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GENERALIZED RATIO TESTS

Vrsilc Bcrinde
D.Fmat otlthrh.natics aad Canpukt Scie'rc., Nonh UniEBtty ofBoia Man, Baia MM 4800. yictoel 76, Bo'tania.

Abstrrct
ln this prpar rve give s parti.l rns*er to the following question: b the generslired ratio tcst
equival€nt to the Raabe-Duhamel test?

Ke! orlls,teret ofpositive terms, ratio tett, generlized mtio tett,Raabe-Duhamel test_

r. INTRODUCTION

Thewellknoranratiolestwasq$endedinourprcviouspapcrs[2]-[4] lolheso-calledgsreru/t-
zed fatio ,esl, Ei\qnby

Theorem l. ([2], Let>u, bea senes u'ith positive tems.
.= l

l) IJ therc exista convergeht sehes ofnon - hegatve tenhs tvn ahd a conlaht m.mber k such

" .1thot

<k< l, for n > N (fxed),then the series lxo is cowergent.
' t$a-

n >N (frxed), we have2) If there exists a decreasing sequence ofpositive humbers such thatlor

(ii)

t/1998

uh

nen tne senes Lan $ atvafgent.
, .1

Redarks. l) Ifwe t2te as ,,comparison series" in Tteorem I the null series, that is vn = 0, n > I,
theD we obtain the wel-kllown rado (or D'Alemb€n's) test sdrich is v€ry usenrl in studying 0rc con-
l€rg€nc€ of positiw seri€s.
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Horverer, if lim l*t l, th€n thc ratio ten fails. As shown by some examples in I I ] and [ 2 ].n'6 ll-

the generalized ratio test is better then tie classical ratio tcst.

lndeed. rl we conslder the senes Z , , lhe ratio tesl do€s not apply, \itlile thg genenlized ratio
"= tn_

tesi applies $ith the ..c.mpa;son senes" vr = ,--! r , n > I :
rr(n + l)

un* t  
_  _p .  ._1  .  on r ,

u ,  +v ,  2nz  +3n+ l  2
2) A clasical tool in removing dimcuhies when tle iatio test fails is the Raabe test. C. Awarnescu I I ]

asked the following question : are the generalized ratio and the Raabe tesl equilalent?
For the ,,convergence part" ofthese two tests, a partial answcr is givcn in the nexl section.

2. TEE RAABE TEST DOES IMPLY TEE GENERALIZED RATIO TTST

Proposition l. If the coweryence ofa positive se es is obtained b! means of the Raabe tett, thcn
the convergence nmy be also obtained by mcans oJthe generalized ratio tesl

Proof. Lct |l,, a positire series $hose conrergcncc may bc obtaincd bv means oftic Raabc
n= l

tcst, that is ( sc! [ 5 ], for cxanple )
/ \

, l b -  t l ( - a< -  I ,  f o r  n  >No( f i x cd )
\ rr, )

It follows that q> I ard
rn - t  

<  l _9 ,  n2No ,
x n f l

and ifw€ denote 1= 1- I *"6"*y'{o

loL  <  k  .1 ,  n )No ,
un

and lhen

-  i l i l  <  : l l l  <  t  <  I ,  n )No ,
,+V .  Un

hcncc thc conl€rgence of lz, maybc also oblaincd by me€rs ofthe generalized ratio tcst.

Rcmrrh Having in riew thc fact lhat from Th€orem I we obtain a nec€ssary and sullicicnt convcr-
genc€ t€st for the scries ofdecreasing positir,E terms [ 3 ], [ 4 ], \\€ exp€rt lhat the reversc ofpropo-
sition I is true.
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