ,n.q,. i rr)-"1r, '  Q\

hence, to prove (?) it sumces to show that for cdrtain y > 0 and e = /v the inequal ty

'  (M ' f  - hn \ . nu -v l l t +  d ( l l ' , - v  )<o ,  v l l , y€ l /  ( 8 )

holds.

lf n = M, then {(r) = o/, O < a < I and (8) hotds for y - j, r;n""
M

(n ' l  -  21n { lu  - v l ' ,  a ' l l  u  -  v l ' <  (M t {  -  2yM +  r )  I  ' /  -  y l l l  =  0 .

5J



I ,=r*i:t ;:r *r: '. "'lInde.4 in thi t . ts.  l rc h.vc , '  
_ 

'  
,  

' :  
, ! ' )> 

i , r : j

(M,.t! - 2tn)t, - v|, +q( I r -, | ) -V" "# -., #, # ).r, 
- 
",,,. o i

RErno* Tia chls of +t|lonotone operators is ls.gcr thln thc chls of strongty 1

nonotone,rnd LipschiEtop€ratoG-G rhowfi.by.,thcor{l 3.1ltogalhcr $,ilh thcorrm: l.l .|trt l

th€or€m 3.2.
I
i

l
L
I
1

ntrny, praqical problcrns.. wbcn thc
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. .. ,.e'd..{$q1e_?., is.s +conrraction. we shall el9ve. lhil,ll':ri.9,T.!s. r, g 0 $ch rhar

(m,) snd (mrt iolds. we have from (9): 
' 'i :

.  . l .T tn- I ' tu l '=  nr - ,  -y(c , , -6 ' r [ '= ,  
.  

' ' . , t - "  
_  :  

-  ' t , ' ; ,
' . : r '  ,  . ' r , " , ' l ;  

I r - . ' , | I 1 . . ?y .<c l -C r r ; r - v .>  +  f  . l r  -  v l r ; .V  , t . , , t , e : .H  . .  . . .

., 
" 

q".t,fr i: ts"g,"qfliT iq Tg,:ily if ,th:f,,9lists q, € 0 such thll,r,, _
t r \ t t -T ,v l  <  l l x - ! [  -e ( t r r , . -v l ) ,  vz . r .€ . l t  

, , ,  , ,  , , , ,1 r ] )

. Thus lron! (l l) and (12) we deduce IhatrhTe exlil i, e { a4d I I q such lhat

l{i i - ul'.1' - 2. < Cn -Cv, z - v>1 +rj1 1 x - v ! ), :,.0: V,J, v 
5 fl , 

(1:)

that is. ihe iiequation

. . ._ , . ,  ,c r1 ; .O-r r l . j '1 . ] . -2 ' fcn-Gr . t t - \ '> . t i l i (1 ,1 : r : ! )<9:1 ,v : , { ,04)
has a p$iiive solutions i = 1 and y does not dep€nd on ir,r'el.

This implies, by a hand, lhal

' '  <G  -Gv ,n - r , >>0 ,  V r i , r e f f

(olherwise (13) is impossible for ll ' r.), and on rhe orher hand rhar

<Gt t  -Gv ,n  -  v> r  -  1162 ,  .  ( ; r ; . l l i  r * r ( l r - v l l )>  0 .  Vx , r .€  t /  ( 15 )

, , , , , . , f ,rei l-,( lr l ,a-qql ' t*, i ,pq!i i t l .Jyl l l) ' ,11i,,, .  . .
, , Ld :,ilp, { ). t (e.,,'ilii, &. tlrl : r,?.c: ,rr1 ry re11j,S1s or rhe' equarion
associhte to (t4). Tien y €,{ rr( C, { ), ,r(,(;, tt '  ) l ,.for each,,r 'e 4 ;,. r, lhat h (mt

' 
ti;trii. tliiiiie?'ii'i;nori'6tone opirai'dr.'tte ttinlerse,is obvious.'m! iiolli is now bomplere.

,. rttu!; Frorn lhi'pr.g<if bil-'enfrin i:: il Fylri lllil,if q. is rtrcngti monotone and

l.ipschitz oppratol th€n C is +rlnonotone., where t, 
= {q Frt l,tl{rl 

= ir,.o. o < t } o

rhe class df iii;i iomp'lriddn fthcions.'Thns wc otiiain'frbin lhborcrn 3.t rhc'res'utrs of

I)INCA (51, theorern 12.32, p.520; see also D|NCA, BLEBEA t4l).

THEOREM 1.2. L,l,ti ri a rcal Hilbart sJnc., (]: H - II a ghu orrini aul t',:
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(dr) = 0

htLsounqt: 'ohnonieHi l  tht t .u: tr |  > 0 suth r lmr r fu scqnotca o/.vr. . . . r .$1rr,

o ros|t tdti tt k^);N.ltliiNl b:

i '-; i o +u'-,",,n
. ' ) .

,  ] i , ; : t : 1 r '  , : , ] i  
, '  ;  ]

i r :  '

.  _ , t \ ,  t i i  , .
R E F E R E , N C i i , S

r. Bcdndc.v.. ritul.r,rM,;, k k. ir^;;.);;:,,/ti I*d';.ti li " 
i.;.re);l;*i.^". x"u,,
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Napo.:L_ lJ-:o. I , ,

3. cc^.! .i4,,.t:driM. n qtu.r otsriaaer.'du'o4 F iJ. teTtr 
-' 

" 
'rr;
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' 
^*^.'. i-1r,, i, optraltt ole rcong pniutuf.. li oii^ cr"j po.* Ie?i. ,

. i . , i  i  .  . . . r . ' l i r .  . .  . . ' , , ' i . . . : . r . - l J  l r r 1 1 r f , i t :  - i  . 1 . , r . ) r . l r ,
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