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CENERALIZED CONTRACTIONg FOR SOIJVING nIGHT FOCAL
POINT BOIJNDARY VALUE PR,OBLEMS

\/Asrl,E BERTNDE

Ab.t!!ct. Tbe @in ro.l o{ th. ptt cnt, plp€r i. !o olc rh€ t.!.r.tired
coD.r..tion DappiDa pdEipl€ [4] iblrad of ihc cbsic.t clDtl! tir n+
ping Ptimjplc, h orde to obt in I n@ gd.r.l cdlt ocr altd uisrEs
th.or€n for thc nh ddE ordiDry difr.EDti.l cqudiob *tth dcviariDs
a'run.d. (r.r) - (r.3).

l. IhtroductioD

Second order a.s well as highe! order boundary value problemr with deviar

int argumerh alise ueturally ia eeveral engir€€riq applications. Itr spite of tbeir

pr!.tical ihportsDce, only a few papera are devoted to bounddly value ptoblern!(s€e

[2] and referencce thenin), evetr if itritial vslue problems for higher orde. differential

equations with deviating aryuments have be€D studi€d int€nsively. Com€qu€rtly, let

us coDsider, Es i.[ [2] ( aI orc€pts aDd notstio;s rclrt€d to ODE ar€ taken ftom this
psF.), tbe Du order ordtuary difier€dial equstion with devirtilg srgumentg

,("\r) = t( i ,r o0(t)),t  € [d,q, (1.1)

rhere z o ra(l) etu& for ('(u'0.1(r)), ..., r(uoro(a)),..., r{r)(urr(r)(r))},
0 li q I n - 1 (bul fixed), and p(i), 0 I i ! q, sre po6itivc itrt€g6ts.

The furctioD l(a, < , >) is assuned to b€ continuous oD [s, ]l x Rry,where

< . > repre€€nts (.0,r,.-, r0,p(o),..., re,p(e)) and X = t"p(i). The functions

ta r ; ,13 i ! r ( t ) ,0S iSc ,

Iter i4.&.Nria s!bt... tu'dt4tion. 31r<ro.
x., !r'rr ,n. 'tE,s. FaaJd .orkdi.!, d.r.rt!a .rru!.!r, bordq ,.tu.
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are conthrcus on [o,6] and rllrj (I) S , fo! a[ t € [a,rl;

Also, they assume the l".lue d et mo6t a fnite DuDber nf time as I ranges

over.[o,t]. r'.

Lct

a  =  m in {a ,  i n f  u r  r ( t ) ,  l < j<? ( i ) ,  0S i<c } .

If a < d, we a€sune th* a irnctior 9 e C(r)[o, a] ie given.
. Let t be a firert itrteger rucl ihat 1 < ] < n - 1 aad let r = min{q,* - 1}.

Wc s€€& s frnctioD

r € rl = Ck)[o, 4 n clr) Ia,./l'r clcr\,;j,

hsvirg at lelst s pi€cewile codhuous a" dedrative on [d, r], sd such thst:

tl

'(r\.)=9(r)(4,0<rS{, .€[d,ol; 0.2)

r(r)(r)=p(r)(i), 0Si<q, r € [o, ol;
'(r)(o) =.4, {+1 Si S r- t;

i f a = o , t h e o

aad

.o(nl '= 4, o<isr-1

5(r)(r) =ar, *: j <.r- 1;

o<a  a l l d  q> t - ! , t hen

i f  a<a&dq< t - l , t hen

pmblem

,(") = 0, ,(r)(a) = 0, 0 < i S & - t,

(1.3)

' ( t ( r )  = 0,  *<i<r-1.  (2.1)

4

Abo, r is a lolution of (l.l) on [s,i].

2. Equivalert id€aral eqmtion

Tb obtain as eriet€ne ana uniqu€n€€s th€or€m for the bormdary ralue prob-

lem (l.l)-(1.3) we ahan convef it hto its equivalent integ"al €quatiotr lepr€sentation.

Ib this eod we ne€d tb€ Greer'e iurc-tior expreasiotr, ,(t,r), for tbe bouudaly value
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ftom L.mma 2.r [2]; re teve thb g(r, !) ls 8iv€n by
.  . l

f  a - l

I #il E ("fr)(r - olr1c- 61"-t-t, it .St,
, ( r ' . )=(  

'  r ;3r
|  |  i r  / ._r\ , .  -o)r(a_r)"-r_r,  j ,  ,>t .( 

-G=F 
r'=r \ ' '('-

It i. hosn [2] tbst

(-1)i-.y')ft;.) : 0, 0 s i 
-s 

[, (dr) e [o,0lx [o;6];

(-1)n-rr(r)(r,4 > 0; t+lSi<n-1, (r, r) € [d,t]x [a,0];

rup /  1e{41r , r1  Jar5d" , r ( i -a) " - r ,  03 iSn-r ,
.< t<cJ

wlct€ r(r)(r,r) = as(r,r)/Ar. eod

f  * - t - l

^ I r-tnl E e-)(-r) ' - i - ' l '  0sdsr-1'
t " . t = I  , d

t  G5'  &<isb- l '

Thc bourdary vetue problcm (f.l)-(l.S) i! equivslclt to thc iattgrrt .quation

0
t

r(,)=d,(,)+d(r) I g(t,all?,z o u(elldq (22)
J

wh€rc

, / , ,  _  J  0 ,  r€ [d ,a ]
" ' ' ' - l  t .  dher"ise,

d the iuction I is d.6s.d as follows.

fa < d and g >,t - 1, thea

( e(tJ, , ela,rll,
9tt ,  = (

I P"_,(r), r€ [s,6],
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where c; = e(i)(a), 0 S i S * - 1, Bi=ri, & <i< n - 1,a[d ?n-r(r) i. rho uniqoe

polynomial (oee Lemma 2.2,[2]) of dc$€e n - r satisfyi$g

pj'.I,(.) = 
",, o S i S r - I and Pjlr(d) = fi ,* s i <'! - r.

I f a<oandq< t - l , t hen

I  e( t ) ,  r€[o,a] ,
v(r, = t

I  r " - r ( t ) ,  te [c ,6 ] ,

whcrea ;=g ( i ) ( c ) ,0 ( i<c ,  a i= .4 i ,  C+1S i  <  * -  r ,  and  p i  =  3 i ,  &< t<a -1 .

r d = d, rhen 'y'(r) = P,_1(r),r € [a, cl, where

c i  = , { i , 0 {  i  (  *  -1  ond& =  B r , }S  i  : i  a -  1 .

It b easy to see that ry' € A, and for aU , € [o, &l,Eith

na;(r) = o, /{i)(u;;(l)) = Pj'llG + 0).

3. Gl€neratired contraction mapping priuciple and main result

W€ 6hall use a local vaiiut of the g€neralired contraclioa mappilg prircipte

[4, Theorem 1.5.f.] to siat€ our 6air resuli.

Lmma 3.1. (Gerelalir€d coutr&tioD mapping prin€ipl€ [4]). IE (X,d, be d corn- .t

dete metic s$e ond kt I > 0, r e & s(uo,t) = {lt € x : d(2,u0) S /}. ilrtAer,

let T IE an opemtor uhictr .n,dlps3(uo,1l itto X, ond

(i) lor att u,! e 3(u., p),d(]I.l,,Tt) ! g(d(x,t)); dtrct O i' o (c)-con |I/rison

(ii) po = d,(t:q,u'\ Sp .4(1t)-

men

(r) T has o faed pint n' itr s(no,,.o)i

(2) u' is the uniwe 8ted p6int olT ins(ro, tto\;
(3) the seryene Iu-|, uherc um+t = Tth,m= 0,1,..., conwryes to u. uith

d(u',un) S c(d-(d(uo,sr)))
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d(!.; )S,(d(n-,o-+r));

uteft tl.t rt ae dm ot r,te ldrtrrD d(a).
l=.

u,t Pr ang u e 5(6,11o), n. = lim ?r|l.

Samart For tlc DotioD ol (clcomparieon ftnetron we refer
ison futrctiou is

C(t )=r , ,  0Sl<r ,  r€ [0 ,6) . (3.r)
For C given by (9.4, ftom L.lDhs g.t w€ obtain Inu|Da z.ii [21.

L€t 4, O S t S t- r and 31, * <, <,r_ l,bc tiven fled lumb€Is and
+h € B tLr fiDctior d€frcd in [2], Scctioa a. I,oloriry [2], , fiDctioD , € , is caI.d
aa oppr@imat to/,.,.tion of (2.2) ifthqc exiri tromegsiive constants € atrd,,uctr thrt
whercver g(r)(i), 4r)(r) ard E(r)(r) sro d€d!.d.

(3.2)

1o [4]. A typical compar-

l<rC",r(r-d)"-',0 S j S q.

(3.3)

xtttltl exual

o! i -<q ,

3uP
cS.li5

ald

6

t.-' tt ) _ t r' lt) _ 0(t) | t\' ) la, t) tk,t " w(a))d a

ff w€ cobrid€n the touorirr8 aorm oa illc gpace g:

ll " ll= 
"?F." t e{59;1,,1" I e(r}(r) | urarcucr

apply I,€DErs 3.1 se 6tr provc ill s ststrdsd yay.

Theor€m 3.1.. Suppte tf:r|t p.e) ha, on apptr}'ir'ra'- ,otvtioni e B ond
(;) f 'ca;bf.t ,lE Lipscni 2 .twtitiotl

l ! ( t ,< t  >\  -  J( t ,< s)  ls t '8a;1, , r_*r l ,
lor dt (a, <, >), (t, < ! >) € [a,a] x Dr, dre,E



enxrn lrtED coxtR crlons

q= 
l< " >.lrtr -,$) (q;(r)) lS r.z;#o., l < i S p(i),

(ii) 4 is d (c)-coi'patisot' fi/nction ond

G +6)c.,(6- o)" < ,| -dk).

Then

(3.4)

(1) Theft erirtr e tottrtion,'(t\ o! (I.I)-(t.S) inF(r,pol;

(2) 
"'(t) 

i' the uniwe sotut;on o! (1.1)-(t.s) in3(n,n)i

(3) The reatcncc {rh(t)} ot sucrr sioe awrorimation4 defmd by

o
f

rn+r(t) = tl,(t) + a(i) t e(t,4tft,r- .t l t(,))d,' mF 0,1, ..
J

and q(tl =z(tl, @mterget to f (t\ aith

ll 
" 

- 'n lls 4fD(llso - ut ll)),

ll a' - a- ll! c(ll u- - z-+r ll);

(0 tor .ng ,o(r) = '(tl, whete r e3(2, p6\, the atelv,tise pine,s d'n'te'stt to x'(t\ .

tumor*g

r) ror C(t) as siven by (3.1), Ao@ Tb€or€m 3.1 s€ obtais Theorem 4 r h [2];

2) ff , for ifftanc€ , we tak l,he compatisoa tunction { : R1 -+ R1' given by :

I  l r .  o . r . t
d t t )=1. . .  _  _

I  r -6,  r>1,

tb€n sD operaior T, wbicb satiefies all assumptionr ir Tbeorem 3.1, will be geo-

€Blly not a contractive operatof ( with r€sp€ct to the rcrm , sae [4]), thst i!' an

oFlato. satisfying for all u, r e 
-g(a 

rr0), the cls$ica,l contraction condition

l l  r l - ro  l l l  r l l l l -o  l l ,  0<I< 1,

oc ico l :
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but ? is a EeDetahied contrarlive opereto.. CroDBequ€dlx Th€orerD a.f ftorn [2]

do€s trol apply, wbile Th€or6m 3.1 appll, to thir clare of higber order differcntia!

€quatior with deviating srgumed.
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