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CHAPTER 1

Introduction

The fixed point theory is one of the most productive and dynamic sub-domains of
nonlinear analysis. Even since Banach stated in 1922 his famous Contraction Principle
[17], considered the cornerstone of this field, mathematicians all over the world were
concerned to extend, generalize, improve this fundamental result. In the last decades
many important results starting from the contraction principle were obtained, as we
can see in [147],[3], [5], [6], [8], [10], [14], [25], [19], [28], [30], [35], [33], [39], [37],
[54], [62], [65], [70], [85], [95], [109], [113],[101], [121], [120], [126], [133], [135],
[66].

Studying the literature, it can be observed that fixed point theory has developed

following three major directions, producing:

(1) metric fized point theorems, based on the famous contraction principle of Ba-
nach [17], among which we mention Kannan [79] , Chatterjea [48], Zamfirescu
[150], Reich-Rus [114]-[119], Edelstein [62], Caristi [46];

(2) topological fized point theorems, having their starting point in Brower’s fixed
point result, followed by Schauder [130], Tychonoff [142], Ky Fan [64], Kras-
noselskii [87] and many others;

(3) fized point theorems in ordered spaces (Tarski [137], Bourbaki [44] and others.)

The development of metric fixed point theory, in turn, followed various directions

in extending Banach’s contraction principle, such as :

e weakening the contraction condition (see, for example, Kannan [79], Berinde
[25], Altun and Acar [5] Choudhury, Metiya and Postolache [50]);

e extending the concept of metric (see, for example, Perov [121], Petrusel [108§],
Rus [122], Shatanawi, Abbas and Samet [134] );

e extending the space and endowing it with different relations (see Ben-El-
Mechaiekh [19], Turinici and Samet [126], Asgari and Mousavi [9], Beg and
Butt [18] );

e combination of the above directions (see Maia [91], Berinde [20], Kasahara
[85], Rus [124]).

The fixed point theory evolved under the impulse of its applications, and, later on,
it has developed as a stand alone discipline. From the applications of the fixed point
results, strictly related to the topic of this thesis, it is important to mention:
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2 1. INTRODUCTION

e integral equations (see Krasnoselskii [87], Aghajani [3], Berzig and Samet [35],
Shatanawi, Samet and Abbas [134], Sintunavarat, Kumam and Cho [135],
Avramescu [147], Burton [45], Rus [121]);

e numerical analysis (see Timis [141], Rhoades [115],[116], Pacurar [101]);

e initial value problems for ODE (see Amini-Harandi [8], Nieto and Rodriguez-
Rodriguez-Lépez [96], [95], Samet, Vetro and Vetro [128], Guo, Cho and Zhu
[69]);

e periodic boundary value problems (see Bhaskar and Lakshmikantham[36],
Berinde [27], Bernfeld and Lakshmikantham [31], Petrusel, Petrugel, Samet
and Yao[107], Urs [143]);

e systems of differential and integral equations and inclusions (see Urs [145],
Opoicev [97], Petrusel, Petrusel and Yao[106], Bota, Petrusel, Petrusel and
Samet in [43], M.D. Rus [125], Eshi, Das and Debnath [63], Urs, Petrusel and
Petrugel [108]);

e nonlinear matrix equations (see Ran and Reurings [113], Long, Hu and Zhang
[90], Berzig and Samet [34], [32], Asgari and Mousavi [10]).

One of the most important contributions in the evolution of fixed point theory is the
fixed point theorem of Ran and Reurings [113], who combined metric fixed point the-
orems and fixed point theorems in ordered sets. They endowed the metric space with
a relation of partial order and assumed that the contraction condition holds only for
comparable elements in X (i.e., z > y). They also added to the hypotheses a condition
of monotony for the operator F' involved (i.e., it should be either order-preserving or
order-reversing) obtaining results regarding the existence and uniqueness of the fixed
point. The importance of their research is emphasized by its applicability in solving
linear matrix equations of the type X — A7 XA, — ... — A7 XA,, = Q) where () is a

positive definite matrix and A, ...A,, are arbitrary matrices in M(n).

Their idea inspired many other mathematicians and lead to various interesting ex-
tensions and generalizations. Ran and Reurings fixed point theorem is based essentially
on the continuity of the operator F. Nieto and Lopez have the merit to remove the
continuity of the operator F', for F' nonincreasing or F' nondecreasing, respectively in
[96], [95], [94]. Bhaskar and Lakshmikantham[36] combined the two results of Ni-
eto and Lopez (i.e., for increasing and decreasing mappings), obtaining existence and
uniqueness results for coupled fixed points in the context of partially ordered metric

spaces, for mixed monotone mappings, using a weak contractive condition:

(1.1) d(F(z,y), F(u,v))

VAN
o |

[d(z,u) +d(y,v)],Vo > u,y < v
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As an application, they studied the existence of a unique solution to a periodic
boundary value problem, broadening in this way the sphere of problems solvable using
fixed point tools.

Coupled fixed points were studied even earlier by Opoicev in [97], [99], [98], in 1974-
1975 in the context of non-expansive heterogeneous operators. Then, independently,
Guo and Lakshmikantham introduce coupled fixed points in [70], in 1987, in the context
of monotone operators defined on ordered sets, followed by Bhaskar and Lakshmikan-
tham in [36] who added a metric and the classical contractive condition to the fixed
point theorem in the context of coupled fixed points, result received with great interest.

Using this concept, many researchers obtained new results, by weakening the con-
tractive condition, adding assumptions regarding the operator involved to the hypothe-
ses or by using two operators instead of one, as we can see in [11], [25], [30], [32], [35],
[51], [65], [81], [89], [108], [111], [112], [133], [135], [136], [143], [144], [146]. Also,
related to this concept, in very short time, coupled common and coincidence points
were introduced by Ciri¢é and Lakshmikantham in [53] and Jungck and Rhoades in
[75]. These too were widely discussed and extended in many directions in [77], [76],
[149], [50], [132], [26], etc.

Despite the variety of the new results, Theorems [3.1.33 and their extensions
were not able to solve systems of the form given in Example [6.128| from [40].

This was the main reason for Berinde and Borcut in [28] to introduce a new concept,
the tripled fixed point of a mapping. Thus, the existence and uniqueness of a tripled
fixed point of a mapping was and still is studied in various contexts, for continuous,
mixed-monotone mapping [42],[110], for monotone mappings that are not necessarily
continuous [39] and so on. Along with this new concept, following the same direction
in research, tripled coincidence point results were obtained by Borcut in [37], [38].
The results presented by Berinde and Borcut in [28] were some of the most appreciated,
cited and studied results from the last decade, representing an important moment in
the evolution of fixed point theory as we can see in [102], [12], [14], [49], [57], [74],
[78], [82], [83], [4], [117], [141], [148], due to the great number of applications in
solving different types of problems:

e integral equations (see Berzig and Samet [35], Musatafa, Roshan and Parvaneh
[93], Borcut, Pacurar and Berinde [42], Amini-Harandi [7], Aydi, Karapinar
and Shatanawi [14], etc.);

e various systems of equations (see Roldan, Martinez-Moreno and Roldan [118§],
Parvaneh, Roshan and Radenovié¢ [103] etc.);

e matrix equations (see Berzig and Samet [35], Dobrican [60], etc.) .
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It is important to remark the fact that most of the results regarding the fixed points
of a mapping are obtained in partially (ordered) metric spaces even though not always
all of the properties of the relation of (partial) order are being used. For example, in
[113], [36] the antisymmetry of "<" is not essential in the proofs the authors present.
Thus, Samet and Turinici endow the metric space with an amorphous binary relation
in [126] extending and generalizing many existing fixed point results in ordered met-
ric spaces. Asgari and Mousavi endow in [10], [9] the metric space with a reflexive
relation R obtaining new, original results regarding coupled fixed points with various
applications in solving nonlinear matrix equations. Similar results were obtained in
[19], [567], [65], [136] and many others.

The purpose of this thesis is to perform a systematic study of coupled fixed points,
tripled fixed points, coupled coincidence points and tripled coincidence points, in the
setting of a metric space endowed with a reflexive binary relation. In this way, we
unify, generalize and extend various results in the field. The material is organized in six

chapters, excluding the introduction and the list of bibliographical resources as follows:

Chapter 2 Preliminaries, is a brief presentation of the basic notions and most
important results of metric fixed point theory from the background of the results pre-
sented in Chapters[3}[4} B} [6l This chapter consists of three paragraphs: Basic notations
of fized point theory, Tripled fized points of operators in ordered metric spaces, Fired

points of operators in metric spaces endowed with a binary relation
The remaining chapters (3H6|) present the original contribution of the author.

Chapter [3, Coupled fixed point theorems in metric spaces endowed with
a binary relation, consists of three paragraphs, Preliminaries, Existence and unique-
ness theorems and Ezamples and applications. In this chapter, we first present the
backgound of coupled fixed points, then extend and generalize some of the results of
Asgari and Mousavi in [10] and [9] by weakening and then symmetrizing the contractive
condition in Theorem [3.1.49] Thus, we define the orbital continuous operatorial pair

(f1, f2) (Definition |3.2.52)), we obtain results regarding the existence (Theorems [3.3.54
3.3.58] 13.3.53)) and uniqueness (Theorems |3.3.56] [3.3.59)) of coupled fixed points. Fur-
ther on, we prove some existence (Theorem [3.3.61] Theorem [3.3.54] Theorem [3.3.58

Theorem [3.3.53) Theorem [3.3.55) and uniqueness results (Theorem [3.3.62, Theorem
3.3.56, Theorem [3.3.59, Theorem [3.4.70)) for coupled fixed points for an operatorial

pair, as presented in [145], [143] and [108] in the case of a metric space endowed
with a reflexive relation. Some examples are also provided (Example |3.4.68, Example
3.4.69)), followed by an application in the study of the solution of a first-order periodic
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boundary value system, following the ideas presented in [31].

The results in this chapter extend, unify and generalize some of the results of
Berinde in [25], [24], Asgari and Mousavi in [10], [9], Bhaskar and Lakshmikantham
in [36], Urs in [143], [144], etc.

The author’s original contributions to this chapter are Definition Theorem
3.3.53, Theorem Theorem [3.3.56], Theorem [3.3.58 Theorem [3.3.59, Theorem

3.3.61|, Theorem|[3.3.62, Theorem [3.4.70, Remark Remark|3.3.57, Remark|3.3.63

Remark Remark [3.3.65, Remark[3.3.66, Remark Remark [3.4.71] Remark
3.4.72| Example|3.4.68| Example[3.4.69] Some of the results were published in [57] and

[59] and were also presented in [55].

Chapter 4l Tripled fixed point theorems in metric spaces endowed with
a reflexive relation, consists of four paragraphs, Preliminaries, Tripled fized points
of mized-monotone operators, Tripled fixed points of monotone operators and Exram-
ples and applications. In this chapter, we extend the results of Asgari and Mousavi
from [10] and [9] in the case of tripled fixed points introduced by Berinde and Bor-

cut in [28], then extended by Borcut et. al. in [39], [40], [37], [38], [41]. Thus, we
obtain existence (Theorems [4.2.92] |4.2.96] 4.2.99] [4.2.100| Theorems 4.3.115| [4.3.118]

{4.3.121] 4.3.122) Theorem {4.2.95 ) and uniqueness results (Theorems 4.2.94] |4.2.97
[M.2.102, [£.2.103}, Theorems [£.3.117, [1.3.119, {.3.124, [1.3.125] ), for tripled fixed points

of a mixed-R-monotone operator, and, respectively, R—monotone operator. An appli-

cation to nonlinear matrix equations is also provided. The novelty brought by these
results consists in the fact that the metric space is endowed with a reflexive relation,
whereas most of the results in the field use a relation of (partial) order (see [129], [2],

[104], [115], [116], [124], [123], [146], [148], [150] and others).

The author’s contributions to this chapter are Definition Definition

Definition [4.2.87 Definition [4.2.88] Definition [4.2.89 Definition [£.3.112] Definitions
4.3.113] Definition [4.3.110] Definition Notation [2 Notation [3| Theorem
Theorem [£.2.96, Remark [£.2.93] Theorem [4.2.94] Theorem [4.2.97, Theorem [£.2.99]
Theorem [4.2.100}, Remark [4.2.101], Theorem [4.2.102 Theorem [£.2.103, Theorem [4.2.95]
Theorem [4.3.115], Theorem [4.3.117], Theorem [4.3.118] Theorem [4.3.119] Theorem [4.3.124]
Theorem4.3.125, Theorem 4.3.121] Theorem 4.3.122] Theorem 4.4.133 Theorem |4.4.134],
Remark Remark Remark [£.2.106], Remark Remark
Remark [4.3.116] Remark[4.3.120] Remarko46, Remark [4.3.109, Remark [4.2.98] Remark

4.3.123] Remark [4.3.126, Remark [4.3.127, Remark [4.3.128, Example Example
4.4.130, Some of these results were published in [60] and [57] and were also presented
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in [55).

In the fifth chapter, Coupled coincidence point theorems in metric spaces
endowed with a reflexive relation, we study the existence and uniqueness of cou-
pled coincidence points in metric spaces endowed with a reflexive relation and redefine
some related notions to them in this particular context. Coupled coincidence points
were discussed by Lakshmikantham and Ciri¢ in [88], then extended and intensively
studied in various contexts (graphs, in [139], [140], generalized metric spaces, in [133],

L-fuzzy metric spaces, in [132] and so on).

This chapter consists of four paragraphs, Coupled coincidence points of operators
in partially ordered metric spaces-Preliminaries, Definitions, FExistence and uniqueness
theorems and Fxamples and applications. In the first paragraph we recall some of the
important results in the field. In the second section we present the definitions of a
lower- R—coupled coincidence point, mixed g — R-monotone property of a mapping f,
orbital g—continuity of a mapping f. In the third paragraph we give some existence
and uniqueness results for coupled coincidence points followed by illustrative examples
in the last paragraph of the chapter. These results extend, unify and generalize various
previous results, see [26], [51], [50], [53], [27], etc.

To prove the effectiveness of our results, in the last part of this chapter, we provide an
application to nonlinear matrix equations.

The author’s original contributions to this chapter are Definition [5.2.154] Definition
[5.2.155] Definition [5.2.156] Notation [, Theorem [5.3.157] Corollary [5.3.158 Theorem
5.3.159 Theorem [5.3.160, Theorem [5.3.161, Theorem [5.3.162, Theorem [5.3.163|, The-
orem [5.3.164, Theorem [5.3.165], Theorem [5.4.172 Theorem [5.4.173] Remark

Remark [5.3.167, Remark [5.3.168, Remark [5.4.174] Example [5.4.169, Example [5.4.170
Example [5.4.171} Some of the results can be found in [58]

In Chapter[6], Tripled coincidence point theorems in metric spaces endowed
with a reflexive relation, we extend the results obtained in Chapter [3] in the case
of tripled coincidence points introduced by Borcut in [40], [37], [38]. In the first para-
graph we present results regarding tripled coincidence points of mixed-g — R-monotone
mappings. The second paragraph consists of definitions and theorems regarding tripled
coincidence points of ¢ — R-monotone mappings. In the last paragraph of this chap-
ter, there are presented some illustrative examples. These results extend, unify and
generalize various previous results, see [40], [37], [38], [49], [12], etc. We also provide
an application to integral equations systems, motivated by the work of Eshi, Das and
Debnath in [63].

The author’s original contributions to this chapter are Definition [6.1.175] Definition



1. INTRODUCTION 7

[6.1.176], Definition [6.1.177} Definition [6.2.190] Definition [6.2.191], Notation 5, Notation
[6, Theorem [6.1.178] Corollary Theorem [6.1.180] Theorem [6.1.181], Theorem
[6.1.182] Theorem [6.1.183] Theorem [6.1.184] Theorem [6.1.185] Theorem [6.1.186, The-
orem [6.2.193] Corollary Theorem [6.2.195 Theorem [6.2.196] Theorem
Theorem|6.2.198, Theorem|[6.2.199, Theorem [6.2.200, Theorem [6.2.201], Theorem [6.3.2006],
Remark Remark Remark [6.1.187, Remark Remark

Remark [6.3.207, Example [6.3.203, Example [6.3.204] Example [6.3.205 Some of the
results can be found in [61]

In the last chapter, Conclusions, we resumed the original contributions from this

thesis, also mentioning some future research directions starting from our results.
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CHAPTER 2

Preliminaries

In this chapter we present the definitions of the basic concepts and notations used
in this paper and the most important fixed point theorems that represent the starting
point in obtaining the results presented in Chapters [3] [, b and [6] Most of the results
presented in this chapter were taken from 'lterative Approximation of Fixed Points",
[20] and "Principles and Applications of the Fixed Point Theory"'[121]. The following
bibliographical references were also used: [24], [22], [29], [36], [70], [9], [19], [39], [40],
[108], [109], [143], [53], [124], [109], [96], [95].

1. Basic notions of fixed point theory

We will start by recalling the definition of a metric space. We assume that all
notions in metric space, like sequence, convergent sequence, fundamental sequence,

etc. are known.

DEFINITION 2.1.1. [24] Let X be a nonempty set. A mapping d : X x X — R is
called metric or distance on X provided that:
(1) d(z,y) =0z =y,
(2) d(z,y) = d(y,z),Vr,y € X;
(3) d(z,2) < d(z,y) +d(y, 2),Vo,y,z € X (“the triangle inequality”).

A set X endowed with a metric d is called metric space and we denote it by (X, d).

DEFINITION 2.1.2. [24] A metric space (X, d) is called complete if any fundamental

(Cauchy) sequence in X is convergent.

DEFINITION 2.1.3. [138] Let A and B be two sets. An ordered triple r = (A, B, R)
is called a binary relation, where R is a subset of the cartesian product A x B. The set
A is called the domain of the relation and B, the codomain of the relation.

If r = (A,B,R) is a relation, we say that x € A is related to y € B by R, i.e.
(z,y) € R, also written as xRy.

Most of the results in the field are obtained in partially ordered metric spaces. We

will now recall the definition of a partially ordered set:

DEFINITION 2.1.4. [20] A binary relation R on a set X is a partial order if and
only if it is:
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(1) reflexive, that is, xRx,¥x € X ;
(2) antisymmetric, that is, if tRy and yRx, then x = y,x,y € X;
(3) transitive, that is, if xRy and yRz, then xRz, x,y,z € X.

The ordered pair (X, R) is called partially ordered set (poset) when R is a partial

order.

If, in addition to properties (I)-(3), for any pair (z,y), where z,y € X, we have
xRy or yRx, then R is called total (linear) order.

EXAMPLE 2.1.5.

(1) If X =R and R :="<", we obtain the (totally) ordered set (R, <).

(2) Let X = 7Z and xRy < [((x > 0) A (y > 0))V ((x < 0)A(y <0))]. This
relation is reflexive, because, Vx € X, (z,x) € R, but it is neither transitive(
because, for example, (1,0) € R and (0,—1) € R, but (1,—1) ¢ R), nor
antisymmetric ( for example, (1,0) € R and (0,1) € R, but 0 # 1). Thus, R
is a reflexive-only relation;

(3) X =R% R :="<" (z1,y1)R(z2,y2) if v1 < 3 and y1 < yo; (X, <) is a partially

ordered set.

DEFINITION 2.1.6. [24] Let X be a nonempty set and T : X — X a self-map. We
say that x € X is a fized point of T if

T(x) = .

We denote by Fr (or Fixz(T)) the set of fized points of T' and, in order to simplify the

notations, we will use Tx instead of T(x).

In this context we can define T"(z) (the n'* iterate of x under T) inductively:
) = 2, T'(x) = T(T@)),..., T (x) = T(T"(x).

EXAMPLE 2.1.7.
(1) If X =R and T'(x) = 2* + 3z + 1, then Fr = {—1};
(2) If X =R and T'(z) = 2® + 4z + 4, then Fr = (;
(3) If X =R and T(x) = x, then Fr = R.

DEFINITION 2.1.8. [53] Let X,Y be two nonempty sets and F,G : X — Y two
operators. An element x € X 1is called coincidence point of F' and G if Fx = Gx. We
will denote by

C(F.G)={re X |Fx =Gz}

the set of all coincidence points of F' and G.

EXAMPLE 2.1.9.
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Let f,g : R = R, f(x) = 2z,9(x) = —4x. It is easy to remark that x = 0 is a
coincidence point of f and g, that is,[ C(f,g) = {0};

DEFINITION 2.1.10. [24] Let (X,d) be a metric space. A mapping T : X — X is
called:

(1) Lipschitzian (or L-Lipschitzian) if there exists L > 0 such that

d(Tz,Ty) < L-d(z,y),Yz,y € X;

(2) (strict) contraction if there exists a constant a € (0,1] such that T is a— Lipshchitzian;

(3) nonezpansive if T is 1— Lipschitzian,
(4) contractive is d(Tx, Ty) < d(z,y),Vx,y € X,z # y;
(5) isometry if d(Tx,Ty) = d(z,y),Vz,y € X.

EXAMPLE 2.1.11.

4

x 6
(1) T:R—R,T(x)=4— — x € R is a strict contraction and Fr = {5}
(2) [24] the mapping T : R — R, T(x) = In(1 + €®) is contractive and Fr =

Next, we will present the fundamental result of the metrical fixed point theory,
called the Contraction mapping principle, also known as Banach’s fixed point theorem

or Banach-Picard-Caccioppoli Contraction Principle.

THEOREM 2.1.12. [17] Let (X, d) be a complete metric space and T : X — X be a
mapping satisfying:
d(Tz,Ty) < a-d(z,y),Vr,y € X
with a € [0,1). Then
i) T has a unique fized point, Fr = {x*};
i1) The Picard iteration associated to T converges to x*, for any initial guess xo € X ;
it1) The a priori and a posteriori error estimates

n

Az, 2") <

T—a d(xg,z1),n =10,1,2, ...

a
d(x,,z") <

T d(xp_1,2,),n=0,1,2, ...
hold.

iv) The rate of convergence is given by
d(xp, %) <a-d(xp_1,2%) <a"-d(xg,z"),n=0,1,2,...

One of the first extensions of this principle was given by Edelstein in [62], by
establishing that every uniform local contraction f : X — X of an e-chainable complete
metric space (X,d) has a unique fixed point. Let us recall the definitions of an e-

chainable sequence and uniform local contraction:
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DEFINITION 2.1.13. [62] We say that a metric space (X, d) is e-chainable, fore > 0,
ifVe,y € X, El{ui}f:O a finite sequence in X such that:

T = Ug, Uy, = Y, d(ui_1,u;) <&, Vi=1,...,m.

DEFINITION 2.1.14. [62] A mapping f: X — X is called a local contraction (l.c.)
if there exist real-valued functions p(x), AN(z), with pu(x) > 0 and 0 < A(z) < 1, such

that whenever y, z are in the sphere

S(, (@) = {u: d(w,w) < plx))
it follows that
d(f(y), f(2)) < A@)d(y, 2).

If u(x) (resp. A(x)) is constant, we have a pu—(resp. A—) uniform local contraction

(u.l.c.).

DEFINITION 2.1.15. [62] A mapping f of X to itself is said to be (e, \)-uniformly

locally contractive if it is locally contractive and both € and \ do not depend on x.
The extended contraction principle of Edelstein presented in [62] is stated as follows:

THEOREM 2.1.16. [62] Let X be a complete metric e— chainable space, f a mapping

on X into itself, which is (e, \)-uniformly locally contractive. Then there exists a unique
point £ € X such that f(§) = €.

In the last decades, many generalizations of Theorem [2.1.16] have been obtained.
Some of them, weakening the contractive properties of the mapping (see [25], [36],
[54], [62], [96], [95], [113], etc.), others, by altering the structure of the space involved
or by combining the two methods described and, eventually, endowing the mapping or
the ambient space with supplementary properties (see [68], [122], [86], [10], [9], [108],
etc.)

The following theorem is an analogue of the Contraction Principle in partially

ordered sets:

THEOREM 2.1.17 ([113]). Let X be a partial ordered set such that every pair
x,y € X has an upper bound and lower bound. Furthermore, let d be a metric on
X such that (X,d) is a complete metric space. If T : X — X is a continuous, mono-

tone mapping such that:

(2.2) 1 0<a<1:d(Tz,Ty) <a-d(x,y),Vr >y

(2.3) d o€ X :wg<Txy or xy>Txg

then T has a unique fixed point x*. Moreover, for every x € X
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lim,, oo T"x = x*

In [109], Rus and Petrusel emphasize the fact that, when working on a set that
is endowed simultaneously with a metric and a binary relation (an order structure in
[109]), we should add an additional assumption, namely the compatibility between the
two structures:
if {z,}neny = 2, {Yn}neny — v and z,, <y, then z <y, ¥n € N.

In [96], [95] Nieto and Rodriguez-Lépez improve Theorem by removing the
continuity of the operator T in the case of nonincreasing and nondecreasing, respec-

tively, operators, obtaining more general results:

THEOREM 2.1.18. [95] Let (X, <) be a partially ordered set and suppose there exists
a metric d on X such that (X,d) is a complete metric space.

Let f be a monotone nondecreasing mapping such that there exists k € [0,1) with

d(f(z), f(y)) < k-d(z,y), Vo >y.
Suppose that either f is continuous or X is such that
(2.4) if a nondecreasing sequence {x}neny — x € X, then z, < x,Vn € N.

If there exists xy € X such that xo < f(xg), then f has a fized point.

THEOREM 2.1.19. [95] Let (X, <) be a partially ordered set and suppose there exists
a metric d on X such that (X,d) is a complete metric space.

Let f be a monotone nondecreasing mapping such that there exists k € [0,1) with

d(f(z), f(y) < k-d(z,y),Yz > y.

Suppose that either f is continuous or X is such that
(2.5) if a nonincreasing sequence {x,}neny — ¢ € X, then x, < x,Vn € N.

If there exists xo € X such that xo > f(xq), then f has a fixved point.

THEOREM 2.1.20. [96] Let (X, <) be a partially ordered set such that every pair of
elements of X has an upper bound and a lower bound and suppose there exists a metric
d on X such that (X,d) is a complete metric space.

Let f be a monotone nonincreasing function such that there exists k € [0,1) with

d(f(z), fly) < k-d(z,y),Vz > y.

Suppose that either f is continuous or X is such that
(2.6)

if {Zn}tnen — T, is a sequence in X whose consecutive terms are comparable, then
there exists a subsequence {x,}ren such that every term is comparable to the limit x.

If there exists xo € X such that zo > f(xg) or zg < f(xg) , then f has a fized point.
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THEOREM 2.1.21. [96] Let (X, <) be a partially ordered set such that every pair of
elements of X has an upper bound and a lower bound and suppose there exists a metric
d on X such that (X,d) is a complete metric space.

Let f : X — X be such that it maps comparable elements into comparable elements,
that is x,y € X, x <y implies
fl@) < fy)

or

f(x) = f(y)
and such that there exists k € [0,1) with

d(f(x), f(y) < k-d(z,y),Yz > y.
Suppose that either f is continuous or X is such that condition (2.6)) holds. If there

exists xo € X xg is comparable to f(xg), then f has a fized point, x*. Moreover,
Ve e X, lim f"(z) = 2.

2. Fixed points of operators defined on metric spaces endowed with a

binary relation

Despite the general tendency to study the existence and uniqueness of fixed points
in partially ordered metric spaces, there are researchers who obtained results regarding
their existence and uniqueness, by replacing the partial order with amorphous relations
(see [126]), transitive relations (see [19]) or reflexive relations ([10], [9], [57]). Next,

we will present some of the results obtained using these relations.

2.1. Fixed points of operators defined on metric spaces endowed with

an amorphous relation

Turinici and Samet extend and generalize in [126] many existing results in the field.
They consider a metric space (X,d) and R a binary relation over X. They denote by
S = RUTR™L, that is the symmetric relation attached to R. Clearly,

x,y € X, 28y < 2Ry or yRu.
Using this notation, they present the definition of an S—directed subset D of X, of

comparative mappings and other related notions in order to obtain their main results:

DEFINITION 2.2.22. [126] We say that the subset D of X is S—directed if, for every
x,y € D, there exists z € X such that xSz and ySz.

DEFINITION 2.2.23. [126] We say that (X, d,S) is reqular if the following condition
holds: if the sequence {x,} in X and the point x € X are such that

(2.7) 2, STyi1, VY and nh_)rglo d(x,,x) =0,

then there exists a subsequence {xn(p)} of {xn} such that xS, Vp.
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DEFINITION 2.2.24. [126] We say that T : X — X is a comparative mapping if T

maps comparable elements into comparable elements, that is,
x,y € X, xSy = TxSTy.

In order to obtain their main results, they use the following notations:
(1) Let @ be the set of functions ¢ : [0,00) — [0, 00) satisfying :
e ¢ is nondecreasing;

o 3% 0" (t) < oo for each t > 0, where " is the n'" iterate of ¢;
(2) Mp(z,y) = max {d(z, Y), ;[d(x, Tz)+d(y, Ty)], ;[d(x, Ty) + d(y, Tx]} , where T :
X x X is a mapping.
THEOREM 2.2.25. [126] Assume that T is a comparative map, and
(2.8) x,y € X, 28y = d(Tz,Ty) < o(Mr(x,y)),

where p € ®. Suppose also that the following conditions hold:
i.) there exists xo € X such that xoSTxo;
it.) (X,d,S) is regular.
Then T has a fixed point x* € X. Moreover, if, in addition, D := Fr is S—directed,
then x* is the unique fized point of T in X.

Turinici and Samet also present 7 corollaries of this result, by replacing condition
(2.8) with some other contractivity conditions. They also prove that, by customizing
the relation involved ( for example, letting R be a relation of order), they obtain

important results in the literature.

2.2. Fixed points of operators defined on metric spaces endowed with a

transitive relation

The results of Ran and Reurings also inspired the mathematician Hichem Ben-
El-Mechaiekh [19]. In 2014, he replaces the order relation on z,y € X, from the
original result, with a transitive binary relation. The purpose of this is to increase
the applicability of fixed point theorems. He starts from the extension that Edelstein
brings to Banach’s contraction principle in [62], by establishing that every uniform
local contraction f : X — X of an e-chainable complete metric space (X,d) has a
unique fixed point. Recall that a metric space (X, d) is e-chainable for some ¢ > 0, if
Va,y € X,3{u;}">" a finite sequence in X such that:

T = Upy Uy =Y, d(ui_1,u;) < e,Vi=1,...,m.

Let us recall the following concepts, used in his results in [19]:

DEFINITION 2.2.26. [19] Two elements z,y € X are joined by an sé—monotone

chain for some ¢ > 0 if there exists a monotone sequence {ui}info in X such that:
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T = Ug, Uy = Y, d(ui_1,u;) < e, Vi=1,...,m.

DEFINITION 2.2.27. [19] The space (X, <,d) is said to be e—monotone chainable
for some € > 0 if any two comparable elements x,y € X are joined by a e—monotone

chain.

DEFINITION 2.2.28. [19] The metric d is monotone complete if and only if every

monotone Cauchy sequence converges in X .
The most important results listed in his paper are:

THEOREM 2.2.29. [19] Let (X, <,d) be a triple consisting of a metric space (X, d)
and a transitive binary relation < on X, let f : X — X be a mapping and € > 0 be
such that:

(1) 3xy € X such that xo and f(xq) are joined by a e—monotone chain,
(2) f is monotone;
(3) if lim, o [ (x0) = 2" € X then f"(x¢) and x* are comparable, Vn;
(4) 30 < k < 1 such that for any comparable elements x and y in X, d(z,y) < e
implies d(f(z), f(y)) < kd(z,y).
Then, f has a unique fixed point x* = nh_}ralo f™(xo) provided the metric d is monotone

complete.

THEOREM 2.2.30. [19] Let (X, <,d) a triple, where < is a transitive relation and

d is a metric, is e—monotone chainable for some ¢ > 0 and f : X — X is a mapping
satisfying:

(1) 3xy € X such that xy and f(x¢) are comparable;

(2) f is monotone;

(3) if lim, o0 [ (x0) = 2" € X then f"(x¢) and x* are comparable, Vn;

(4) 30 < k < 1 such that if x and y € X are comparable, d(z,y) < € implies

A(f (@), () < kd(z,).

(5) every pair of elements of X admits a third element similarly comparable to

both.
Then, f has a unique fixed point x* = 71113& f™(x), for any initial point x € X provided

the metric d is monotone complete.

Similar results were obtained by Shahzad et. al. in [131].



CHAPTER 3

Coupled fixed point theorems in metric spaces

endowed with a reflexive relation

In this chapter we will present some coupled fixed point results, that unify, extend
and generalize results from [10], [9], Berinde [25], [20], [23], Urs [145], [143], [144]

and others, that we summarize in the following:

1. Preliminaries

1.1. Coupled fixed points of operators in ordered metric spaces

In this paragraph we will present the concept of coupled fixed point and basic no-
tions related to it. This concept was first studied by Opoitsev in [97], [99], [98] then
studied and presented by Guo, Bhaskar and Lakshmikantham in [36], [70]. Their work
is fundamental for all the results obtained so far for coupled fixed points, presenting a

new perspective in the study of this theory.

Next, we present the definition of a coupled fixed point of a mapping as presented
in [70] and [36]:

DEFINITION 3.1.31. [36],[70] We call an element (z,y) € X* a coupled fixed
point of the mapping F, F : X?> — X, if F(x,y) =z and F(y,z) = y.
If x = y and, in consequence, F(x,z) = x, then x € X is a fized point of F.

DEFINITION 3.1.32. [36] Let (X, <) be a set endowed with a relation of partial
order and F : X?> — X. We say that F has the mixzed monotone property on X if
F(z,y) is monotone nondecreasing in x and is monotone nonincreasing in y, that s,
forany x,y € X, 21,20 € X, 21 < 9 = F(21,y) < F(29,y) and y1,y2 € X, y1 < y2 =
F(z,y1) = F(z,y2).

Note that Opoicev [97], [99], [98] used the term “heterogenous” for a mixed mono-
tone mapping F : X? — X.
The main result obtained by Bhaskar and Lakshmikantham is the following theo-

rem:

THEOREM 3.1.33. [36] Let F': X% — X be a continuous mapping having the mized
monotone property on X. Assume that 3k € [0,1) with
17
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=N

d(F(z,y), F(u,v)) < Sld(z,u) + d(y,v)], Ve > u,y < v.
If there exist xg,yo € X such that

N}

zo < F(x0,Y0) and yo > F(yo, o),
then Jz,y € X such that x = F(x,y) and y = F(y, x).

The following results complete Theorem [3.1.33] by establishing, respectively, the

uniqueness of the coupled fixed point and the identity of the components in the pair

(z,y):

THEOREM 3.1.34. [36] Adding the condition that for every (z,y),(z*,y*) € X2,
J(u,v) € X? that is comparable to both (x,y) and (x*,y*) to the hypotheses of Theorem
[5.1.33, we obtain the uniqueness of the coupled fized point of F.

THEOREM 3.1.35. [36] In addition to the hypothesis of Theorem suppose

that every pair of elements of X has an upper bound or a lower bound in X. Then

T =1y.

THEOREM 3.1.36. [36] In addition to the hypothesis of Theorem suppose
that xo,yo € X are comparable. Then x = y.

Berinde extends their result in [25], for mappings having the mixed monotone
property, but not necessarily continuous, obtaining results regarding the existence,
uniqueness of the coupled fixed point, but also the equality of the two components
of the coupled fixed point. The contraction conditions is also weakened by using a

symmetric one:

THEOREM 3.1.37. [25] Let (X, <) be a partially ordered set and suppose there is
a metric d on X such that the metric space (X, d) is complete. Let F: X* — X a
continuous mapping having the mixed monotone property on X, for which there exists
a constant k € [0,1),Ve > u,y < v, with

d(F(z,y), F(u,v)) + d(F(y, z), F(v,u)) < kld(z,u) + d(y, v)].
If there exist xg,yg € X such that
zo < F(2o,y0) and yo = F(yo, o),
then 37,y € X such that © = F(Z,y) and y = F(y, ).

The error estimate for the described method is:

n

d((wmyn)v (:f,?])) S ﬁd((l‘hyl)v (anyo))’n Z 0

THEOREM 3.1.38. [25] Adding the condition that 3(z1,22) € X2, comparable to
(x,y) and (T,7) to the hypotheses of Theorem we obtain the uniqueness of the
coupled fized point.
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Similarly to [36], it is obtained a result regarding the equality of the two components

of the pair (Z,7):

THEOREM 3.1.39. [25] In addition to the hypothesis of Theorem suppose
that every pair of elements of X has an upper bound or a lower bound in X. Then for

the coupled fixed point we have T =7, that is, F' has a fixed point.
The same conclusion is obtained under the following assumption:

THEOREM 3.1.40. [25] In addition to the hypothesis of Theorem suppose
that xo,y0 € X are comparable. Then for the coupled fized point we have T =7, that is,
F has a fixed point.

In [I08] Urs, Petrugel and Petrugel present a new approach on coupled fixed points,

by using two mappings instead of one:

DEFINITION 3.1.41. [1I08] Let X be a nonempty set and T : X x X — X x X be
an operator defined by

T(a:,y) - (Tl(xvy)) ’

TQ(‘IJy)
where Ty, Ty : X? — X.

e By definition, a solution (x,y) for the system

is called a fized point for the operator T, respectively, a coupled fixed point for
the pair of singlevalued operators (11, T5).

o The cartesian product of T and T is denoted by T x T and it is defined in
the following way: T xT :Z x Z — Z x Z, (T'xT)(z,w):=(T(z),T(w)),

where Z = X? and z := (z,y),w := (u,v) are two arbitrary elements in Z.

REMARK 3.1.42. In the definition above, if Ti(z,y) = F(x,y) and Ty(z,y) =
F(y,x), we obtain the classical definition of the coupled fixed point of an operator
F.

The following result is one of the main results in [TI08] and establishes the existence

of a unique coupled fixed point for the pair of mappings considered.

THEOREM 3.1.43. [108] Let (X, d, <) be an ordered complete metric space and let
Ty, T5 : X? = X be two operators. We suppose:
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(1) for each z = (z,y), w = (u,v) € X x X which are not comparable with respect
to the partial ordering < on X X X, there exists t 1= (t1,12) € X x X such

that t is comparable with both z and w, that is,
(x>t; and y<ty) or (x<t; and y=>ty)) and

(u>t; and v<ty) or (u<ty and v >ty));

(2) for all ((x >u and y<w)or(u>xz and v <y) we have

Tl(xa y) 2 Tl(u’ U)
TQ(xa y) S T2(u’ U)

or
Tl(ua U) Z Tl(xa y)

TQ(uu U) < TZ(x7 y)
(3) Ty, Ty : X? = X are continuous;
(4) there exists zy := (2, 22) € X x X such that
2 = Ti(2, 25)
2 < T )

or

kv ko

(5) there exists a matriz A =
ks ky

) € My(R,) convergent toward zero such
that

d(Ty(z,y), T1(u,v)) < kyd(x,u) + kaod(y,v)

d(To(z,y), To(u,v)) < ksd(x,u) + kad(y,v)
for all (x >w and y <) or (u>x and v < y).
Then there ezists a unique element (z*,y*) € X x X such that

* =T (2", y") and y* =Ty(z", y")

and the sequence of the successive approzimations (T7(w}, w?), To(wg, wd))

converges to (x*,y*) as n — oo, for all wy = (w},wd) € X x X

For the particular case of classical coupled fixed points (that is, 71 (z,y) = F(z,y)
and Ty(z,y) = F(y,r), where F' : X? — X is a given operator), the authors present a

generalization of Bhaskar and Lakshmikantham’s fixed point theorem in [36]:

THEOREM 3.1.44. [36] Let (X, d,<) be an ordered complete metric space and let
F: X? = X be two operators. We suppose that:
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i). for each x = (x,y),w = (u,v) € X?, which are not comparable with respect to the
partial ordering '<" on X2, there exists t = (t1,t5) € X? such that t is comparable
with both z and w;

it). for all (x > w and y <wv) or (x <wu and y > v), we have

(u,v)

F(x,y) > F(u,v
,x) < F(v,u)

F(y

or

iii). F: X? — X is continuous;

). there exists zg = (2§, 25) € X? such that

or

v). there exist ki, ke € Ry, with ki + ko < 1 such that
d(F(z,y), F(u,v) < kid(z,u) + kod(y, v)

forall (x > u andy <v) or (r < w and y > v).

Then there exists a unique element (z*,y*) € X? such that
r* = F(z*,y*) and y* = F(y*, %)
and the sequence of the successive approzimations (F™(wh, wd), F"(wi, wy)) converges

to (z*,y*), as n — oo, for all wy = (wg, w) € X?.

1.2. Coupled fixed points in metric spaces endowed with a reflexive

relation

Asgari and Mousavi [9] present some coupled fixed point results in the case of a
metric space endowed with a reflexive binary relation. The definition for R-coupled

fixed point they provide is the following:

DEFINITION 3.1.45. [9] Let X be a nonempty set and let R be a reflexive relation
on X, F: X*— X. An element (z,y) € X? is called R—coupled fized point of F, if
F x F(z,y) € Xg(z,y), where Xg(z,y) = {(2,t) € X?: 2Rz ANyRt}, ¥(z,y) € X%
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If R="<", F x F(xg,y0) € Xgr(%o,y0), which is the condition for (z,y) € X? to
be an R-coupled fixed point of F', becomes (zg,%0) < (F(z0,%0), F (Y0, o)), that is,
xo < F(x0,90) and yo > F(yo, o). Motivated by this fact, we will use along this thesis
the term of lower R-coupled fixed point for the concept of R-coupled fixed point defined
in [9] by Asgari and Mousavi (see Definition [3.1.45).

Asgari and Mousavi , in [9], also redefine the mixed monotone property of a map-
ping, introduced by Bhaskar and Lakshmikantham [36], for the case of a partial ordered

metric space endowed with a reflexive relation. This is given as follows:

DEFINITION 3.1.46. [9] Let X be a nonempty set and let R be a reflexive relation
on X, F: X> - X. The mapping F has the mized R—monotone property on X
if F x F(Xg(z,y)) € Xg(F x F(z,y)), for all (z,y) € X?, where F x G(z,y) =
(F(z,y), Gy, z)).

The definition for an R—monotone sequence is the following:

DEFINITION 3.1.47. [9] A sequence {(xpn, yn)tnen C X2 is called R—monotone se-
quence if (T, Yn) € Xr(Tn_1,Yn_1) for all n € N.

We will also recall the definition of the coupled attractor basin element of a mapping,

orbital continuity of a mapping and Picard operators, as presented in [9]:

DEFINITION 3.1.48. [9] Let X be a topological space and let F : X* — X be a
mapping.

o Then an element (x,y) € X? is called a coupled attractor basin element of F
with respect to (T,y) € X? if F™"(z,y) — T and F"(y,x) — ¥, as n — o0
and an element x € X is called an attractor basin element of F with respect
toT € X, if F"(z,x) —> T, as n — co. The set of all coupled attractor basin
elements of F with respect to (T,y) will be denoted by Ap(T,7) and the set of
all attractor basin elements of F with respect to T € X, by Ap(T).

e The mapping F' is called orbitally continuous if (x,y),(a,b) € X x X and
F™(z,y) — a, F™(y,x) — b, when k — oo, implies F™* ™ (z,y) — F(a,b)
and F™(y, ) — F(b,a), when k — oo;

e The mapping F is called a Picard operator, if there exists T € X such that
Fr={z} and Ap(T) = X.

In [10] Asgari and Mousavi also prove some coupled fixed point theorem with
respect to a reflexive relation. Their result for orbitally continuous mappings is the

following;:

THEOREM 3.1.49 ([9]). Let (X,d) be a metric space and R a reflexive relation on
X. IfF: X? = X is a mapping such that:
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F' has the mized R—monotone property on X.

(X,d) is a complete metric space.

F has an R—coupled fized point, that is there exists (xo,1y0) € X? such that
F x F(xo,y0) € Xr(%o,Y0)-

e there exists a constant k € [0,1) such that:
k

d(F(LE, y)a F(Z t)) §[d(.§(3’ Z) + d<y7 t)],V(LE, y) S XR(ZJ t)

o f is orbitally continuous.
Then:
e There exist z*,y* € X such that F(x*,y*) = z* and F(y*, %) = y*.
o The sequences {xn}neN and {yn}neN deﬁned by Tpt1 = F('rnayn) and Ynt+1 =
F(yn, x,) converge respectively to x* and y*, as n — oc.
e The error estimate is given by :
kn
maX,en{d(Tn, v*), d(yn, y*)} < 2(1 k)[d(F(xmyo),ﬂUo) + d(F(yo, 70), yo)]-

They also prove a result where they remove the orbital continuity of the mapping

F:

THEOREM 3.1.50 ([9]). Let (X,d) be a metric space and R a reflexive relation on
X. IfF: X? = X is a mapping such that:

e I has the mirzed R—monotone property on X.

(X,d) is a complete metric space.

F has an R—coupled fived point, that is, there exists (xg,y0) € X2 such that
F x F(xo,y0) € Xg(Z0,%0)-
there exists a constant k € [0,1) such that:

k
d(F(LE, y)? F(’Z? t)) < §[d(.§(3, Z) + d<y7 t)],V(LE, y) S XR(ZJ t)
if an R—monotone sequence {(Tn, Yn) nen — (2,7), then (x,,y,) € Xg(x,y),
for all n € N.

Then:

o There exist z*,y* € X such that F(z*,y*) = 2* and F(y*, z*) = y*.

o The sequences {Ty}nen and {y,tnen defined by x,1 = F(x,,y,) and Y11 =

F(yn, z,) converge respectively to x* and y*.

e The error estimate is given by :

Ln
— k)

REMARK 3.1.51. The compatibility condition between the metric d and the reflexive

relation R used in Theorem [3.1.49 and Theorem [3.1.50 should be :
If x, Ry, then nhﬁnolo . R nlgg() Yn,Vn € N .

maxpen{d(Tn, ¥*), d(yn, y*)} < 2(1 ——d(F (20, Y0), To) + d(F(yo, o), Yo)]-
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It is also important to recall some of the notations presented by Asgari and Mousavi,

notations used to obtain and prove the results presented in the following section:

NOTATION 1. [9] Let X be a nonempty set and let f : X x X — X be a mapping.
Then

(1) The cartesian product of f and itself is denoted by f x f and it is defined by

[x flx,y) = (f(x,9), fly,z)).

(2) We will denote [*(x,y) = = and f*(z.y) = f(f*(x,y), [ (y,2)), for all
r,y € X,n €N,

2. Definitions

In order to obtain some of the results in the following section, we need to define the
orbital continuity of an operatorial pair (fi, f2), starting from the classical definition

of orbital continuity in [9]:

DEFINITION 3.2.52. Let X be a topological space and fi,fo : X x X — X two
mappings. We say that the pair (fi1, f2) is orbitally continuous if, for (x,y), (a,b) €
X2 such that f*(z,y) — a and fy*(x,y) — b, we have f{*(z,y) — fi(a,b) and
Nz, y) = fala,b), when k — oco.

3. Existence and uniqueness theorems

The following result extends the coupled fixed point Theorem of Asgari and
Mousavi presented in Chapter [2, that is, Theorem [3.1.49 by replacing the original
contractive condition with a more general, symmetrical one. This type of
condition was used by Berinde [25] in Theorem in the extension of Bhaskar and

Lakshmikantham’s results.

THEOREM 3.3.53. [55],[57]
Let (X,d) be a complete metric space, R be a binary reflexive relation on X such

that R and d are compatible. If F': X?> — X is a mapping such that

F' has an lower-R-coupled fized point;

F' has the the mized R-monotone property on X;

F is orbitally continuous,
dk € [0,1) such that

d(F(z,y), F(z,t)) + d(F(y,x), F(t,2)) < k[d(x, z) + d(y, t)],
(3.9) V(z,y) € Xgr(z,t).
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Then:
(1) F has a coupled fized point, that is, I(Z,y) € X?* such that F(Z,y) = T and
F(y,7)=7.

(2) The sequences {xy tnen, {Un tnen, defined by vn,11 = F(Tn,Yn), Ynt1 = F(Yn, Tn),
converge to T and Y, respectively.

(3) The error estimation that holds is:
kTL
maXnGN{d(‘Tnvf% d(yn,?)} < E[CKF('IO? y0)7 IO) + d(F<y07 .130), ?Jo)]
Proof: Since the mapping F' admits a lower-R-coupled fixed point, let (xg,yo) €
X x X beit, we have F'x F'(xg,40) € Xg(x0,90). Further, using the mixed R-monotone
property of F', we have F' X F(zo,y0) € Xg(F(x0,y0), F(yo,20)). Using the induction,

we can easily prove that:

(3.10) (F™(20,Y0), F" (y0, %0)) € Xr(F" " (z0,%0), F"~ " (yo, x0))-

We define dy : X2 x X2 =5 R, do(Y, Z) = ;[d(x,z) +d(y,t)],VY = (z,y), Z = (2,1) €
X2,
d, is a metric on X? because:
e dy(Y,Z) =0« Y = Z is a simple task to check , using the definition of dy
and the fact that d is a metric.
o y(Y,Z) = dy(Z,Y),VY, Z € X? holds, because d is a metric, and the sum in
dy’s definition is commutative.
o y(Y,7) < do(Y,T) + do(T, Z),VY, T, Z € X? can also be easily checked.
Therefore the metric space (X2, dy) is complete.
We consider the operator:
T : X? — X? defined by T(Y) = (F(z,y), F(y,1)),VY = (z,y) € X?.
For Y = (z,y),Z = (2,t) € X?, considering the definition for dy, we have:

d(F(z,y), F(2,1)) + d(F(y, ), F(1, 2))

dy(T(Y),T(2)) =

2
and
0V, 7) = d(zx, 2) —21— d(y, t).
By the contractivity condition we have
(3.11) do(T(Y), T(2)) < k-dy(Y,2),VY,Z € X?,Y € Xp(Z).

Denote Zy = (g, yo) € X? and consider the sequence {Z,, },>0 C X?, defined by Z,, ., =
T(Z,),n > 1, where Z, = (x,,,y,) € X%, n > 1.This means Z,, = (F™(xo,v0), F™(yo, o)),

Since F' has the mixed R-monotone property on X, we have

T(Xr(Zo)) € Xr(T(Z)).
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But T'(Zy) = Z1, so, by induction, we have T'(Xg(Z,)) C Xgr(Zn+1). Next, we denote
Y=/,>2Z,1=V.
We replace this in (3.11]), obtaining:

dQ(T(Zn)yT(Zn—l)) S k- dQ(va Zn—l)yn Z l&

<~ dQ(Zn+1, Zn) <k- dQ(Zn, anl),n > 1.

Using the induction, we have:
d2(Zn+17 Zn) S kn . dQ(Zl, Zo),n Z 1

Let 7 < j. We get:

do(Zi, Z;) < > do(Z0, Zyr) < (K 4+ KT+ o+ KN - do (20, Zo) <

] — il
(3.12) <K (21, )

= {Z,}n>0 is a Cauchy sequence in the complete metric space (X?,dy) =

= lim 7" = Z.

n— oo
So, T(Z) = Z < (F(z,9), F(y,7)) = (7,y) & F(z,5) =7, F(3,7) =y < (7,7) is the
coupled fixed point for F.
Since the considered metric space is complete , 3 T,y € X such that F"(zo,yo) — T,

F™(yo,x9) = ¥, mn — oo. Using the fact that F' is orbitally continuous, we have:
{xn}nEN — T, Tpy1 = F(xn7 yn)

{yn}nEN — ?, Yn+1 = F(yn’ xn)

So, by (3.12)) we have:

Ba((n, ), (T.7)) < —

1—k

~da((w1,91), (o, 90)),m > 0.
We return to the original metric d:

d(xn7 T) + d(?/m y) k" d(xb fﬂo) + d(yh yO)
< =

2 —1—-k 2

g d(l‘n,f) + d(fgnay) < Iggg}({d(l‘n,fx d(ynag) < m [d(xb xO) + d(yb yO)]'

But z,11 = F(x,,y,) and Y11 = F(yn, z,). We get:
kn

max{d(zn, T), d(yn, J)} <

neN 11— [d(F (0, Y0), T0) + d(F (Yo, 7o), yo)]-

g

Next, let us recall the definition of a mapping ~, called comparison function, from

[122]: Let v : [0,00) — [0, 00) satisfying :



3. EXISTENCE AND UNIQUENESS THEOREMS 27

i) 7 is monotone increasing;
ii) lim ~"(t) = 0,Vt € [0, 00);

n——+o0o
Introducing in the right hand of the contractive condition of Theorem 2.6 in [9]
this mapping instead of constant k, we obtain the following result, with a more general

contractive condition:

THEOREM 3.3.54. Let (X, d) be a complete metric space, vy a comparison function,
R be a binary reflexive relation on X such that R and d are compatible. If F : X? — X

is a mapping such that

(i) F has the mized R-monotone property;

(ii) F is orbitally continuous;
(ifi)
(3.13)

d(xz,z) +d(y,t)
2

d(F(x,y), F(z,t) <~ ( ) M(x,y) € Xgr(z,t), where vy is a comparison function;

(iv) F has a lower-R-coupled fized point;

Then F has a coupled fized point, that is, there exists (v,y) € X? such that
F(z,y) =z and F(y,z) = y.

Proof: Since the mapping F' admits a lower-R-coupled fixed point, let (xg,y0) €
X x X beit, we have F'x F'(xq,40) € Xgr(x0,90). Further, using the mixed R-monotone
property of F', we have F' x F(zo,40) € Xg(F(x0,y0), F(yo,20)). Using the induction,

we can easily prove that:

(3.14) (F™(20,Y0), F™ (Y0, 70)) € Xr(F" (0, %0), " (yo, x0))-

Now, we claim that for n € N, we have

d(F(zo,Yo0), o) + d(F (Y0, T0), Yo
(3.15) d(F”+1(Io,yo)7Fn($o,yo))§7”( (£ (20, o), xo) + d(F(y )y))

2
(3.16) and
d(FnJrl(yO,xo), F(yo, 20)) < A" (d(F(%,yo)a o) —21— d(F(yo,ﬂio)ayo))

For n =1, we get

d(F*(x0,90), F (20, 50)) < 7

<d<F(I0, Yo), o) + d(F(yo, o), yo))
2

and

dF[L‘[),(),JZO dF 0,20), Yo
d(FQ(yo,xo)yF(yo,ﬂﬁo))§7<( (0, 30). 20) + dlF Ly )y))

2
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Next, we assume (3.15]) holds. Using (3.13]), we have
d(F™ (w0, y0), F" (w0, 40))

= d(F(FnH(ianyo)a Fn“(yo, o)), F(F" (0, %0), F" (Y0, T0)))

< (d(FnH(%,yo)a F™(x0,%0)) + d(FnH(?Joﬂfo)»Fn(yo,iﬂo)))
=79

2

n+l (d(F(ﬂ?o, Yo0), To) + d(F(yo, o), Z/o))
i 2

Similarly, we can prove that
d(F™2 (0, y0), F" " (w0, 90)) <
NS (d(F(iEo, Yo), o) 42‘ d(F (Yo, To), ?JO))
But condition [iil holds (i.e. nl_i}riloovn(t) = 0,Vt € [0,00)), so {F™(xo, o) tnen and

{F™(yo, xo) tnen are Cauchy sequences in the complete metric space (X, d).

Since (X, d) is complete, there exist z,y € X such that F™(xg, yo) — = and F"(yo, xo) —
y, as n — oo. Since F is orbitally continuous, we have that F"(xq,v0) — F(z,y)
and F""(yo, x9) — F(y, ), so the proof of the theorem is complete. d

Next, let us replace the v function with a more general one, the function ¢ in-
troduced in [53] by Ciri¢ and Lakshmikantham: Let ¢ : [0,00) — [0, 00) satisfying

i) o(t) < t, Vvt e (0,00);
ii) lim ¢(r) <t,Vt € (0,00);
T‘)t_,.
The set of all these mappings ¢ is denoted by .

THEOREM 3.3.55. Let (X, d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If F : X? — X is a mapping such
that

(i) F' has the mized R-monotone property;

(ii) F is orbitally continuous;

(iii)

d(z,2) + d(y,1)
2

(3.17) d(F(z,y), F(z,t) < ¢ ( ) V(z,y) € Xr(z,1),

where ¢ € ®;
(iv) F has a lower-R-coupled fized point;
Then F has a coupled fized point, that is, there exists (z,y) € X? such that
F(z,y) =z and F(y,x) = y.
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Proof: Since F' has a lower-R-coupled fixed point, let (zg,yo) be it. Thus, (F' x

F)(x0,0) € Xr(20,0)-
From (i) we have that (F' X F)(Xg(zo,y0)) C Xr((F X F)(x0,%0))-
Further, it can easily be checked that

(3.18) (F™(x0,%0), F" (30, 20)) € Xr(F™ (20, y0), ™ (30, Z0))-

Next, let x1,y; € X such that =7 = F(x0,%0), y1 = F(y0, o) and so on. Step by step,
we obtain the sequences {z,,} and {y,} such that

(319) Tpt1 = F(xnyyn)yyn+1 = F(yna xn)

Let’s consider the nonnegative sequence {2, }, .y such that z, = d(@p41, ©n)+d(Ynt1, Yn), 1 €
N*.

Now, using (3.17)), (3.18)) and letting = := z,, and y :== y,,, z := x,_1 and t := y,,_1, we
obtain

(L, Tr) + Ay, yn1)>

d(anrlvxn) = d(F(xnvyn)vF(xn*by”*l)) S ( 2

and

(L, Tr) + Ay, ynl))
>

d(ynJrlayn) = d(F(ymxn)aF(ynflvxnfl)) < (

(5)

By summing up the last two relations, we get that

Zn—1
A(Trs15Tn) + A(Yng1, Yn) = 20 <27 ¢ ( 2 ) :

Now, using (i) from the definition of ¢, we have that

Zp—1 Zn—1
(3.20) zn§2~<p( 2)<2~ 5 =

Thus, the sequence {z,} is decreasing and nonnegtive. Therefore, there exists

go > 0 such that

neN*

lim 2z, = &.
?’L—}()On 0

Now, we will prove that ¢ = 0. In (3.20)), let n — oco. Using (the second condition
satisfied by ¢), we have

. . Zn—1 . Zn—1
o = nlLHolo Zn S 2. 711£>Holo ) 5 =2. Zn—lllglso+ Y2 9 < €0,
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which is a contradiction. Thus, lim,,_,., 2, = 0 and, consequently, li_>m d(xpi1,2,) =0
n (o]

and nh_)rgo d(Yns1,Yn) = 0.

Next, we will prove that {x,}, . and {yn},cy are Cauchy sequences. Suppose that at

least one of them is not a Cauchy sequence. Then, there exists a constant 6 > 0 and

two integer sequences {n;(k)} and {ny(k)}, such that

(3.21) Sk = ATy (k)5 Tny (k) + A Yno(k)s Yna (k)

where ny(k) > nao(k) > k, k € N*. We chose n;(k) to be the smallest integer satisfying
ni(k) > na(k) > k and (3.21)). Then, we have

(322) d('rrm(k)v 'Tru(k)—l) + d(yn2(k:)7 yn1(lc)—1) < 0.
Now, using the triangle inequality and the last two inequalities ((3.21]) and (3.22))), we

have
0 < d(Tnok)s Tra (k) + A(Yna (k) Y (1))
< d(Tny (k)5 Ty (k)-1) + A Yny (k)5 Yra (k) —1) + A(@0y (k) Ty (K)) + d(Yng (k) Yna (k)
< d(@ny (k) Ty (k) + AYna(k)s Yna () + 6.

For &k — oo we obtain

lim s, = 1 [d(Zn, k), Tny )) + AWYnah)s Y ))] = 0

k—o00

Now we will show that § = 0. Supposing the contrary, we have
Sk = A(Tny(k)s Ty (k) + AYna(h) > Yna (k)

< d<xn1(k)a xnl(k)—i-l) + d(xnl(kz)—f—la xnz(k)) + d(yn1(k)7 ym(k’)-i—l) + d(ynl(k)+17 ynz(k))

= Zny (k) T ATy (k)41 Tro (k) + A Yy (k)+15 Yna (k)

(3.23) < Zny (k) F Zno(k) T ATy (k)41 Tro(k)+1) + A(Yny (k)+1> Yna(k)+1)-
But
ATy (k)41 Tro(k)+1) + A(Yny (k)+1> Yno(k)+1)
= d(F(@ny (k) Yrr(0) s F (o )y Yo () + ACE Y ()5 Tra () s F (Yo (k) Tna (i)

A( Ty (k) Trg(k)) + A Yny (k) Yna (k)
<29 5

S
§2'(P(2k:).
S

k
Sk < Zny (k) + Zna(l) T 279 (2) '

Now, returning to (3.23]), we have
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Let k — oo. Using il (the second property of ¢), we obtain

5<2.1i ) oy ) s
Sermel ) =er m el <

Thus, we have that 6 < § which is clearly a contradiction.

Consequently, {zy}, . and {y, },cy are Cauchy sequences in the complete metric space
(X,d). Since X is complete, there exist T and y such that z, — 7 and y, — 7 as
n — oo. Which means that F" (z,,y,) — 7 and F" Y(y,,r,) — ¥, as n — oo.
Using the orbital continuity of F, we get that F™(x,,y,) — T and F"(y,,x,) — U, as
n — oo, that is, (Z,7) is a coupled fixed point for F' O

THEOREM 3.3.56. In addition to the hypothesis of Theorem if for every
(z,y), (z*,y*) € X?, there exists (u,v) € X? such that (z,y), (z*,y*) € Xg(u,v), then
F' has a unique coupled fixed point.

Proof: The proof of this Theorem follows the steps of Theorem 2.9 in [9]. Accord-
ing to the proof of Theorem [3.3.54], there exists a coupled fixed point for the mapping
F. Let (z*,y*) € X? be it. In order to prove the uniqueness of this point, we have to
show that Ap(z*,y*) = X?, where A is the set of coupled attractor basin elements
introduced in Definition [3.1.48]

From the hypothesis of Theorem [3.3.54] we know that F' has the mixed R-monotone

property on X and it admits a lower- R-coupled fixed point. Hence, we have that
Fx F(Xg(z,y)) € Xp(F x F(z,y)),V(r,y) € X
and
F x F(x,y)) € Xg(z,y)( that is (x,y) lower — R — coupled fixed point)

. Next, let (z,y) € X? be arbitrary and z* = xy and y* = yo. Thus, there exists
(u,v) € X2 such that (z,v), (r0,v0) € Xgr(u,v).

Since (X, d) is a complete metric space, we have that
(Fn(<x0?y0)>Fn(y0’x0)) € XR(FH(% U)v Fn(vvu)>>n eN

So the pair (F™(xq, yo), F"(yo, x0)) is eligible to satisfy the contractive condition ((3.13]).
In consequence, similarly to the proof of Theorem [3.3.54] we have:

d(o, u) + d(yo, v))

(3.24) d(F"(z0,y0), F"(u,v)) < 7”( 2

and

d(xg,w) + d(yg, v
(3.25) d(F”(yO,xo),F”(v,u))§7"<( )+ dly )).

2
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From the proof of Theorem [3.3.54] we have that F™(xg,y0) — z* and F"(yo, zo) — y*,
when n — oo. Thus, (zg,y0) € X? is a coupled attractor basin element for F', that is
(x0,Y0) € Ap(z*,y*). If, in addition to this, we consider the last two inequalities (3.24)

and (3.25)), it follows that (u,v) € Ap(x*, y*).
From the hypothesis, we have that (x,y) € Xg(u,v), where (z,y) € X? arbitrary. This
implies that Ar(z*,y*) = X2, so the proof of the theorem is complete. O

REMARK 3.3.57. Note that for v(t) = kt in Theorem |3.3.54, we obtain Asgari and
Mousavi’s fized point Theorem 2.6 in [9].

We may obtain a more general result than the one given by Theorem [3.3.55 by

considering a symmetric contractive condition.

THEOREM 3.3.58. Let (X, d) be a complete metric space, vy a comparison function,
R be a binary reflexive relation on X such that R and d are compatible. If F : X? — X

is a mapping such that

(i) F is mized R-monotone;

(ii) F is orbitally continuous;

(iii)

d(z, 2)) + d(y, t)
(3:26)  d(F(s,y), F(z,0) +d(Fly, ), F(t,2)) <27 . |
V(z,y) € Xgr(z,t), where v is a comparison function;
(tv) F has a lower-R-coupled fized point.
Then F has a coupled fized point, that is, there exists (z,y) € X? such that

F(z,y) =z and F(y,z) = y.

Proof: Since F' has a lower-R-coupled fixed point, let (xq,yo) be it.
Thus, (F %X g)(xo,y0) € Xgr(x0, o). Further, using the mixed R-monotone property of
F', we have
F x F(xo,y0) € Xgr(F(zo,v0), F(yo,70)). Using the induction, we can easily prove
that:

(3.27) (F™(20,Y0), F" (Y0, %0)) € Xr(F" (0, 40), F"(yo, T0))-

Since F(X?) C X, let x1,y; € X such that x; = F(zo,y0), v1 = F (Yo, zo) and so on.
Step by step, we obtain the sequences {z,} and {y,} such that

(328) Tnt1 = F(xnayn)vynJrl = F(ym ZCn)
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Now, we claim that for n € N, we have

d(F (0, Y0), To) + d(F(yo, zo), yo))
2

(329) d(FnJrl(xO?yO)?Fn(manO)) < ,.yn (

d(FnJrl(yO,xO), F(yo, 20)) < A" (d(F(%,yo)a o) —21— d(F(yo,l‘o)ayo))

For n =1, we get

d(F (20, Y0), To) + d(F (Yo, zo), yo))

d(F2($0,90)7F(5”07?JO)) <7 ( 2

and

d(F?(yo, 20), F(y0,20)) < <d<F<x0,yO)7 7o) _2|— 4F (o l’o),yo)) )

Next, we assume ([3.29)) holds. By summing up and using (3.26)), we have

d(F" (2o, y0), Fn + (o, yo)) + d(F™" " (yo, o), F* (yo, o))

<2y (d(FnH(iUO, Yo), £ (20, Y0)) ‘2F d(F" ™ (yo, o), F™ (Yo, ZL“O)))

gyt d(F(x0,Y0), xo) + d(F(yo, 7o), Yo)
7 2

Now, using condition (fii) (i.e. nglfoo ¥ (t) = 0,Vt € [0,00)) , we have that { F"(zo, Yo) }nen
and {F"(yo, o) tnen are Cauchy sequences in X.

Since (X, d) is complete, there exist z,y € X such that F™(xg,y0) — x and F"(yo, xo) —
y, as n — oo. Since F' is orbitally continuous, we have that F"(xg,v0) — F(z,y)
and F"*(yo, x9) — F(y,x) and by the proof of the theorem is complete. O

Similarly to Theorem by adding one more assumption to the hypothesis of
Theorem [3.3.58, we obtain the uniqueness of the coupled fixed point. The proof of the
result is similar to the proof of Theorem |3.3.56]

THEOREM 3.3.59. In addition to the hypothesis of Theorem [3.3.58, if for every
(z,9), (z*,y*) € X2, there exists (u,v) € X? such that (z,y), (z*,y*) € Xg(u,v), then
F' has a unique coupled fixed point.

Proof: The proof of this result also follows the steps of Theorem 2.9 in [9]. Accord-
ing to the proof of Theorem there exists a coupled fixed point of the mapping
F. Let (z*,y*) € X? be it. In order to prove the uniqueness of this point, we have to
show that Ap(z*,y*) = X2, where A is the set of coupled attractor basin elements
introduced in Definition B.1.48
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From the hypothesis of Theorem [3.3.58 we know that F' has the mixed R-monotone

property on X and it admits a lower- R-coupled fixed point. Hence, we have that
F x F(Xg(z,y)) C Xg(F x F(z,y)),¥(z,y) € X
and
F x F(x,y)) € Xg(z,y)(thatis(z,y) lower — R — coupled fixed point)

. Next, let (z,y) € X? be arbitrary and z* = xy and y* = yo. Thus, there exists
(u,v) € X2 such that (z,v), (r0,v0) € Xr(u,v).

Since (X, d) is a complete metric space, we have that
(Fn(<x0ay0)7Fn(y07x0)) € XR(Fn(U’7 'U), Fn(’U,U)),TL eN

Moreover, we know that the pair (F"(zo, o), F™(yo, xo)) satisfies the contractive con-

dition . In consequence, similarly to the proof of Theorem , we have:

(3.30)

d(o,u) + d(yo, v)
2

d(Fn(x07y0)aFn(u7 U))+d(Fn<y07x0)7Fn(U7u) < 2’7n ( ) — 07 as n — o0.

From the proof of Theorem we have that F"(zg,yo) — «* and F"(yo, x0) — y*,
when n — oo. Thus, (g, 1y0) € X? is a coupled attractor basin element for F, that is
(z0,90) € Ap(x*,y*). If, in addition to this, we consider the last inequality (3.30)), it
follows that (u,v) € Ap(z*,y*).

From the hypothesis, we have that (z,y) € Xg(u,v), where (z,y) € X? arbitrary. This
implies that Ar(z*,y*) = X?, so the proof of the theorem is complete. O

REMARK 3.3.60. By letting vy(t) = kt in (3.26) from Theorem we obtain
Theorem [3.3.53.

The next theorem extends the results of Urs from [144] (see Theorem 2.6) in the

case of metric space endowed with a reflexive relation.

THEOREM 3.3.61. [56] Let (X,d) be a metric space and R a reflexive relation on
X such that R and d are compatible. If fi, fo : X? — X are two mappings such that:
(i) f1, f2 have the mixed R—monotone property on X.
(77) (X,d) is a complete metric space.
(iii) there exists (xo,yo) € X2 such that f1 X fo(xo,90) € Xr(To,v0)-
(iv) there exists a constant k € [0,1) such that:

A(fi(9). (2. 0) + d(folw, ), folz,1) < K- [d(w, 2) + d(y,0)]. ¥(,y) € Xn(z,1).
(v) the pair (f1, f2) is orbitally continuous.

Then:
(i) There exist x*,y* € X such that fi(z*,y*) = 2* and fo(z*, y*) = y*.
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(”) The sequences {xn}neN and {yn}nEN deﬁned by Tny1 = fl(xnayn) and Ynt1 =
fo(xn, yn) converge respectively to x* and y*.
(iii) The error estimation is given by:
kTL

maxX,en{d(Tn, ¥*), d(yn, y*)} < m[d(fl(il?o, Yo), To) + d(f2(To, Yo), yo)]-

Proof: From (iii), we have that the pair (fi, fo) admits a lower-R-coupled fixed
point; let (xg,y0) € X X X be it, we have f1 X fo(xo, y0) € Xr(Zo,yo). Further, using the
mixed R-monotone property of fi, fo, we have fi X fa(xo,v0) € Xr(F(x0,%0), F (yo, To))-

Using the induction, we can easily prove that:

(3.31) (f1"(%0,%0), fa(0, 90)) € XR(f{l_l('To,yo)a fzn_l(iUo, Yo))-

We define dy : X2 x X2 -5 R, do(Y, Z) = ;[d(:c,z) +d(y,)],VY = (z,y),Z = (2,t) €
X2
d, is a metric on X? because:
e dy(Y,Z) =0« Y = Z is a simple task to check , using the definition of dy
and the fact that d is a metric.
o dy(Y,Z) = dy(Z,Y),VY,Z € X? holds, because d is a metric, and the sum in
ds’s definition is commutative.
o y(Y,7) < do(Y,T) + do(T, Z),VY, T, Z € X? can also be easily checked.
Therefore (X?,ds) is a complete metric space.
We consider the operator:
T : X? — X? defined by T(Y) = (fi(x,v), fo(z,v)),VY = (z,y) € X2
For Y = (z,y),Z = (2,t) € X?, considering the definition for dy, we have:

do(T(Y),T(Z)) = d(fi(x,y), fi(2,1)) + d(fa(z,9), f2(2,1))

2
and
0(Y.7) = d(z, 2) —2|— d(y, t)‘
By the contractivity condition we have
(3.32) do(T(Y), T(2)) < k-dy(Y,2),VY,Z € X*,Y > Z.

Denote Zy = (g, yo) € X? and consider the sequence {Z,, },>0 C X?, defined by Z,, .1 =
T<Zn>7n > 1, where Z,, = (Im yn) € X27 n > 1.This means Z,, = (f1n($0; yO)a f;(l’o, yO))7

Since fi, fo have the mixed R-monotone property on X, we have
T(Xr(Z)) € Xr(T(Z0))

But T(Zy) = Zi, so, by induction, we have T(Xgr(Z,)) C Xgr(Z,41). We denote
Y=2,>Z,,=V.
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We replace this in (3.32)), obtaining:
d2(T<Zn)7T<Zn—1)) S k : dQ(Zna Zn—1)7n Z 1 g

& do(Zngr, Zn) < k- do(Zy, Zpp—v),n > 1.

Using the induction, we have:
do(Zps1, Zn) < K" - do(Z1, Zp),n > 1.

Let © < 5. We get:

do(Ziy Z;) < . do(Zs Zia) < (K 4+ K+ o+ KN - do(Z4, Zy) <
l=1+1
1 — kil
(3.33) < klﬁ -dy(Z4, Zy)

= {Z,}n>0 is a Cauchy sequence in the complete metric space (X?,dy) =

= lim 2" = Z*.

n—+00
We now use (3.31): T(Z*) = Z* < (fi(a*,y"), fo(y", 2%)) = (2%, y") & fi(z*,y*) =
¥, fo(x*, y*) = y* < (2, y*) is the coupled fixed point for the pair (f1, f2).

Since (X,d) is a complete metric space, 3 z*,y* € X such that f'(zo,y0) — ¥,
fawo,yo) = y*,  m — oo. Using the last assumption in the hypothesis, we have:

{xn}neN — " Tyl = f1 (mnv yn)

{yn}neN — y*a Yn+1 = f2<l‘na yn)

So, by (3.33]) we have:

dQ((xmyn): (a:*,y*)) < ﬁ d2((xlay1)7 (flfo,yo))an > 0.

We return to the original metric d:

d(xnax*) _'_d(ynay*) k" d<$lax0> + d(ylayO)
< =

2 11—k 2
S d(xn, %) + d(yn, y*) < rggg{d(xn,x ) d(Ynsy")} < % [d(xl,xo) + d(y1, Yo)]-
But z,11 = fi(Zn, yn) and ypi1 = fo(zn, yn). We get:
kn
T}}gg{d(%; ), d(Yn, y")} < 1-% [d(f1(z0,%0), T0) + d(f2(x0, o), yo)]-

g

The following result establishes the conditions under which we obtain the unique-
ness of the coupled fixed point. It is sufficient to suppose that there exists a couple

(r,s) in X2 such that any other two arbitrary coupled in X? are in the reflexive relation

R with (r, s).
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THEOREM 3.3.62. [56] In addition to the hypothesis of Theorem|3.5.61), we suppose
that, for every (x,y), (zo,yo) € X2, there exists (r,s) € X? such that (z,y), (xo,y0) €
Xr(r,s). Then, the pair (f1, f2) admits a unique fixed point.

Proof: From Theorem [3.3.61] it follows that there exists z*,y* € X such that
Nil@™y) =", fola™,y") = "
The next step is to show that A f1, fo)(z*,y*) = X x X.
Let (x,y) € X?. Since f1, fo have the mixed R—monotone property on X, then there
exists (r,s) € X% such that (z,y), (zo,y0) € Xgr(r,s). From (z¢,y0) € Xg(r, s) and the
fact that (X, d) is a complete metric space, it follows that for n € N

(/1 (0, Y0), [3' (0, y0)) € Xr(fT'(r,8), f3(r,5)).
From the sixth assumption of Theorem [3.3.61| (that is, for (z,y), (a,b) € X? such that
P(x,y) = a and f3*(z,y) — b, we have f{*"(z,y) = fi(a,b) and f;* 7 (z,y) =
fa(a,b), when k — 00) we have:

d(f{' (w0, 90), f1'(r;8)) < k™ - [d(x0, ) + d(yo, 5)];

and

d(f3 (w0, yo), f3'(r,s)) < K" - [d(wo, ) + d(yo, )]-
Now, using the fact that (zo,0) € A¢fi, f2)(x*, y*), it follows that (r, s) € A¢fi, f2)(2*, 7).
Thus, Afi1, f2)(z*,y*) = X2
Therefore the pair(fi, fo) admits a unique fixed point. O

It is important to note that the results presented are extensions of important results
in the field.

REMARK 3.3.63. If, in Theorem (3.3.61 we take fi(x,y) = F(z,y) and fa(x,y) =
F(y,x), we obtain Theorem|3.53.55.

REMARK 3.3.64. If, in Theorem we take fi(z,y) = F(x,y) and fo(z,y) =
F(y,z), we obtain Theorem |3.3.54)

REMARK 3.3.65. If, in Theorem |3.3.61, we take fi(z,y) = F(x,y) and fo(z,y) =
F(y,z) and the contractive condition is replaced by

A(F(w.9). Fl2.0) < & iz, ) + d(y.1)),¥(z.1) € Xn(.0),

we obtain Theorem of Asgari and Mousavi in [9].

REMARK 3.3.66. If, in Theorems|3.3.61 and|3.3.63, we endow the metric space with
a relation of partial order (instead of the reflexive relation), we obtain similar results
to the ones obtained by Urs, Petrusel and Petrusel in [108], [143] and [144].
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REMARK 3.3.67. If, in Theorems|3.3.61 and |3.3.69 we take fi(x,y) = F(z,y) and
fo(x,y) = F(y,x) and R is the partial order on X we obtain Theorems and
that is, the results in Berinde [25].

4. Examples and applications

4.1. Examples

Theorem [3.3.53]is more general than the fixed point theorem of Asgari and Mousavi

[9] because of the new contractivity condition, fact illustrated by the following example.

EXAMPLE 3.4.68. Let X = R, the metric d(x,y) = |v —y|, the relation R on X
given by
22 -2y Yy -2

3 3

xRy &

T — 2y
Let F : X? — X be defined by F(z,y) = — So, ¥(x,y) € X2, F has the mized
R—monotone property, satisfies (3.9)), but does not satisfy the contractivity condition in
Asgari and Mousavi’s fized point theorem [9]. Indeed, assume that there ezists k € [0,1)

such that (3.1.49) holds. This means
rx—2y z-—2t k
3 3 2

<

|z =2+ |y = tl],Y(z,y) € Xr(2,1)

by which, for x = z, we get

2 t<k t
5@—!_5W—\

4
which, fory # t, would imply 3 < k, where k < 1, a contradiction. Now, we prove that

(13.9) holds. We have

T — 2y z—2t<1 1 i v x ;
3 - 3 _ilx_z|+§|y_ |a (x,y)E R(z7 )
and
y— 2z t—22<1 . 1 v x ;
- 5 - o - ) 9 € V)
3 5| S gly—th+gle =2, V(z,y) € Xr(21)

By summing up these two relations, we get with k = Z< 1.
On the other hand,
22 -2y  y?— 2
3 3
&S @—y)(r+y+2)=0.
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ThUS, we have XR(x7y) = {(.f,y)(l‘, -y — 2)7 (—I - 2ay)7 (_‘I - 27 —Y - 2)} AlSO;
F x F(0,0) € Xg(0,0). So, by Theorem we obtain that (0,0) is a coupled fized

point of F', and, moreover, it is unique.

EXAMPLE 3.4.69. Let X = R, the metric d(z,y) = |x — y|, the relation R on X
given by
TRy & 1 + 4y =y + 4.

T —2
Let F : X* — X be defined by F(x,y) = y' So, ¥(z,y) € X?, F has the mized

R—monotone property, satisfies (3.26]), but does not satisfy the contractivity condition
in Asgari and Mousavi’s fized point Theorem 2.6 in [9].
Let’s suppose that there exists k € [0,1) such that (3.1.49)) holds. This means

k
2

rT—2y u—2w
4 4

< 5z —ul+ 1y —v]),V(z,y) € Xn(u,v).

Letting x = u in the inequality above, we have

k

y—v
< — —
< gly =l

2

which implies
1 < k, which is a contradiction .

Neaxt, we prove that (3.26)) holds. We have

r—2y u—2w
4 4

1 1
S 1|I—U‘+§|y—7j’,V(l’,y) EXR(UJU)

and
y—2xr v-—2u
4 4

By summing up, we obtain

1 1
< Ely_lv| + §’$—U|,V(l’,y) € XR(u7U>'

rT—2y u—2w
4 4

y—2r v-—2u
4 4

3
< Sl +ly— o)),

3t 3t
which is exactly (3.26|) for (t) = 3 Note that v : [0,00) — [0, 00),v(t) = 3 satisfies

conditions[] and [i, thus v is, indeed, a comparison function.
On the other hand,
o2 44y = y* + 4x
S (x—y)(r+y—4)=0.
Thus, we have Xg(z,y) = {(z,y)(z,4—y),(d—x,y), (4—x,4—y)}. Also, F x F(0,0) €
Xr(0,0). So, by Theorem[3.3.58, we obtain that F has a (unique) coupled fized point
(0,0), but Theorem cannot be applied to F' in this particular example.
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4.2. Applications

In this section we will study the existence and uniqueness of the solution of a first-
order periodic boundary value system, as an application to the results presented in the

previous section.

In a similar context, Berinde in [25], Bhaskar and Lakshmikantham in [36], Lak-
shmikantham and Guo in [70], [71] and Urs in [145], [143] also studied the existence
and uniqueness of solutions for a periodic boundary value problem, in the framework
of a partially ordered metric space. In this case, we will endow the metric space with

a reflexive relation.

Let’s denote the reflexive relation by "R" on C(I)

(z,y) and w := (u,v) two arbitrary elements of C([)

C(I) and let there be z :=

X
x C(I). Then, by definition,

z € Xg(w) < x<wandy > .

It can easily be checked that (z,z) € Xg(x,z) and if (z,y) € Xg(u,v)(i.e.,z €
Xgr(w)) and (u,v) € Xg(z,y)(i.e.,w € Xg(2)), we have z = w, but the proprerty of

transitivity (necessary for R to be a relation of order) does not hold in this case.

Let’s consider the periodic boundary value system studied in [144]:

?'(t) = filt,x(1), y(1))

(3.34) (1) = ft,x(t),y(t), Vtel:=[0,T]
z(0) = z(T)
y(0) = y(T)

where T'> 0 and fi, f» : I x R?> — R. We also suppose that :

i p1 + e
C.1 there exist A, puy, pto, pi3, g > 0, ———— < 1 such that

1 — g — pa

0 < [filt,z,y) + Az] = [fu(t,u,v) + Au] < Al (2 —u) + pa(y — v)] — Alps(z —
u) + pi2(y — v)] < [folt, 7, y) + Ax] = [folt, u,v) + Au] <0,

Vt € I and z,y,u,v € R, where f, fo are two continuous functions.
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C.2 for each z = (z,y) and w = (u,v) € C(I) x C(I) , if z € Xr(w) or w € Xg(2), we

have:

fl(t7$ay) > fl(t’uvv)

or

{f2<t, w,v) < folt, z,y)

{fza,x,yn < falt,u,0)

fl(t,’LL,’U) 2 fl(taxvy)

C.3 there exists zp := (24,25) € C(I) x C(I) such that:

ot 2(1), 25 (1) = 25(2)

C.4 the following inequalities hold:

{ﬁ(mé(tm%(t)) <

(1+N) [ Galt, 8)24(s)ds > 2
(1+N) S Ga(t, 8)22(s)ds < 23(t),Vt € I.

We recall that the problem (see [144],[36], [125]),
x'(t) = h(t)
z(0) =z(T),t €1,

where h € C'(I) and x € C*(I), is equivalent, for some A # 0 to

o) = [ LGt $)[(s) + Aa(s)]ds, Vit € T,

where G\(t, s) is defined (see [144]) by:

G)\<t, 8) =

lem :
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where Fi, Fy : X2 — X, X = C(I),

Filw)(®) = [ Galt,)[fi(s.2(5), (5)) + Aa(s)lds

Fawu)(0) = [ Galt,)[fols, 2(5),9(s)) + Ayls)]ds

In order to apply the results presented in the previous section, we consider the
complete metric space (X, d), where X = C(I,R and the metric d is induced by the
sup-norm on X,

d(u,v) = stg) lu(t) —v(t)], Yu,v e C(I).

We also have to link the problem introduced above to the theoretical results recalled
and presented; consequently, if (z,y) € X? is a coupled point of F, then we have
x(t) = Fi(x,y)(t) and, similarly, y(t) = Fa(x,y)(t), Vt € I, where F := (Fy, F).

THEOREM 3.4.70. [59] Consider the problem ({3.34)) under the assumptions (1)-(4).
Then there exists a unique solution (z*,y*) of the BVP (3.34).

Proof: In order to reach the conclusion of this results, we will apply Theorem
3.3.61}For this, we have to verify all the assumptions of this Theorem:
We have that (X, d) is a complete metric space, so (ii) from Theorem [3.3.61]is verified.
From the first condition (1), 0 < [f1(t, z,y) + Az] — [fi(t,u,v) + Au] < A (z — u) +
p2(y — )] = Alps(z — u) + po(y —v)] < [fo(t, 2, y) + Az] = [ fa(t, u,v) + Au] < 0, we have
that
|[Fi (2, ) () = Fi(u, 0)(t)] =

/ G ) (s, 2(5), y(s)) + Ax(s)]ds — /0 G ) fals, uls), v(s)) + Au(s)|ds

0

= [ Gal(t )G, 2(5),y(s) ~ Fils, u(s), ) + Aals) — )l

0

<[ Ga(t9) g (als) — uls))| + lialyls) = v(s)])ds
< wd(z,u) + pad(y,v).

Applying sup,.;, we get:

(3.35) d(Fi(z,y), Fi(u,v)) < pd(z,u) + ped(y, v).
In a similar way, we get

(3.36) d(Fa(z,y), Fa(u,v)) < pad(z,u) + pad(y, v).
Summing up relations and , we get:

d(Fy(,y), Fi(u,v)) + d(Fy(2, y), Fy(u,0)) < (i + ps)d(z, u) + (p2 + pa)d(y, ),

where 1 + po + g + pg < 1 follows from condition . Consequently, (iv) from The-
orem [B.3.61] is verified.
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From the second condition (2)) we have that (f1(t,z,y), fo(t,z,v)) € Xr(f1(t,u,v), f2(t,u,v),
Vw € Xg(2),z = (z,y),w = (u,v) which is equivalent to fi x fo(t,z,y) € Xg(f1 X
fo(t,u,v), (t,u,v)). Thus f; and fs have the mixed R—monotone property on X, so (i)
from Theorem [3.3.61]is also checked. In a similar way we prove the mixed R—monotone
property of f; and f; using the other pair of assumptions in condition ({2)).

Since f, f> have the mixed R—monotone property on X, then there exists (r,s) € X?
such that (z,y), (zo,yo) € Xr(r,s), so the additional assumption of [3.3.62] is verified.

Now, from the third condition (3)), z5(t) < fi(t, 25(t), 25(t)) and 25(t) > fa(t, 25(t), 25(2)),
where 2o = (24, 22) we obtain that (f1(t, 28 (2), 22(t)) € Xgr(23, 22) < fix fa(t, 24(2), 22 (1)) €
Xr(23,22). Tt follows that there exists a coupled fixed point, namely zo = (2§, 22) € X?,

for the pair (f1, f2)(the third hypothesis of Theorem [3.3.61]).
Further, it can be easily checked that, for any n € N,

(11t 20(t), 20 (1), f3' (8, 20 (1), 25 (1)) € Xn(fT ™ (¢, 29(t), 25 (1)), f2 7 (¢, (1), 25(1))).
Using this and the continuity of f; and fa, it can be easily proved that { f{'(¢, 25 (t), 25 (t)) }en
and {f1'(t, z5(t), 25 (t)) },,en are Cauchy sequences in X, so the last hypothesis of The-
orem is also checked. Thus, we get that the periodic boundary problem
has a unique solution in C(I) x C(I). O

REMARK 3.4.71. If, in Theorem [3.4.70 we take R :=<, we obtain Theorem 3.2 in
[144].

REMARK 3.4.72. If, in Theorem we take R :=< and fi(z,y) = F(z,y) and
fo(z,y) = F(y,x), we obtain Theorem 3.7 in [36].



CHAPTER 4

Tripled fixed point theorems in metric spaces

endowed with a reflexive relation

In this chapter, we will extend the results of Asgari and Mousavi [9], using the
tripled fixed points concept introduced by Berinde and Borcut in [28], which are briefly
presented in the following. We will also extend the notions of coupled attractor basin
element, orbital continuity, mixed R—monotony of a mapping, R-coupled fixed point

in the case of tripled fixed points.

1. Preliminaries

1.1. Tripled fixed points of mixed-monotone operators in partially

ordered metric spaces

DEFINITION 4.1.73. [28] Let (X, <) be a partially ordered space and F : X* — X.
We say that the operator F' has the mized-monotone property on X if F(x,y,z2) is
monotone nondecreasing in x and z and it is monotone nonincreasing in y, that s, for

any r,y,z € X,

T, 09 € X, 21 <20 = F(21,y,2) < F(22,y,2)

y,y2 € X1 <o = F(z,y1,2) > F (2,92, 2)

21,20 € X, 20 < 21 = F(2,y,20) > F (2,9, 21)

DEFINITION 4.1.74. [40] Let X,Y,Z be three nonempty sets and F : X* — Y,

G:Y XY XY — Z. We define the symmetrical composition (or s—composition) of F
and G, FxG : X® — Z, by

(G* F)(z,y,2) =G(F(z,y,2), Fy,z,y), F(z,y,2)),z,y,z € X.

DEFINITION 4.1.75. [28] We call an element (z,y,z) € X x X a tripled fized point
of the mized-monotone mapping F : X3 — X, if F(x,y,2) = x, F(y,z,y) = y and
F(z,y,x) = z.

If x = y = z and, in consequence, F(x,x,x) = x, then x € X is a fized point of F.

REMARK 4.1.76. Note that in the definition above (y,x,y) is not a permutation of
(x,y, 2), like (z,y,x).
44
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Let (X, d) be a complete metric space. The mapping d: X35 X , given by

d((z,y, 2), (u,v,w)) = d(z,u) + d(y,v) + d(z, w)

defines a metric on X3, which will be denoted, for convenience by d, too.
The following theorem is the main result in [39] and it establishes the existence of

a tripled fixed point of a mixed monotone operator:

THEOREM 4.1.77. [28],[40],[41] Let (X, <) be a partially ordered set and suppose
there is a metric d on X such that the metric space (X,d) is complete. Let T : X x X x
X — X be a continuous mapping having the mired monotone property on X. Assume
that there exist k,l,m € [0,1),k + 1+ m < 1 such that

d(T(z,y,2), T(u,v,t)) < k-d(xz,u) +1-dy,v) +m-d(z1t),Ye >uy <v,z >t
If there exist xg, Yo, 20 € X such that
w9 < T(w0, Y0, 20), Yo = T (Yo, %o, 20) and zy < T(zo, Yo, To)-

Then there exist x,y,z € X such that v = F(x,y,2),y = F(y,x,y) and z = F(z,y, ).

The conclusion of Theorem holds, even if the mapping is not continuous, by
adding some supplementary conditions to the hypothesis, conditions first introduced
by Nieto and R. Rodriguez-Lopez in [95].

THEOREM 4.1.78. [40] Let (X, <) be a partially ordered space and suppose there
exists a metric d on X, such that (X,d) is a complete metric space. Let F : X x X X
X — X be a mized monotone operator. Suppose there exists a constant k € [0,1) such
that

k
(4.37) d(F(z,y,z2), F(u,v,w)) < g[d(a:,u) +d(y,v) + d(z,w)|Ve > u,y < v,z > w.

Let’s suppose that the following properties hold on X :
(i,
if there exists an increasing sequence {x,} — x, then x, < x for every n,
if there exists a decreasing sequence {y,} — vy, then y, >y for every n.
If there exist xg, Yo, 20 € X such that
xo < F(0, Y0, 20): Yo = F(Yo, To, Yo) and zo < F (20, Yo, o),
then there exist x,y,z € X, such that

r=F(z,y,2),y=F (y,z,y) and z = F (z,y,x).
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The conclusion of the result holds, even if the contractive condition (4.37)) is replaced
by :

d(F(z,y,z), F(u,v,w)) < jd(xz,u) + kd(y,v) + ld(z,w) forall z > u,y < v,z > w,
where j, k, 0l €[0,1),7+k+1 <1

THEOREM 4.1.79. [41] Let (X, <) be a partially ordered space and suppose there
exists a metric d on X, such that (X,d) is a complete metric space. Let F': X x X X
X — X be a mized monotone operator. Suppose there exists the constants j, k,l €

0,1), where j + k41 < 1 such that
d(F(z,y,2), F(u,v,w)) < jd(z,u)+kd(y,v) +1d(z,) forallx>u,y<wv,z>w.
Let’s suppose that the following properties hold on X :
(i.)
if there exists an increasing sequence {x,} — x, then x, < x for every n,
if there exists a decreasing sequence {y,} — vy, then y, >y for every n.

If there exist xq,yo, 20 € X such that

zo < F(20,Y0,20), Yo > F(yo, o, Y0) and zo < F (2o, yo, Zo),

then there exist x,y,z € X such that
r=F(z,y,2),y = Fy,x,y) and z = F(z,y, ).

Several results regarding the uniqueness of the tripled fixed points of mixed mono-
tone continuous or non-continuous mappings were obtained by Borcut, Berinde and
Pacurar, in [28], [42], [39], [40], [41], by endowing the metric space with an additional
property regarding the relation of order, by considering that every triple consisting in
elements from X has an upper bound and a lower bound. We present the following

one:

THEOREM 4.1.80. [28] In addition to the hypothesis of Theorem if we have
that for (z,y, 2), (x1,11,21) € X x X x X, there exists (u,v,w) € X x X x X comparable
to (z,y,z) and to (x1,y1, 1), then there exists a unique fived point of F.

1.2. Tripled fixed points of monotone operators in partially ordered
metric spaces

First, we will present the definitions for monotone mappings and tripled fixed points

for these mappings, concepts introduced by Borcut in [39].
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DEFINITION 4.1.81. [39] Let (X, <) be a partially ordered space and the mapping
F: X3 — X. We say that F is monotone, if F (z,y, 2) is monotone increasing in x,vy

and z, that s, for every x,y, z,x1, Ta, Y1, Yo, 21, 22 we have
1,20 € X, 11 <29 = F(21,y,2) < F (22,9, 2),

Y1, Y2 €X7y1 SyQ :>F(5U>y172) SF($7y27z)7

and

21,20 € X, 21 < 29 = F(x,y,21) < F (2,y,29) .
DEFINITION 4.1.82. [39] An element (z,y,z) € X3 is a tripled fized point of the
monotone mapping F : X3 — X, if
F(x,y,z)=x,F (y,z,2) =y, and F(z,y,z) = z.
If x =y = z and, in consequence, F(x,z,x) = x, we say that x € X is a fized point of

F.

REMARK 4.1.83. [39] We can remark the fact that, in this context, the tripled fized

point is different than in the case of mired-monotone mappings, that is, the triples
(x,y,2), (y,z,2) and (2,y, ) appearing in are all permutations of (z,y, z).

One of the results regarding the existence of these tripled fixed points presented in
[39] is the following:

THEOREM 4.1.84. [39] Let (X, <) be a partially ordered space and d be a metric
on X, such that the metric space (X, d) is complete. Let F: X3 — X be a continuous,
monotone mapping on X. Let’s suppose that there exists a constant k € [0,1), such
that

(4.38) d(F(x,y,2), F(u,v,w)) <

k
g[d(x, u) + d(y,v) + d(z,w)]

forallz >u,y <wv,z > w.
If there exist xq,yo, 20 € X, such that
zo < F(20, Y0, 20), Yo < F (Yo, To, 20) and zy < F(20, Yo, o),
then there exist x,y,z € X, such that
r=F(x,y,2),y = F(y,x,z) and z = F(z,y,x).

The result regarding the uniqueness of the tripled fixed point in this case is the

following;:

THEOREM 4.1.85. [39] In addition to the hypothesis of Theorem |4.1.84| we have:
forany (x,y, 2), (1,y1,21) € X x X x X, there exists (u,v,w) € X x X x X comparable
to (z,y,z) and (z1,y1, 21), then F has a unique tripled fized point.
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In this case too, the conclusion of the theorem holds for non-continuous mappings:

THEOREM 4.1.86. [39] Let (X, <) a partially ordered space and d be a metric on
X, such that (X,d) is a complete metric space. Let F : X* — X a monotone operator
on X. Suppose that there exists a constant k € [0,1), such that

d(F (2,9, 2), F (u,0,w)) < ];j d (@,u) + d (y,0) + d (2, )]
forall x > u,y < v,z > w. Suppose that we have the following property on X :
if there exists the increasing sequence {x,} — x, then x, < x for every n.
If there exist xg, Yo, 20 € X, such that
zo < F' (%0, Y0, 20) » Yo < F (Yo, 0, 20) and 2o < F (20, Yo, To) ,
then there exist x,y,z € X, such that

r=F(x,y,2),y = F(y,x,z) and z = F(z,y,x).

2. Tripled fixed points of mixed-monotone operators

2.1. Definitions

The following concepts are extensions of the notions presented in [9] in the case
of coupled fixed points in the framework of tripled fixed points of mixed monotone

mappings.

NOTATION 2. Let X be a nonempty set and let F': X x X X X — X be a mapping.
Then

(1) The cartesian product of F' and itself is denoted by F X F and it is defined by

Fx F(x,y,2) = (F(z,y,2), F(y,z,y), F(z,y,2)).
(2) We will denote by F°(x,y,2) =z and F™(x,y,2) = F(F" Y(z,y, 2),
F"Yy,x,y), F" Yz,y,2)), for all z,y,2 € X,n € N.
(3) The set Xr has the same meaning as it has in X*: Xg(x,y,2) = {(t,u,v) €
X x X x X :tRx NyRuANvRz}.

DEFINITION 4.2.87. [57] Let X be a nonempty set and let R be a reflexive relation
on X, F: X3~ X. The mapping F has the mized R—monotone property on X
if
F x F(Xg(z,y,2)) € Xg(F x F(x,y,2)), forall (z,y,z) € X°.

DEFINITION 4.2.88. [57] An element (x,y,z) € X? is called lower-R—tripled
fixed point of F, if F X F(z,y,2) € Xg(z,y, 2).
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DEFINITION 4.2.89. A sequence {(Zn,Yn,2n) nen C X? is called R—monotone

sequence Zf (-rn? Yns Zn) S XR<xn—1a Yn—1, Zn—l)-

DEFINITION 4.2.90. [60] Let X be a topological space and F : X* — X be a
mized R-monotone mapping. Then an element (x,y,2) € X? is called a tripled at-
tractor basin element of F with respect to (z*,y*,2*) € X3, if F*(x,y,2) — x*,
F"(y,z,y) = y* and F™*(z,y,x) — z* , as n — oo. The set of these points (x*,y*, z*)
will be denoted by Ap(z*,y*,2*), and, when x* = y* = z*, by Ap(x*).

DEFINITION 4.2.91. [67] Let X be a topological space and F : X — X be a
mized R-monotone mapping. The mapping F is called orbitally continuous if
(z,9,2),(a,b,c) € X3 and F™(x,y,2) — a, F"™(y,z,y) — b, F™(z,y,x) — ¢, when
k — oo, implies F™ 1 (z,y,2) — F(a,b,c), F**(y,z,y) — F(b,a,b) and F™* ' (z,y,z) —
F(c,b,a), as k — oo.

2.2. Uniqueness and existence theorems

The following result establishes the existence of a tripled fixed point of the mapping
F: X3 X.

THEOREM 4.2.92. [57] Let (X,d) be a complete metric space and R be a binary
reflezive relation on X such that R and d are compatible. If F : X® — X is a mapping
such that

(i) F has a lower-R-tripled fized point;

(1) F has the mized R-monotone property on X;
(iii) F is orbitally continuous;

(iv) there exists k € [0,1) such that

d(F(z,y,z), F(t,u,v)) ld(x,t) + d(y,u) + d(z,v)],

- k
(4.39) =3
V(z,y,z2) € Xg(t,u,v),k €[0,1).

Then:

(1) F has a tripled fived point, that is, 3(T,7y,%), € X° such that F(T,7,Zz) =
T, F(y,z,y) =79, F(Z,y,T) = Z.

(2) The sequences {xy, tnen, {Un}tnen, {2n tnen, defined by
Tor1 = F(TnyYn, 20)s Ynsr = FWYn, TnsUn), 2ne1r = F(2n, Yn, Tn), converge to
T,y and Z, respectively.

(3) The error estimation that holds is: max,en{d(z,,T), d(Yn, ), d(2,,Z)}

kn
< 57—y 4 (0 0, 20), 70) + d(F (30, 70:90).90) + d(F (20, 30, 70). 20)]
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Proof: Since the mapping F' admits a lower- R-tripled fixed point, let (xq, yo, 20) €
X x X x X beit, we have F' X F'(xq, Yo, 20) € Xgr(%0, Y0, 20). Further, using the mixed R-
monotone property of I, we have F'x F'(o, Yo, 20) € Xr(F (%o, Y0, 20), F' (Y0, o, Yo), F'(20, Yo, T0))-

Using the induction, we can easily prove that:

(Fn(xmy()uZU>7Fn(y07x07y0)7Fn<207y07x0)) €

(4.40) € Xp(F" (20, Yo, 20), F" (Y0, %0, ¥0), F" " (20, Yo, T0))-
We claim that, for n € N
d(F™ (20, Yo, 20), F"™ (20, Yo, 20)) <
L

(4.41) ER [d(F (20, Yo, 20), Zo) + d(F (Yo, To, Yo), Yo) + d(F (20, Yo, Zo), 20)]-

For n =1, we get:

d(F?(x0, Y0, 20), F(z0, Y0, 20)) = d(F(F (0, Y0, 20), F (Y0, T0, Y0), F (20, Yo, To)),

k
F(x0, Y0, 20)) < 3 [d(F(z0, Y0, 20), Zo) + d(F (Y0, Zo, Y0), Yo) + d(F' (20, Yo, o), 20)]-
Now, we assume that (4.41) holds. Using (iv) from the hypothesis we get:

d(Fn+2($07 Yo, 20)7 Fn+1(9507 Yo, Zo)) =

d<F(Fn+1(x07y07Z0)7Fn+1<y07x07y0)7Fn+1(207y07x0>>7
F(Fn(x()’yOvZO)?Fn(y(bevyO)uFn(fZanO;xO))) <

k
= 3 [d(F" ! (20, Yo, 20), F™ (0, Yo, 20) )+

d(FnH(?/o; 20, Y0), £ (Y0, T0, o)) + d(FnH(Zo; Yo, Zo), £ (20, Yo, To)] <

et
< 3 [d(F (0, Yo, 20), To) + d(F' (Yo, Zo, o), Yo) + d(F (20, Yo, To), To)] — 0,asn — oo.
This implies that {F"(xo, Yo, 20) }nen is a Cauchy sequence in X.
Similarly, following the same steps, we can prove that {F"(yo, Zo, Yo) }nen
and {F™(z0, Yo, Zo) }nen are also Cauchy sequences in X.
Since X is a complete metric space, there exist T,7,Z € X such that F"(zo, yo, 20) —
z, F"(yo, 0, Yo) — U, F™(20, Yo, T0) — Z, n — 00.
Let m > n. Then:

m—1
d(F™ (0, Y0, 20), F™ (0, Y0, 20)) < Y _ d(F7 (20, Yo, 20), F (w0, Yo, 20)) <
j=n

S (kn_1+kn+"'+km_n)'[d(F(xmyOa20)7x0)+d(F(y0ax07y0)7y0)+d(F(Z07y07IO>7ZO)]

En — km

= m [d(F(x0, Yo, 20), o) + A(F (Yo, To, Yo), Yo) + d(F (20, Yo, To), 20)] <
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n

< 301—%) [d(F(z0,Y0, 20), Zo) + d(F (Yo, Zo, Yo), Yo) + d(F (20, Yo, o), 20)]-

But Tnt1 = F(ZL‘n, Yn, Zn)a Yn+1 = F(ynwrn)yn) and Zn+l = F<Zna Yn, ZL‘n), F”(%’ Yo, ZO) —
z, F™(yo, 0, Y0) — U, F"(20, Yo, o) — Z, n — oo and F is orbitally continuous. Thus,

applying maximum to the last relation, we get:

_ — = ull
I;ng\}]({d(l‘m :E), d(yna y)> d('zm Z)} < m

+d(F (Yo, Zo, Y0), ¥o) + d(F (20, Yo, To), 20)]-

- [d(F (0, Yo, 20), To)+

g

REMARK 4.2.93. If in Theorem we know that for all (z,y,z), (o, Yo, 20) €
X3, there exists (r,s,t) € X? such that (z,vy, 2),

(%0, Yo, 20) € Xg(r,s,t), we can also prove the uniqueness of the tripled fixed point.

Thus, the following result comes as a completion of Theorem |4.2.92] adding to the

conclusion the uniqueness of the tripled fixed point.

THEOREM 4.2.94. [60] In addition to the hypothesis of Theorem we suppose
that, for all (x,y,2), (zo, Yo, 20) € X3, there exists (r,s,t) € X? such that (z,vy, 2),
(0, Y0, 20) € Xg(r,8,t). Then, F is a Picard operator.

Proof: From Theorem [£.2.92] it follows that there exist Z,7,zZ € X such that
F(z,9,2) =7, F(y,z,y) =9, F(z,9,T) =Z.
The next step is to show that Ap(Z,7,z) = X x X x X.
Let (z,y,z) € X3. Since F has the mixed R—monotone property on X, then there
exists (r,s,t) € X3 such that (z,v,2), (%o, v0,20) € Xg(r,s,t). From (zo,yo,20) €
Xr(r,s,t) and the fact that (X, d) is a complete metric space, it follows that for n € N

(F"™ (0, Y0, 20), F" (Yo, o, o), F" (20, Yo, T0))
€ Xp(F"(r,s,t), F"(s,r,s), F"(t,s,r)).
But F' is orbitally continuous, so we have:
d(F" (0,10, 20), £ (1, 5, 1)) < k;: [d(zo, ) + d(yo, s) + d(20,1)],
L

d(Fn(yOal'OayO)7Fn(Svr7S)) < ? [d(ﬂfo,r) +d(y0,$) + d(ZQ,t)]

and

d(Fn(ZO> Yo, xO)? Fn(ta S5, 7")) < ? ’ [d<x07 7“) + d<y07 8) + d(z()? t)]
Now, using the fact that (zo, o, 20) € Ar(T,7,Z), it follows that (r,s,t) € Ap(T,7,2).
Thus, Ap(Z,7,2) = X3.
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It is also true that (v,Z,79), (Z,7,T) € Ar(T,7,%). Thus, we have T =7 = Z. Therefore
Ap(T) = X, so F' is a Picard operator. O

In [96] and [95] Nieto and Rodriguez-Lopez endow the metric space X with a reg-

ularity condition which assumes the existence of two monotonic sequences, one nonin-

creasing and the other nondecreasing, as presented in Theorems [2.1.18] [2.1.19] [2.1.20}
[2.1.27] from Chapter [2] In the case of tripled fixed points of mixed—R—monotone, not

necessarily orbitally continuous operators, the result we obtain is the following:

THEOREM 4.2.95. Let (X, d) be a complete metric space and R be a binary reflexive
relation on X such that R and d are compatible. If F : X® — X is a mapping having
such that

(i) F has a lower-R-tripled fized point;
(ii) F has the mized R-monotone property on X ;
(177) if an R-monotone sequence {(Tn, Yn, 2n) tnen = (2,9, 2), then (T, Yn, 2n) € Xr(x,y, 2),
for allmn € N;
(i) there exists k € [0,1) such that

wl

d(F(x,y,2), F(t,u,v)) < = [d(z,t) + d(y,u) + d(z,v)],

(4.42)
V((L’, Y, Z) € XR

—~

t,u,v),k €[0,1).
Then F has a tripled fived point, that is, 3(T,7,z),€ X3 such that F(T,y,Z) =
T, F(y,T.y) =79 F(z77) ==

Proof: Following the steps of the proof of Theorem [4.2.92, we only have to prove
that 3(7,7,z) € X? such that F(7,7,2) = 7, F(y,7,7y) = § and F(z,7,T) = Zz. Since
(20, Y0, 20) = T, F" (Y0, 0, Yo) — ¥ and F"(zo, yo, ¥o) — Z, using (iii) we get

d<F(T7 g? z)af) S d(F(f, y7§>7Fn+1($07y07ZO))+

d(F" (0, y0, 20),T) <

_’_d(z? Fn(z(b Yo, l’o))]
This implies that F(Z,7y,zZ) = Z. Similarly, we can prove that F(7,Z,7) = 7 and
F(z,9,7) =Z. O

[d(fa Fn<x07 Yo, ZO)) + d(?? Fn(y07 Zo, yO))

d(F™ (20, 40, 20), T) — 0, as n — oo.

In the next result, we obtain the same conclusion as in Theorem 4.2.92, replacing

the orbital continuity of F' with an assumption on some R-monotone sequences in X?:

THEOREM 4.2.96. Let (X,d) be a metric space and R be a binary reflexive relation
on X such that R and d are compatible. If F: X® — X is a mapping such that

(i) F has a lower-R-tripled fized point;
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(i) F has the mized R-monotone property on X ;
(1ii) there exists k € [0,1) such that, V(z,y,2) € Xg(t,u,v):

(4.43) d(F(z,y, 2), F(t,u,0)) < = - [d(z,t) + d(y,u) + d(z,v)]

Wl

(iv) if an R—monotone sequence {(xpn, Yn, 2n)} — (z,y, 2), then
(Tny Yn, 2n) € Xg(x,y,2), for alln € N.

Then:

(1) F has a tripled fized point, that is, 3(T,7,%z),€ X° such that F(T,7,z) =
T, F(y,z,y) =79, F(z,7,7) =Z.

(2) The sequences {x, }nen, {Yn tnen, {2n tnen, defined by
Tor1 = F(@nyUn, 20), Yns1 = F(Uns TnyUn)s 2ne1 = F (20, Yn, ), converge to
T,y and Z, respectively.

(3) The error estimation that holds is: max,en{d(zn,T), d(Yn,7), d(zn,Z)}

L
<
-3

m[d(F(xo’QOv 20), o) + d(F(yo, 2o, Yo), Yo) + d(F (20, Yo, T0), 20)]-

Proof: The proof of this theorem follows the steps of the proof of Theorem |4.2.92
The only thing left to show is the existence of the tripled fixed point (conditioned by
the orbital continuity of F' in Theorem [4.2.92])

From the proof of Theorem , we have that F™(zo,yo,20) = T, F"(yo, o, %) — T
and F™(zo, Y0, o) — Z. Now, using (ii) from the hypothesis, we get

d(F<T7 ya f),f) S d(F(f7 yu Z)7 Fn+1<x07 Yo, ZO)) + d(Fn+1(x07y07 ZO)af)

=d(F(z,7,%Z), F(F" (20, Y0, 20), F" (Y0, %0, Y0), F" (20, Yo, %0))) + d(FnH(iE'o, Y0, 20), T)

[d(T7 Fn(lb? Yo, ZO)) + d(@? Fn(y(b Zo, yO)) + d(f, Fn(Z(J, Yo, xO))]

+d(F" ™ (20,90, 20),T) — 0, as n — oo.

This implies that F(7,7,zZ) = . Similarly, we can prove that F(y,7,7) = 7 and
F(z,9,7) =Z. O

The following result comes as a completion of Theorem and Theorem
respectively, adding to the conclusion of Theorem [£.2.96| the identity of the components
of the tripled fixed point of the mapping F'.

THEOREM 4.2.97. [60] In addition to the hypothesis of Theorem (resp. The-

orem [£.2.96), let (z0,y0,20) € X° such that for all (z,y,2), (0, Yo, 20) € X°, there
exists (r,s,t) € X3 such that (z,y, 2),
(%0, Y0, 20) € Xgr(r,s,t). ThenT =7 =Z.
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Proof: From the mixed R—monotone property of F', we have
(F(20; Yo, 20), (Y0, To, Y0), F'(20, Yo, T0)) €

Xr(F (20,90, 20), F (Y0, 70, %0), F(20, Yo, T0)).
Next, it can be verified that, for all n € N,

(Fnil(x(]?yOaZO)aFn71<y07xO?l/O)aFnil(ZanOaxO)) €

Xr(F" o, v0, 20), " (Yo, %0, o), F" (20, Yo, o))

By using the contractivity of F' we get

d(-Fm(IOJy()?ZO)an(y(hIOJyO)) - d(F(Fn_l(xOJy(]a20)7Fn_1(y07x07y0>)7

F(Fn_l(yoaman0)7Fn_1(x07907ZO))) S k- d(Fn_l(mO’yO’ZO)7

k:’fl

Fn_l(y07zo,:(:0)) <..< g‘d(ﬂfo,yo) —0 (n — OO)

This implies 7 = lim F" (w0, o, 20) = lim F" (4o, 70, 30) = 7.
On the other hand,

d(F™(z0, Y0, 20), F" (20, Y0, T0)) = d(F(F" (20, Y0, 20), F" (20, Y0, T0)),

wl &

F(F" (20,90, %0), "} (0,90, 20))) < 5 - d(F" (20, Yo, 20),

k.?’l
Fn_l<20,y07$0)) <..< 3 d(xo,20) =0 (n — 00)

This implies T = lim F™(x0, Y0, 20) = Jim F™ (20,90, T0) = Z.

In conclusion,
z = lim F"(20,40,20) = T = lim F" (2o, 40, z0) = lim F"(yo, zo,%0) =,
thus we have the identity of the three components of the tripled fixed point. 0

REMARK 4.2.98. The conclusion of Theorem is, in fact, equivalent to the
existence of a fixed point of the mapping F, that is F(Z,T,T) = T.

If, in Theorem [4.2.92, we replace the contractive condition by a more general, we

obtain the following results:

THEOREM 4.2.99. Let (X,d) be a metric space and R be a binary reflexive relation
on X such that R and d are compatible. If F': X® — X is a mapping such that
(1) F has a lower-R-tripled fized point;
(2) F has the mized R-monotone property on X ;
(3) F is orbitally continuous;
(4) there exist a,b,c € [0,1),a+ b+ ¢ < 1 such that
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d(F([L’, Y, Z>7 F(tu u,U)) <a- d(l‘, t) +0b- d(yv u) tc- d(z7 U)u
(4.44)
V(z,y,2) € Xg(t,u,v),a+b+c<1.
Then:
(1) F has a tripled fived point, that is, 3(T,7,Z), € X° such that F(T,7,Z) =
T, F(y,7,9) =79, F'(z,7,7) =%
(2) The sequences {2 }nes, {Untner {nbnent, defined by
Tor1 = F(@nyUn, 20), Yns1 = F(Un, TnyUn)s 2ne1 = F(2n, Yn, ), converge to

T,y and Z, respectively.

Proof: Since the mapping F' admits a lower- R-tripled fixed point, let (zg, yo, 20) €
X x X x X beit, we have F'x F'(z¢, yo, 20) € Xr(Z0, Y0, 20). Further, using the mixed R-
monotone property of I, we have F'x F'(xo, Yo, 20) € Xr(F (%o, Y0, 20); F' (Y0, o, Yo), F'(20, Yo, T0))-

Using the induction, we can easily prove that:

(Fn(%, Yo, 20)7 Fn(!/o; o, yo), Fn(ZO, Yo, 330)) €

(4.45) € Xr(F" (0,90, 20); F" (30, %0, 0), " (20, Y0, ¥0))-
We claim that, for n € N

d(F" (0, Y0, 20), F" (20, Y0, 20)) <
(4.46) a" - d(F(xo, Y0, 20), yo) + " - d(F(yo, To, o), Yo) + " - d(F (20, Yo, o), 20)-

For n =1, we get:
d(F2(1’O>?J0, Zo)a F($0>?10, ZO)) = d(F(FCUo, Yo, Zo)» F(ym%»yo), F(Zmyo, iUo)),

F (0,90, %)) < a - [d(F (20, Y0, 20), To) + b+ d(F (4o, 0, Y0), Yo) + ¢ - d(F (20, Yo, To), 20)].
Now, we assume that (4.46) holds. Using (4), we get:

d(F" (o, yo, 20), F" ' (20, Y0, 20)) =

d(F(F™ ! (x0, Y0, 20), F"* (4o, 20, y0), F™* (20, Yo, 20)),
F(F"(x0, Y0, 20); F" (Y0, Zo, Yo), " (20, Yo, T0))) <
< a-d(F"™ (0, Y0, 20), F" (0, Yo, 20))+
b- d(FnH(yo, To,Y0), F" (Yo, 70, Yo)) + ¢ - d(FnH(Zo, Yo, o), F" (20, Yo, 20) <
< a" " d(F (20, Y0, 20), 20)+b"TH-d(F (Yo, To, o), Yo )+ -d(F (20, Yo, 7o), 20) — 0, asn — oo.
This implies that the sequence {F"(xq, Yo, 20 }nen is fundamental in X.
Similarly, following the same steps, it can be proved that {F"™(yo, o, yo)}nen and
{F™(20, Y0, o) }nen are also Cauchy sequences in X.
Since X is a complete metric space, there exist T,7,Z € X such that F"(zo, yo, 20) —

Z, F"(yo, 0, Yo) — U, F™(20, Yo, T0) — Z, n — o0.
O
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THEOREM 4.2.100. Let (X, d) be a complete metric space and R be a binary reflexive
relation on X such that R and d are compatible. If F : X3 — X is a mapping such
that

(i) F has a lower-R-tripled fized point;
(i) F has the mized R-monotone property on X ;
(177) Ja,b,c € [0,1),a+ b+ c < 1 such that, V(x,y,2) € Xg(t,u,v):

(4.47) d(F(z,y,2), F(t,u,v)) <a-d(z,t)+b-d(y,u) + c-d(z,v)

(iv) if an R—monotone sequence {(xp, Yn, 2n)} — (z,y, 2), then
(Tny Yn, 2n) € Xg(x,y,2), for alln € N.
Then:

(1) F has a tripled fived point, that is, 3(T,7,%), € X° such that F(T,7,Z) =
T, F(y,7,9) =79, F'(z,7,7) =Z.
(2) The sequences {xy, tnen, {Yn tnen, {2n tnen, defined by

Tp+1 = F(xnayn7zn)7yn+1 = F(:gnaxmyn)aszrl = F(Znaynaxn); converge to

T,y and Z, respectively.

Proof: The proof of this theorem follows the steps of the proof of Theorem [4.2.99
Since the mapping F' admits a lower- R-tripled fixed point, let (z¢, yo, 20) € X X X x X
be it, we have F' x F'(x¢,yo, 20) € Xr(Zo, Yo, 20). Further, using the mixed R-monotone
property of F', we have F' X F(zo, Yo, 20) € Xr(F (o, Yo, 20), F' (Yo, To, Yo), F (20, Yo, To))-

Using the induction, we can easily prove that:

(F"™ (0, Yo, 20): F" (Yo, To, Yo), F" (20, Yo, To)) €

(4.48) € Xr(F" (w0, Y0, 20), ™ (Yo, 0, Y0), ™" (20, Yo, T0))-
We suppose that, for n € N

(449) d<Fn+1<x0ay0720)7Fn(x07y0a20)) S

a" - d(F(xo, Yo, 20), Yo) + 0" - d(F(yo, o, Y0), Yo) + " - d(F (20, Yo, To), 20)-
For n =1, we get:

d(F2(x0, Yo, 20), F(foa Yo, Zo)) =
d(F(F(l’ano,ZO)’F(?/O,l'ojyo)aF(zoa3/07330))7
F(z0,%0, 20)) < a-d(F(xo, Yo, 20), To)+

b d(F(yo, 0, 20), Yo) + ¢ - d(F (20, Yo, T0), 20)-
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Now, we assume that (4.49) holds. We obtain:

d(Fn+2($0,yo,Zo)7 Fn+1($oay0, 20)) =

d(F(F™ (20, Y0, 20), F" (4o, 20, y0), F™* (20, Yo, 20)),

F(F™(0, Y0, 20), F" (Y0, 0, Y0), F" (20, Y0, %0))) < a - d(F"* (20,30, 20),
F™ (20, Y0, 20)) + b - d(F™ (yo, %0, y0), F" (40, 0, %0)) +

n+1

3

a

¢ d(F" (20, Y0, 20), (20, Yo, T0)] < - d(F (0, Yo, 20), To)+

bn+l Cn+1

T ' d(F(y07m07y0)7y0) + T : d<F(ZO7y07xO)7 ZO) — 07 as n — oo.

This implies that {F"(xo, Yo, 20) }nen is a Cauchy sequence in X.

Similarly, following the same steps, we can prove that { F™(yo, o, o) }nen and { F"(20, Yo, o) }nen
are also Cauchy sequences in X.

Since (X, d) is a complete metric space, there exist T, 7,z € X such that F™(xg, yo, 20) —

z, F™(yo, o, Yo) — U, F™(20, Yo, o) = Z, n — 00.

The only thing left to show is that F(z,7,z) = 7, F(y,Z,y) = y) and F(z,7,T) = Z.

We have

d(F(z,7,7),7) < d(F(7,9,2), F"" (20, Yo, 20)) + d(F" (w0, Y0, 20), T)
= d(F(z,7,7), F(F" (%0, Yo, 20), F" (40, %0, Yo ), F" (20, Yo, %0))) +
+d(F" (20, Y0, 20), ) < a - d(T, F" (0, Y0, 20)) + 0 - d(F, F" (yo, 20, Y0))
+c-d(Z, F™(20, Y0, 70)) + d(F" (20, v0, 20),T) = 0 (n — o)

This implies that F/(Z,7,z) = Z. Similar to this case we can prove F (7, T,7y) = 7) and
F(z,5,7) =Z. O

REMARK 4.2.101. If in Theorem we know that (xg,vo, 20) € X is such that
for all (z,y, 2), (xo, Yo, 20) € X3, there exists (r,s,t) € X> such that (x,vy, 2),

(%0, Yo, 20) € Xg(r,s,t), then we can also prove the uniqueness of the tripled fixed point.

Thus, the following results comes as a completion of the ones presented above,
adding to the conclusion the uniqueness of the tripled fixed point, respectively the

identity of its’ three components.

THEOREM 4.2.102. In addition to the hypothesis of Theorem we suppose
that, for all (x,vy, 2), (zo, Yo, 20) € X3, there exists (r,s,t) € X> such that (x,y, z), (zo, Yo, 20) €
Xr(r,s,t),. Then, F' is a Picard operator.

Proof: From Theorem [4.2.99| it follows that there exist 7,7,Z € X such that

F(T7 y? z) = T? F(y? T’ y) = y7 F<Z7 y’ f) = Z'
The next step is to show that Ap(Z,7,z) = X x X x X.
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Let (z,y,z) € X3. Since F has the mixed R—monotone property on X, then there
exists (r,s,t) € X3 such that (z,y, 2), (%o, Y0, 20) € Xg(r,s,t). From (xq,vo,20) €
Xr(r,s,t) and the fact that (X, d) is a complete metric space, it follows that for n € N
(F" (0, Y0, 20), F" (Y0, To, Yo), F" (20, Yo, T0))
€ Xp(F"(r,s,t), F"(s,r,s), F"(t,s,r)).

But F is orbitally continuous, so we have:
d(F™(zo, Yo, 20), F™(r,s,t)) < a" - d(zg,7) + 0" - d(yo, s) + " - d(z0, 1),

d(F™ (yo, xo, yo), F" (s, 7, 8)) < a™ - d(wo, ) + 0" - d(yo, 5) + " - d(20, t)
and

d(F"™(z0, Y0, o), F"(t,s,7)) < a" - d(xg,r) + 0" - d(yo, s) + " - d(20, ).
Now, using the fact that (xo, yo, 20) € Ar(T,7, %), it follows that (r,s,t) € Ap(T,7,2).
Thus, Ar(7,7,z) = X3.
It is also true that (v,Z,79), (Z,7,T) € Ar(T,7,%). Thus, we have T =7 = z. Therefore
Ap(T) = X, so F is a Picard operator. d

THEOREM 4.2.103. In addition to the hypothesis of Theorem|4.2.99, let (xo, Yo, 20) €
X3 such that for all (x,vy,2),(z0,y0,20) € X3, there exists (r,s,t) € X3 such that
(x7 y7 Z)?

(%0, Y0, 20) € Xg(r,s,t). ThenT=75=7%

Proof: From the mixed R—monotone property of I, we have
(F (20, Yo, 20), F'(Y0, To, Y0), F'(20, Yo, T0)) €
XR(F(xh? Yo, ZO)? F(Z/0> X, yO)a F(Z07 Yo, xﬂ))
Next, it can be verified that, for all n € N,
(Fn*l(l’o? Yo, %0); Fnil(yo, 0, Yo), an1(20’ Yo, Zo)) €
Xr(F" Hz0,0, 20), " (Yo, T, y0), F" " (20, Yo, T0))
By using the contractivity of F' and letting k :=a+b+c < 1, we get
d(Fn<x07 Yo, ZO)? Fn(@/o, Ty, 3/0)) = d(F(Fnil(xm Yo, ZO): Fnil(y()a o, 3/0))7

F(F" " (yo, 0, %0), F" (w0, %0, 20))) < k - d(F"" (0, 90, 20),

n

F" Y (yo, 20, y0)) < ... < 3 d(xo,y0) = 0 (n — )
This implies 7 = lim F"(zo, yo, 20) = lim F™(yo, 0,%) = 7.
On the other hand,

d(F™(z0, Y0, 20), F" (20, Y0, 70)) = d(F(F" (20, Y0, 20), F" (20, Y0, T0)),

k
F(F" (20, Yo, ), F" (20, Y0, 20))) < 3 d(F" (0, Yo, 20),



3. TRIPLED FIXED POINTS OF MONOTONE OPERATORS 59

n

F" Y20, 10, 70)) < ... < 3 d(xg,20) >0 (n — 00)

This implies T = nll_{lolo F™(x0, Y0, 20) = nh_)ngo F™(z0, Y0, xo) = Z.
In conclusion, z = nh_{goF (20, Y0, m0) =T = nh_{{.loF (70, Yo, 20) = ,}ggoF (Y0, 0, Yo) =

7, thus we have the identity of the three components of the tripled fixed point. O

REMARK 4.2.104. If, in Theorem we take R =< and assume that F is
continuous, we obtain Theorem 7 in [28].

REMARK 4.2.105. If, in Theorem [{.2.99, we take R =< and assume that F is

continuous, we obtain Theorem 2.1.10 in [40].

REMARK 4.2.106. If, in Theorem/|4.2.102, resp. we take R =< and assume

that F is continuous, we obtain Theorem 9, resp. Theorem 10 in [28].

REMARK 4.2.107. If, in Theorems[4.2.94), resp. [4.2.97, we take R =<, we obtain
Theorem 2.1.16, resp. Theorem 2.1.17 in [40].

REMARK 4.2.108. If, in Theorem[{.2.95, we take R =< and let k := j+k+1 <1,

we obtain Theorem 8 in [28].

3. Tripled fixed points of monotone operators

3.1. Definitions

The following concepts are extensions of the notions presented in [9] in the case of

coupled fixed points in the framework of tripled fixed points of monotone mappings.
NOTATION 3. Let X be a nonempty set and let F: X x X x X — X be a mapping.
Then
(1) The cartesian product of F' and itself is denoted by F' X F' and it is defined by

Fx F(x,y,z) = (F(z,y,2), Fy,z,2), F(z,y,x)).

(2) We will denote by F°(x,y,2) =z and F*(z,y,z) = F(F" (x,y, 2),
F =Yy, z,y), F""Y(z,y,2)), for all x,y,z € X,n € N.

REMARK 4.3.109. Note that cartesian product of the two mappings is different from
the one in Notation . In this case we have permutations of (z,y, z) in order to obtain

the tripled fized points of monotone operators defined by Borcut in Definition

DEFINITION 4.3.110. Let X be a nonempty set, R be a reflexive relation on X
and F : X® — X be a monotone mapping. The mapping F has the R—monotone
property on X if F x F(Xg(x,y,2)) C Xg(F x F(x,y,2)), for all (z,y,z) € X3.
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DEFINITION 4.3.111. An element (x,y, z) € X? is called lower-R—tripled fized
point of the R—monotone mapping F', if FxF(z,y, z) € Xg(z,y, 2), where Xg(x,y, z) =
{(t,u,v) € X x X x X : tRx NyRuNvRz}.

DEFINITION 4.3.112. Let X be a topological space and F : X3 — X be an R—monotone
mapping. An element (z,y,z) € X3 is called a tripled attractor basin element
of F with respect to (z*,y*,2%) € X3, if F"(v,y,2) — x*, F'(y,z,2) — y* and
F(z,y,x) — 2* , as n — oo. The set of these points (x*,y*, z*) will be denoted by
Ap(z*,y*, 2%), and, when x* = y* = z*, by Ap(x*).

DEFINITION 4.3.113. Let X be a topological space and F : X3 — X be an R—monotone
mapping. The mapping F is called orbitally continuous if (v,y,z2),(a,b,c) € X3
and F™(z,y,z) — a, F"™(y,z,z) — b, F™(z,y,x) — ¢, when k — oo, implies
Fretl(z y z) = F(a,b,c), F*"(y,z,2) — F(b,a,b) and F"* (2, y,2) — F(c,b,a),
as k — oo.

REMARK 4.3.114. Note that the definitions for tripled attractor basin element and
orbital continuity of a mapping are different that in the case of mized-R-monotone

operators.

3.2. Existence and uniqueness theorems

The following result establishes the existence of a tripled fixed point of the mapping
F:X3— X,

THEOREM 4.3.115. Let (X, d) be a complete metric space and R be a binary reflexive
relation on X such that R and d are compatible. If F : X3 — X is a mapping such
that

(i) F has a lower-R-tripled fized point;
(i) F has the R-monotone property on X ;
(iii) F is orbitally continuous;

(i) there exists k € [0,1) such that

d(F(x,y,2), F(t,u,v)) ld(z,t) + d(y, w) + d(z,0)],

_ k
(4.51) =3
v(x7y7 Z) € XR(t7U7U>7k € [07 1)
Then:
(1) F has a tripled fived point, that is, 3(T,7,%), € X> such that F(T,7,Zz) =
T, F(y,z,z) =79, F(Z,7,7) =Z.
(2) The sequences {xy, tnen, {Yn tnen, {2n tnen, defined by
Tp+1 = F(mnaymzn)ayn—kl - F(ynaxmzn)azn—kl - F(Zn7yn7mn)7 converge to

T,y and Z, respectively.
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(3) The error estimation that holds is: max,en{d(zn,T), d(Yn,7), d(2n, %)}

En
<
-3

m[d(F(xoa% 20), o) + d(F (Yo, To, 20), Yo) + d(F (20, Yo, o), 20)]-

Proof: Since the mapping F' admits a lower- R-tripled fixed point, let (zg, yo, 20) €
X x X x X be it, we have F' x F(xq,y0,20) € Xgr(%0, Yo, 20). Further, using the R-
monotone property of F, we have F'x F'(o, yo, 20) € Xr(F (0,0, 20), F'(Y0, To, 20), (20, Yo, o))

Using the induction, we can easily prove that:

(Fn(l‘())ymz())aFn(yOal‘O)ZO))Fn(ZO)yOaxO)) €

(4.52) € Xr(F" o, v0, 20), ™' (Yo, %0, 20), F (20, Yo, T0)).-
We claim that, for n € N

d<Fn+1 (‘T07 Yo, Z(]), Fn(x(b Yo, ZO)) S

n

(4.53) 3 [d(F' (0, Yo, 20), To) + d(F (Yo, To, 20), Yo) + d(F (20, Yo, o), 20)].

For n =1, we get:

d(FZ(x07yU7ZO)7F<x07y07Z0)) = d(F(F(-??O,?/OaZO>7F(?J07330,ZO)7F(2’07?JO7$0))>

F(x0, Y0, 20)) < l; [d(F (20, Yo, 20), Zo) + d(F (o, To, 20), Yo) + d(F' (20, Yo, Z0), 20)]-
Now, we assume that holds. Using (iv), we get:
d(Fn“(il?o, Yo, 20), Fn+1($o, Yo, 20)) =
d(F(F" (0, %0, 20), F" (40, 0, 20), F™ (20, Y0, 0)),
E(F" (20, Y0, %0), £ (40, %0, 20), F (20, Y0, %0))) <

k
< g' [d(FnH(l‘myo, ZO)? Fn(xo7yo720))+

d(FnH(yo, Zo, ZO)> Fn(ym o, Zo)) + d(FnH(Zo, Yo, fBo)» F"(Zo, Yo, 450)] <
n+1
<

- [d(F (20, Y0, 20), To) + d(F (Y0, Zo, 20), Yo) + d(F (20, Yo, To), To)] — 0, asn — oo.

This implies that {F"(xo, Yo, 20) }nen is a Cauchy sequence in X.

Similarly, following the same steps, we can prove that { F"(yo, o, 20) }nen and {F™(20, Yo, To) }nen
are also Cauchy sequences in X.

Since X is a complete metric space, there exist Z,7,Z € X such that F"(xg, yo, 20) —

z, F™(yo, o, 20) = U, F™(20, Y0, %0) = Z, N — o0.

Let m > n. Then:

m—1
d(F™(z0, Yo, 20), F™ (0, Y0, 20)) < Y d(F" (20, Y0, 20), F? (20, Yo, 20)) <
j=n

< (KU R R [d(F (0, Yo, 20), o) + A(F (Yo, o, 20), Yo) + d(F (20, Yo, To), 20)]
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Jn — fm
— m [d(F(z0, Y0, 20), o) + d(F(yo, To, 20), Yo) + d(F (20, Yo, To), 20)] <
< 30—k [d(F (w0, Y0, 20), Zo) + d(F (Yo, Zo, 20), Yo) + d(F(20, Yo, To), 20)]-

BUt I'n+1 = F(xTLJ yTL? ZTL)? Yn+1 = F(me?m Zn) a‘nd Zn+1 = F<Zn; Yn, xn)7 Fn(x()’y(h ZO) —
z, F™(yo, xo, 20) = U, F™(20, Y0, 20) — Z, n — oo and F is orbitally continuous. Thus,

applying maximum to the last relation, we get:

kn
I}zleaé({d(xm T),d(Yn,Y), d(2n,2)} < m

+d(F(yo, To, 20), Yo) + d(F (20, Yo, 7o), 20))-

- [d(F (0, Yo, 20), To)+

g

REMARK 4.3.116. If in Theorem we know that (xg,yo, 20) € X3 is such that
for all (x,y, 2), (xo, Yo, 20) € X3, there exists (r,s,t) € X3 such that (x,y, z),

(%0, Yo, 20) € Xg(r,s,t), then we can also prove tripled fized point of F' is unique.

Thus, the following result comes as a completion of Theorem [4.2.92] adding to the

conclusion the uniqueness of the tripled fixed point.

THEOREM 4.3.117. In addition to the hypothesis of Theorem we suppose
that, for all (z,vy, 2), (o, Yo, 20) € X3, there exists (r,s,t) € X3 such that (x,y, 2),
(%0, Y0, 20) € Xgr(r,s,t). Then F is a Picard operator.

Proof: From Theorem [£.2.92] it follows that there exist Z,7,z € X such that
F(z,y,z)=7,F(y,7,2) =79, F(Z,7,7) = Z.
The next step is to show that Ap(Z,7,z) = X x X x X.
Let (z,y,2z) € X3. Since F has the R—monotone property on X, then there exists
(r,s,t) € X3 such that (z,v,2), (zo, Yo, 20) € Xr(r,s,t). From (z9,vo,20) € Xr(r,s,1)
and the fact that (X, d) is a complete metric space, it follows that for n € N

(Fn(x07y0a20)7Fn(y07$07ZO)aFn(Zan[)?J:O))
€ Xr(F"(r,s,t), F"(s,r,t), F"(t,s,7)).

But F is orbitally continuous, so we have:

n

d(Fn<:L‘0,y0,ZO),Fn(T, S’t)) < ? [d(x()?T) + d(y0> S) + d(zo,t)],

d(F"(yo, 20, Yo), £ (s,7,1)) < == [d(o, 7) + d(yo, 5) + d(20,1)]

and

d(F™(z0, Y0, o), F™(t,s,7)) < — - [d(x0,7) + d(y0, $) + d(20,1)].
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Now, using the fact that (xo, y0, 20) € Ar(T,7,Z), it follows that (r,s,t) € Ap(T,7,2).
Thus, Ar(Z,7,7) = X3.

It is also true that (9,7, %), (2,7, T) € Arp(T,7,z). Thus, we have T =y = Z. Therefore
Ap(T) = X, so F'is a Picard operator. O

In the next result, we obtain the same conclusion as in Theorem [4.3.115], replacing

the orbital continuity of F' with an assumption on some R-monotone sequences in X*:

THEOREM 4.3.118. Let (X, d) be a complete metric space and R be a binary reflexive
relation on X such that R and d are compatible. If F' : X3 — X is a mapping such
that

(i) F has a lower-R-tripled fized point;
(ii) F has the R-monotone property on X ;
(1) there exists k € [0,1) such that, V(z,y, z) € Xg(t,u,v):

(4.54) d(F(z,y,2), F(t,u,v)) < = - [d(2,t) + d(y,u) + d(z,v)]

W =

(iv) if an R—monotone sequence {(xp, Yn, 2n)} — (z,y, 2), then
(Tny Yn, 2n) € Xg(x,y,2), for alln € N.
Then:
(1) F has a tripled fived point, that is, 3(T,7,%), € X° such that F(T,7,Z) =
T, F(y,7,z) =79, F(z,7,7) =Z.
(2) The sequences {xn}nen, {Un fnen, {Zn tnen, defined by
Tor1 = F(@nyUn, 20), Yntr = F(Uny Tny 2n)s 2nt1 = F(2n, Yn, ), converge to
T,y and Z, respectively.
(3) The error estimation that holds is: maxpen{d(zn,T), d(Yn,7), d(zn,Z)}
n
=31k
Proof: The proof of this theorem follows the steps of the proof of Theorem [£.3.115]
The only thing left to show is the existence of the tripled fixed point (conditioned by
the orbital continuity of F' in Theorem [£.2.92])
From the proof of Theorem [4.3.115 we have that F™(zo, yo, 20) = Z, F™(yo, To, 20) — ¥
and F"(zg, Y0, o) — Z. Now, using (iii) from the hypothesis, we get

[d(F(z0, Y0, 20), Zo) + d(F (40, Zo, 20), Yo) + d(F'(20, Yo, o), 20)]-

d(F(z,9,%),7) < d(F(Z,7,2), F" (20, Y0, 20)) + d(F" ! (20, Yo, 20), T)

= d(F(fvyaz)vF(FH(Ian07ZO)7Fn(y07IOa20)7Fn(207y07$0))) +d(Fn+1($Oyy0aZO)aT)
k
< g[d(f7 F™ (0,90, 20)) + d(@, F" (yo, 70, 20)) + d(Z, F" (20, Yo, T0))]

+d(F™ (20, yo, 20), T) — 0, as n — oo.
This implies that F(Z,7y,zZ) = Z. Similarly, we can prove that F(y,7,Z) = 7 and
F(z,y,7) =z O
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The following result comes as a completion of Theorem and Theorem
4.3.118| respectively, adding to the conclusion of Theorem [4.3.118| the identity of the
components of the tripled fixed point of the mapping F'.

THEOREM 4.3.119. In addition to the hypothesis of Theorem |f.5.115 (resp. The-

orem , let (zo,v0,20) € X3 such that for all (z,y, 2), (o, Yo, 20) € X3, there
exists (r,s,t) € X3 such that (z,y, 2),
(%0, Yo, 20) € Xgr(r,s,t). ThenT =7 = Z.

Proof: From the R—monotone property of F', we have
(F(.’Ij‘o, Yo, 20)7 F<y07 Lo, ZO)v F(ZO7 Yo, xO)) S
XR(F(:L‘()) Yo, ZO)v F(y(h o, ZO)a F(Z07 Yo, xO))
Next, it can be verified that, for all n € N,

(Fnil('r07y0720>7Fnil(y()?anZO)aFnil(ZO;y07x0)) €

XR<Fn71<x07y0720)7Fn71(y07x07ZO)?Fn71<207y0>x0))

By using the contractivity of F' we get
d(Fn<an Yo, ZO)) Fn(y()a Zo, ZO)) = d(F(Fn_l(xm Yo, 20)7 Fn_l(y07 X, ZO))a

F(F™  (yo, z0, 20), F" (0, 40, 20))) < k- d(F" (0, %0, 20),

k?’b
F" (g0, 20,70)) < .. < =+ d(wo,90) = 0 (n = 00)

This implies T = lim F™(xo, Y0, 20) = lim F™(yo, x0, 20) = 7.
On the other hand,
d(Fn(l’(], Yo, ZO)7 Fn(ZO7 Yo, .7)'0)) - d(F<Fn_1(x07 Yo, 20)7 Fn_l('zO? Yo, 1}'0)),

k
F(F" (20,90, %0), F" (20, %0, 20))) < 3 d(F™ (w0, Y0, 20),

n

F" 20,90, 70)) < ... < 3 d(zo,29) >0 (n— 00)
This implies 7 = lim F™(x0, Y0, 20) = Jim F™ (20,90, T0) = Z.

In conclusion,

Z:q}g%F (Zan())'TO) :T:T}L}I&F (any())ZO) = nh*{IOloF (yovaaZO) :y7

thus we have the identity of the three components of the tripled fixed point. Il

REMARK 4.3.120. The conclusion of Theorem is, in fact, equivalent to the
existence of a fixed point of the mapping F, that is F(ZT,T,T) = T.

If, in Theorem [4.3.115| we replace the contractive condition by a more general, we

obtain the following results:
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THEOREM 4.3.121. Let (X, d) be a complete metric space and R be a binary reflexive
relation on X such that R and d are compatible. If F : X3 — X is a mapping such
that

(1) F has a lower-R-tripled fized point;
(2) F has the R-monotone property on X ;

(8) F is orbitally continuous;
(4) there exist a,b,c € [0,1),a+ b+ ¢ < 1 such that

( ) d(F(x’:%Z)?F(tanvn §ad(m,t)+bd(y,u)—l—cd(z,v),
4.55
V(z,y,2) € Xg(t,u,v),a+b+c< 1.
Then:

(1) F has a tripled fived point, that is, I(T,7y,%), € X° such that F(T,7,Z) =
T,F(y,z,z) =79, F(Z,7,7) =Z.

(2) The sequences {xn}nen, {Un fnens {Zn tnen, defined by
Tont1 = F(@nyUn, 20), Yntr = F(Uny Tny 2n)s 2nt1 = F(2n, Yn, ), converge to

T,y and Z, respectively.

Proof: Since the mapping F' admits a lower- R-tripled fixed point, let (zq, yo, 20) €
X x X x X be it, we have F' x F(xq,y0,20) € Xgr(%o,Yo,20). Further, using the R-
monotone property of F', we have F'x F'(xg, Yo, 20) € Xr(F (%0, Yo, 20), F' (Y0, To, 20), F'(20, Yo, To))-

Using the induction, we can easily prove that:

(Fn(l‘())yOaZO)vFn(yOa:L‘())ZO))Fn(ZO)yvaO)) €

(4.56) € Xr(F" (20, %0, 20), F" (Y0, To, 20), F" (20, Yo, 0))-
We claim that, for n € N

d(FTH_l(xO) Yo, ZO)v Fn($07 Yo, ZO)) S
(4.57) a™ - d(F(xo, Yo, 20), Yo) + " - d(F(yo, To, 20), Yo) + " - d(F (20, Yo, %0), 20)-

For n =1, we get:
d(FQ(JUO, Yo, 20)7 F(l’o, Yo, Zo)) = d(F(F(ﬂUo,yo, Zo), F(y07 Zo, Zo), F(Zo, y07$0))7

F(xo, 0, 20)) < a - [d(F (20, Yo, 20), T0) + b - d(F (Yo, To, 20), yo) + ¢ - d(F (20, Yo, Z0), 20)]-
Now, we assume that holds. Using the forth assumption from the hypothesis,
(iv), we get:
d(FnH(%, Yo, 20), Fn+1($07 Yo; 20)) =
d(F(F™ (20, Yo, 20), ™ (yo, 20, 20), F" (20, Yo, %0)),
F(F"™ (20, Yo, 20), F" (Y0, To, 20), F" (20, Yo, To))) <
< a- d(F" (20, Y0, 20), F" (0, Yo, 20))+
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b- d(FnH(yo, To, 20), £ (Yo, To, 20)) + ¢ - d(FnH(Zo, Yo, o), £ (20, Yo, To) <
< a"d(F (w0, Yo, 20), x0) +0" " -d(F (yo, %0, 20), Yo)+¢" " d(F (20, Yo, o), 20) — 0, as n — oo.
This implies that the sequence {F"(x¢, Yo, 20 tnen is fundamental in X.
Similarly, following the same steps, we can show that { F™(yo, o, o) }nen and { F™ (20, Yo, To) }nen
are also Cauchy sequences in X.
Since (X, d) is a complete metric space, there exist T, 7, Z € X such that F"(xg, 3o, z0) —
z, Fn<y07x0720) _>y7Fn(Z07y07x0> — Z, N — 0.
Ul

THEOREM 4.3.122. Let (X, d) be a metric space and R be a binary reflexive relation
on X such that R and d are compatible. If F : X3 — X is a mapping such that

(i) F has a lower-R-tripled fized point;
(ii) F has the R-monotone property on X ;
(177) Ja,b,c € [0,1),a+ b+ c < 1 such that, ¥(x,y,2) € Xg(t,u,v):
(4.58) d(F(z,y,2), F(t,u,v)) < a-d(z,t)+b-d(y,u) + c-d(z,v)
(iv) if an R—monotone sequence {(Tn,Yn, 2n)} — (2,9, 2), then
(Tny Yn, 2n) € Xg(x,y,2), for alln € N.
Then:
(1) F has a tripled fized point, that is, 3(T,7,%Z),€ X° such that F(T,7,z) =
T, F(y,z,z) =79, F(z,7,7) = Z.
(2) The sequences {xp, tnen, {Un tnen, {2n tnen, defined by

Tor1 = F(@nyUn, 20), Ynsr = F(Uny Tny 2n)s 2001 = F (20, Yn, ), converge to

T,y and Z, respectively.

Proof: The proof of this theorem follows the steps of the proof of Theorem [£.2.99}
Since the mapping F' admits a lower- R-tripled fixed point, let (zg, yo,20) € X x X x X
be it, we have F x F(xo,%0,20) € Xr(Zo,%0,20). Further, using the R-monotone
property of I, we have F' x F(xo, Yo, 20) € Xgr(F (0, Yo, 20), F (Y0, o, 20), F (20, Yo, To))-

Using the induction, we can easily prove that:

(F"™ (0, Yo, 20)s F" (Yo, To, Yo), F" (20, Yo, To)) €

(4.59) € Xp(F" (o, 40, 20), F" (40, o, 20), F" ' (20, yo, o).
We suppose that, for n € N
(4.60) d(F™ (20, yo, 20), F™ (20, Yo, 20)) <
a" - d(F(xo, Yo, 20), Yo) + b" - d(F(yo, To, 20), Yo) + " - d(F (20, Yo, o), 20)-

For n =1, we get:
d(F2($0> Yo, 20), (w0, 40, 20)) =
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d(F(F (o, Yo, 20), F (Y0, o, 20), F'(20, Yo, o)),
F (0,90, 20)) < a - d(F(xo, Yo, 20), o)+
b d(F(yo, %0, 20), Yo) + ¢ - d(F (20, Yo, Zo), 20)-
Now, we assume that holds. Using (iii), we get:

d(FnH(mO»yo, 20), Fnﬂ(xo,yo,zo)) =

d(F(F™ (0,0, 20), F" " (40, %0, 20), F"* (20, 90, %0)),

F(F" (0,0, 20), F" (Y0, %0, 20), F" (20, Y0, %0))) < @ - d(F" (20, Yo, 20),
F"(x0,Y0,20)) + b+ d(FnH(yO?l‘o, 20), F" (o, 70, 20) )+

an—l—l

c: d(Fn—H(anyOaxO)aFn(Zanme)] < T d(F($0,y0,Zo),$o)+

n+1 ot
E d(F(yo, o, 20),Y0) + =3 d(F (20, Y0, o), 20) — 0 as n — oo.
This implies that {F"(zo, Yo, 20) }nen is a fundamental sequence in X.
Similarly, following the same steps, we can prove that { F"(yo, o, 20) }nen and {F"(20, Yo, Zo) }nen
are also Cauchy sequences in X.
Since X is a complete metric space, there exist Z,7,Z € X such that F™(zo,vo, 20) —
z, F™(yo, o, 20) = U, F™(20, Y0, x0) — Z, n — o0.
The only thing left to show is that F(z,7,Z) = 7, F(y,Z,z) = y) and F(z,7,T) = Z.
We have

]

d(F(z,7,2),7) < d(F(7,9,7), F"" (20, Yo, 20)) + d(F" (w0, %0, 20), T)
= d(F(z,9,7), F(F" (20, Y0, 20), I (40, %0, 20), £ (20, Y0, %0)) )+
+d(F™" (20, 4o, 20), T) < a - d(T, F"(x0, Yo, 20)) + b - d(@, F"(yo, To, 20))
+c-d(Z, F™(20, Y0, 70)) + d(F" (20, 90, 20),T) = 0 (n — o)
This implies that F'(Z,7,z) = Z. Similar to this case we can prove F(y,T,%z) = 7) and

F(z,y,7)="=2. d

REMARK 4.3.123. If in Theorem [{.3.121, we know that (zo,vo,20) € X? is such
that for all (x,y, 2), (zo, Yo, 20) € X3, there exists (r,s,t) € X3 such that (z,y, z),

(%0, Yo, 20) € Xg(r,s,t), then we can also prove the uniqueness of the tripled fixed point.

Thus, the following results comes as a completion of the ones presented above,
adding to the conclusion the uniqueness of the tripled fixed point, respectively the

identity of its’ three components.

THEOREM 4.3.124. In addition to the hypothesis of Theorem |4.3.121, we suppose
that, for all (x,vy, 2), (o, Yo, 20) € X3, there exists (r,s,t) € X3 such that (x,y, 2),
(%0, Y0, 20) € Xgr(r,s,t). Then F is a Picard operator.
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Proof: From Theorem [£.2.99] it follows that there exist Z,7,z € X such that

F(z,9,z)=7,F(y,z,z) =9, F(z,7,7) = Z.

The next step is to show that Ap(Z,7,z) = X x X x X.

Let (z,y,2) € X3. Since F has the R—monotone property on X, then there exists

(r,s,t) € X3 such that (z,y,2), (0, %0, 20) € Xgr(r,s,t). From (x¢,v0,20) € Xg(r,s,t)

and the fact that (X, d) is a complete metric space, it follows that for n € N

(F"™ (20, Yo, 20), F™ (Y0, %0, Yo), F™ (20, Yo, %0))
€ Xg(F"(r,s,t), F"(s,r,t), F"(t,s,7)).
But F is orbitally continuous, so we have:
d(F™(zo, Yo, 20), F™(r,s,t)) < a" - d(zg,7) + 0" - d(yo, s) + " - d(z0, 1),

d(F™ (Yo, o, Yo), F"(s,7,t)) < a" - d(zo,7) + 0" - d(yo, s) + " - d(z0, 1)
and

d(F"(z0, Yo, %0), F"(t,s,7)) < a" - d(xo,7) + 0" - d(yo, s) + " - d(20,1).
Now, using the fact that (xo,yo, 20) € Ar(T,7,Z), it follows that (r,s,t) € Ap(T,7,2).
Thus, Ap(Z,7,2) = X3.
It is also true that (7,7, %), (Z,7,7) € Arp(Z,7,Z). Thus, we have T = § = z. Therefore
Apr(ZT) = X, so F is a Picard operator. O

THEOREM 4.3.125. In addition to the hypothesis of Theorem |4.5.121|, suppose that
for all (z,y, 2), (%0, Yo, 20) € X3, there exists (r,s,t) € X? such that (z,vy, 2),
(0, Y0, 20) € Xg(r,8,t). ThenT =79=72

Proof: From the R—monotone property of F', we have
(F(w0, 40, 20), F(y0, %0, 20), F'(20, Y0, T0)) €
Xr(F(20, Y0, 20), (Yo, 70, 20), F'(20, Y0, Z0))-
Next, it can be verified that, for all n € N,
(F" (o, Yo, 20), ™" (y0, %o, 20), F™ (20, Y0, 70)) €

Xr(F" o, Y0, 20), F" (Yo, %0, 20), F™ (20, Yo, o))

By using the contractivity of F' and letting k :==a+b+ ¢ < 1, we get
d(Fn(Qfo, Yo, ZO)a Fn(y07 o, ZO)) = d(F(Fn_l(l“oa Yo, ZO)? Fn_l(y0> Zo, ZO)))

F(F™ Y (yo, z0, 20), F" (0, 40, 20))) < k- d(F" (0, %0, 20),

k?’b
F™" Myo, x0, 20)) < ... < E-d(a?o,yo) —0 (n—o00)

This implies T = lim F" (o, yo, 20) = lim F"(yo, o, 20) = .
On the other hand,

d(Fn<x07y07z0)7Fn(ZO7y07x0>> = d(F(Fﬂhl@O;3/0720)7Fn71(207y0;x0))7
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wl =

F(F" (20, Y0, %0), F" (20, Y0, 20))) <

n

Fn_l<20,y07370)) <. < ER d(xo,20) =0 (n — 00)

: d<Fn_1(x0a Yo, 20)7

This implies T = lim F (w0, 40, 20) = lim F™ (20, yo, 20) = Z.
In conclusion, z = lim F" (2o, yo, 7o) = T = lim F"(zo, Yo, 20) = lim F"(yo, o, 20) =

7y, thus we have the identity of the three components of the tripled fixed point. U

REMARK 4.3.126. If, in Theorem|4.5.121], we take R =<, we obtain Theorem 2.2.26
in from [39].

REMARK 4.3.127. If, in Theorem we take R =< and assume that F 1is
continuous, we obtain Theorem |4.1.84| from [39].

REMARK 4.3.128. If, in Theorem[{.53.12]), resp. [{.3.125, we take R =<, we obtain
Theorem 2.2.30, resp. Theorem 2.2.31 in [40], from [39].

4. Examples and applications

4.1. Examples
EXAMPLE 4.4.129. Let X = R, the metric d(z,y) = |x — y|, the relation R on X
given by
(x,y,2)R(t,u,v) & xRt ANyRu A zRwv,
r+y+4z

where TRt < 12 +2x =t + 2t Let F: X® — X be defined by F(z,y,z) = -

So, V(z,y,z) € X3, we have :
Xr(z,y,2) ={(2,9,2), (2,9 +2,2), (x + 2,9,2), (z + 2,y + 2,2), (x, 9,2 + 2),
(+2,y+2,2+2),(z+2,9,2+2),(z,y + 2,2 +2)}.
F x F(Xgr(x,y,2)) ={F X F(z,y,2)} C Xg(F x F(x,y, 2)).
Next, we will check the conditions of Theorem[[.3.12]. The system

F(z,y,z) ==z
(4.62) Fly,z,z) =y
F(z,y,x) =z

admits the unique solution (0,0,0).

The contractive condition (4.55)) holds:

1 1 4
§($—t)+?(y—U)+?(Z_U) <

r+y+4z t+u-+4v

d(F(z,y,2), F(t,u,v)) = 7 7

1 . 1 4
§|I— |+§|y—u|+§|z—v|a
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1 1 4 6
which is condition (4.55) for a = =, b = = and ¢ = = Indeed, a +b+ ¢ = - < 1.

It is clear that F' has the R—m0n07tone pererty. Furthermore, F' is continuous and
3(0,0,0) € X3 such that F(0,0,0) € Xg(0,0,0). Therefore, the hypotheses of the
Theorem [{.3.121] are satisfied, whereas Theorem 2.2.26 from [40] (resp. [39]) cannot
be applied because R is not antisymmetric, thus metric space is not partially ordered.

The (unique) tripled fized point of F is (0,0,0).

EXAMPLE 4.4.130. Let X = [0, 00|, the metric d(z,y) = |z — y|, the relation R on
X given by
(x,y,2)R(t,u,v) & xRt ANyRu A zRwv,
where Rt < 1> +4x —9 =12+ 4t — 9. Let F : X3 — X be defined by F(x,y,2) =
x—4y+ 9z
—
Xp(z,y,2) ={(z,y.2), (z,~4 =y, 2), (-4 — 2y, 2), (-4 -z, —4 -y, 2),

So, ¥(z,y,2) € X3, we have :

(x7y7 —4 - Z)) (_4 -, —4 — Y, —4 - Z)a (_4 - T,Y, —4 — y)7 (LE’ —4 — Y, —4 - Z)}
Next, we will check the conditions of Theorem |4.2.104. The system

F(z,y,2) ==z
(4.63) Fly,z,y) =y
F(z,y,x) =z

admits the unique solution (0,0,0). The contractive condition (4.44) holds:

r—4y+9z t—4u+ 9 1 4 9
1 4 9
1—5]x—t]+1—5]y—u]+15]z vl,
1 4 9
which is condition for a = IR b = B and ¢ = IR Indeed, a + b+ ¢ =

14
= < 1. It is clear that F' has the mized R—monotone property. Furthermore, F is

orbitally continuous and 3(0,0,0) € X3 such that F(0,0,0) € Xg(0,0,0). Therefore,
the hypotheses of the Theorem are satisfied. The (unique) tripled fized point of
F s (0,0,0).

4.2. Applications

Nonlinear matrix equations present great interest in the field among researchers.
Many recent papers were dedicated to this topic (see [32], [33],[90]). In this section,

we will study the following nonlinear matrix equation, which is an extension of the
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cases presented by Ran and Reurings in [113], and Asgari and Mousavi in [10] and [9],
for the case of tripled fixed points:

P q r
(4.64) X =C+ Y AF(X)A - B:G(X)B; — Y. CiH(X)C,
i=1 =1 k=1
where C' € P(n) is a positive definite matrix (we denote C' > 0), A;, B;, C} are arbi-
trary n x n matrices and F, G, H are three continuous order preserving mappings from
H(n) into P(n), such that F(0) = G(0) = H(0) = 0, where M(n) denotes the set of
all n x n matrices, H(n) the set of all n x n Hermitian matrices and P(n) the set of

all n x n positive definite matrices, P(n) C H(n) C M(n).

If, in H(n), we introduce a relation of order ">", we get a partially ordered set
where every matrix has a lower and an upper bound. Furthermore, to take advantage
of the results presented above (that is, Theorems [4.2.92][4.2.97), let T': H(n) x H(n) x
H(n) — H(n) be a mapping having the mixed monotone property, T(X,Y,Z) = C +

P ATF(X)A = X0 BiG(Y)B; — X4, CyH(Z)Cy (see equation (4.64))). Thus,the
fixed points of T are, in fact, the solutions of equation (4.64]).
In the following results we will discuss the existence and uniqueness of a solution of
equation .In order to prove our results, we need the following lemmas presented
in [113]:

LEMMA 4.4.131. [113] Let A and B be two positive semidefinite matrices. Then
0 <tr(AB) < ||A]| - tr(B).

LEMMA 4.4.132. [113] Let A € H(n) satisfy A < I (that is, I — A is a positive

definite matriz) , where H(n) is the set of all n xn Hermitian matrices. Then || Al < 1.
The next theorem assures the existence of a tripled fixed point of the mapping 7.

THEOREM 4.4.133. [60] Let C € P(n) and M a positive number such that:
(N(X,Y,Z) € H(n)<(U,V,W), we have

1
[tr(E(U) = F(X))| = 57 [tr(U = X))
1
[tr(G(Y) = GV)| < 57 [tr(Y = V)]
1
[tr(H(W) = F(2))| < 5 [tr(W = 2))]
.. ¥4 * M q * M r * M

(ZZ) Zi:l AzAl < ?I’I’H ; j=1 B]B] < 7[71 and Zk:l Ck;Ck‘ < ?[n
(iii) Y0 ATF(2C)A; < C; S0, BIG2Q)B; < Q and S, CiH(2Q)Cr < Q. Then

there exist X*,Y*, Z* € H(n) such that T(X*)Y* Z*) = X*,
T(Y* X*Y*)=Y* and T(Z*,Y* X*) = Z*.
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Proof: Let (X,Y,Z) € H(n)<(U,V,W). Then F(X) < F(U),G(Y) > G(V) and
H(Z) < H(W). Thus, we have

[TV, W) =T(X,Y, Z)||, = tr(T(U,V,W) = T(X,Y, Z)) =

p q

S (AL (F(U) ~ FOO)A) + 3 ir(B(G(Y) = GV)B)

+ 2 tr(CR(H(W) = H(Z))By) = 3 _tr(AJA(F(U) = F(X)))+

k=1 i=1

q r
> tr(B;Bj(G(Y) — F(V)) + 3 tr(CuCi(H(W) — H(Z))) =
j=1 k=1
p q
(3 AAD(F(U) = F(X)) + tr((3 B;B)(G(Y) = F(V)+
i=1 j=1
T p
tr((3 CuCL(H(W) = H(Z))) < |30 A
k=1 =1
q
|F(@U) = X, + |3 BiB; | GO = GV,
j=1
+ | aci| 1EwW) - H2), <
k=1
157 A i BB
U - X+ H“M”HY ~ VI +
IS GGl A
W = 2], < S0 = X+ Y =V W= 21),
s g IS A 5 BB IS G
B M ’ M ’ M '

From the second assumption and Lemma we have A < 1, so the contractive
condition of Theorem [£.2.92]is satisfied, V(X,Y, Z) € H(n)<(U,V,W). From the mixed
monotone property of 7" and the last assumption we get the conclusion of the theorem,
that is, there exist X*, Y™* Z* € H(n) such that T'(X*, Y* Z7*) = X* T(Y*, X*,Y*) =
Y*and T(Z*,Y*, X*) = Z*. O

THEOREM 4.4.134. [60] Under the assumptions of Theorem |].4.1535, the equation
[4.64) has a unique solution X € H(n).

Proof: It is known that every XY, Z € H(n) has an upper and a lower bound.Thus,
for any (X1,Y1,21),(Xs,Y2,Z5) € H(n) x H(n) x H(n) there exists (U, V,W) €
H(n) x H(n) x H(n) such that (Xi,Y1,21), (X2, Ys, Z2) € H(n)<(U,V,W). Now,
from Theorem we get that X*, Y* Z* from Theorem are unique and
X*=Y"=7"*=X. [l



CHAPTER 5

Coupled coincidence point theorems in metric

spaces endowed with a reflexive relation

1. Coincidence points of operators in partially ordered metric spaces-

Preliminaries

In this paragraph we will present some basic concepts and fundamental results
regarding coupled and tripled coincidence points. Coupled coincidence points were
introduced by Ciri¢ and Lakshmikantham in [53], by generalizing the notion of coupled
fixed point. The tripled coincidence points we present are obtained by Borcut in [37],
[38] , [41].

DEFINITION 5.1.135. [53] Let (X, <) a partially ordered space, the operator F :
X3 — X and the mapping g - X — X. We say that F is mized g-monotone if F(z,y, 2)
is g-momnotone increasing in x and it is g-monotone decreasing in y, that is, for any

x,y € X, we have
r1,29 € X, g(21) < g(w2) = F(w1,y) < F(22,y)

and

Y, 2 € X, 9(y1) < 9(y2) = Fx,y1) > F(x, ).

Similarly, we have the following definition in [37]:

DEFINITION 5.1.136. [37] Let (X, <) a partially ordered space , the operator F :
X3 — X and the mapping g : X — X. We say that F is mized g-monotone if F(x,y, 2)
is g-monotone increasing in r and z and it is g-monotone decreasing in y, that is, for

any z,y,z € X, we have
T1,T2 € ng(x1> < g(.ﬁ(,’g) = F(‘Ilvy? Z) < F(I‘Q,y,Z),
Y1,92 € X, 9(n1) < g(y2) = F(z,91,2) > F(2,92,2)

and

21, 22 € ng(ZZ) S g<21) = F(.Cl?,y72,’2) S F(%%Zl)-

Note that if g is the identity mapping, by Definitions|5.1.135|and [5.1.136] we obtain
Definition [3.1.32] of mixed monotone mappings presented in [36], and, respectively, in
[28].

73
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DEFINITION 5.1.137. [53] An element (z,y) € X? is called coupled coincidence
point for the operator F : X? — X and the mapping g - X — X if

F(x,y) = g(z), F(y,x) = g(y).

DEFINITION 5.1.138. [38] An element (z,y) € X? is called tripled coincidence point
for the mized g-monotone operator F : X x X xx — X and g: X — X if

F(z,y,2) = g(z), F(y,z,y) = g(y) and F(z,y,x) = g(2).

Similarly , if ¢ is the identity mapping, by Definitions[5.1.137]and [5.1.138] we obtain
the classical definition of coupled fixed points from [70] and, respectively tripled fixed

point for mixed monotone mappings in [28§].

DEFINITION 5.1.139. [53] Let X be a nonempty set, F : X? — X and operator and
g: X — X a mapping. We say that F' and g commute if:

9(F(z,y)) = F(g(x),9(y)),Vz,y € X.
Borcut provides similar definitions for commuting operators and mappings in [37]
and [38]:
DEFINITION 5.1.140. [38] Let X be a nonempty set and let F : X3 — X and
g: X — X. We say that F' and g commute if g(F(x,y,z2)) = F(g(x),9(y), g(2)).

The main results in [53] and [88] are given by the next theorems:

THEOREM b5.1.141. [88] Let (X, <) be a partially ordered metric space and d a
metric on X such that (X,d) is a complete metric space. Let F : X* — X be an
operator and g : X — X be a function, where F is mized g-monotone. Suppose that
there exists the constant k € [0,1) such that

(5.65) d(F (z,y), F (u,v)) < 5 |d(g(2), g(u) +d(g(y), 9(v))]

for every z,y,u,v € X with g (x) < g(u),g(y) > g(v).

o

Suppose that F (X?) C g(X), g is continuous and it commutes with F and the
following hold:
(a) F is continuous or

(b) X has the following properties:
(1) if there exists the increasing sequence {x,} — x, then x, < x for all n,

(i7) if there exists the decreasing sequence {y,} — vy, then y, >y for all n.
If there exist xg,yo € X such that

g (wo) < F(x0,90) and g (yo) > F (yo, 7o),

then there exist x,y € X such that

g(x)=F(z,y) and g(y) = F (y,z).
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THEOREM 5.1.142. [53] Let (X, <) a partially ordered space and let d be a metric on
X such that the metric space (X, d) is complete. Suppose that there exists the mapping
@ :]0,00) = [0,00), where o(t) <t and lig%gp(r) <tforanyt>0. Let F: X? - X

be an operator and g : X — X a function where F is mized g-monotone and

d(g(x), g(w)) + d(g(y), g(v)))
5 ,

(5.66) d(F(z,y), F(u,v)) < ¢ (

for all x,y,u,v € X with g(x) < g(u),g(y) > g(v).
We suppose that F(X?) C g(X), g is continuous and it commutes with F and the
following hold:

(1) F is continuous or
(2) X has the following properties:
e if there exists an increasing sequence {x,} — x, then x,, < x for all n;

o if there exists a decreasing sequence {y,} — vy, then y, >y for all n.

If there exist xg,yo € X such that

g(z0) < F(x0,%0) and g(yo) > F(yo, 7o),

then there exist x,y € X such that
g(x) = F(z,y) and g(y) = F(y, ).

THEOREM 5.1.143. [53] In addition to the hypothesis of Theorem suppose
that for every (z,y), (z*,y*) € X? there exists (u,v) € X x X, such that (F(u,v), F(v,u))
is comparable to (F(x,y), F(y,z)) and to (F(z*,y*), F(y*,z*)). Then F and g have a

unique coincidence point, that is, there exists a unique point (z,y) € X2, such that
v =g(x) = F(r,y) and y = g(y) = F(y,z).
Berinde extends and generalizes these results in [26] and [27] by considering weaker

symmetric contractive conditions:

THEOREM 5.1.144. [26] Let (X, <) a partially ordered space and let d be a metric
on X such that (X,d) is a complete metric space. Letg : X — X and F : X* — X be
a mized g-monotone mapping for which there exists ¢ : [0, 00) — [0, 00) where p(t) <t
and lim o(r) <t for anyt >0 and

(5.67) d(F(x,y), F(u,v)) + d(F(y, z), F(v,u)) < 2 (d<g (@), 9(w) + dla(y). W) |

2

for all z,y,u,v € X with g(x) < g(u),g(y) = 9(v).
We suppose that F(X?) C g(X), g is continuous and it commutes with F and also

suppose either:

(1) F is continuous or;
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(2) X has the following properties:
e if there exists an increasing sequence {x,} — x, then x,, < x for all n;

e if there exists a decreasing sequence {y,} — vy, then y, >y for all n.

If there exist xg,yo € X such that

g(z0) < F(x0,%0) and g(yo) > F(yo, 7o),

then there exist T,y € X such that
9(T) = F(z,y) and g(y) = F(y,T), that is, F' and g have a coupled coincidence point.

THEOREM 5.1.145. [26] Let (X, <) a partially ordered space and let d be a metric
on X such that (X,d) is a complete metric space. Let g : X — X and F : X* - X

be a mized g-monotone mapping for which there exists k € [0,1) such that for all
z,y,u,v € X with g(x) < g(u),g(y) = g(v),

(5.68)  d(F(z,y), F(u,v)) + d(F(y, ), F(v,u)) < kld(g(x), g(u)) + d(g(y), 9(v))].

Suppose F(X?) C g(X), g is continuous and it commutes with F and also suppose
either:
(1) F is continuous or;
(2) X has the following properties:
e if there exists an increasing sequence {x,} — x, then x,, < x for all n;

o if there exists a decreasing sequence {yn} — vy, then y, >y for all n.

If there exist xg,yg € X such that

9(z0) < F(xo,90) and g(yo) > F(yo, xo),

then there exist T,y € X such that
9() = F(z,7y) and g(y) = F(y,T), that is, F' and g have a coupled coincidence point.

The following results are obtained by Borcut in the case of tripled coincidence points
in [37], [38], [40]:

THEOREM 5.1.146. [37] Let (X, <) a partially ordered space and let d be a metric
on X such that (X,d) is a complete metric space. Letg: X — X and F : X3 — X be
a mized g-monotone mapping.

Suppose there exist j, k,l € [0,1),5+k+1 <1, such that

(5.69) d(F(z,y,2), F(u,v,w)) <j-d(g(x),g(u)) +k-dg(y), g(v)) +1-d(g(z), g(w))

forall z,y, z,u,v,w € X with g(x) < g(u),g(y) > g(v) and g(z) < g(w).
We suppose that F(X?) C g(X), g is continuous and it commutes with F and also

suppose either:

(1) F is continuous or

(2) X has the following properties:
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e if there exists an increasing sequence {x,} — x, then x, < x for all n;
o if there exists a decreasing sequence {yn} — vy, then y, >y for all n.

If there exist xq,yo, 20 € X such that

9(z0) < F(xo, Y0, 20), 9(¥0) = F (Yo, Zo, Yo) and g(z0) < F (20, Yo, To)
then there exist T,y € X such that
9() = F(z,79,%2) and g(y) = F(y,7,79) and g(z) = F(Z,y,T), that is, F' and g have a

coupled coincidence point.

THEOREM b5.1.147. [37] In addition to the hypothesis of Theorem |5.1.146], sup-
pose that for every (z,y,z2), (z*,y*,z*) € X3 there exists (u,v,w) € X3, such that
(F(u,0,), (v, u,w), F(w, v,u)) is comparable to (9(x), 9(y), (=) and to (g(*), 9(y°), 9(=")).
Then F' and g have a unique coincidence point, that is, there exists a unique point
(x,y,2) € X x X, such that

r=g(x)=F(r,y,2), y=9y) = F(y,z,y) and z = g(2) = F(z,y, z).

Similar results are obtained in the case of g-monotone operators by Borcut in [38]:

DEFINITION 5.1.148. [38] Let (X, <) a partially ordered space, the operator F :
X3 — X and the mapping g : X — X. We say that F is g-monotone, if F (x,y,2) is

g-monotone increasing (decreasing) in x,y, z , that is for every x,y,z € X, we have
T1,T2 € X?.g('rl) < g(IQ) = F(xhya Z) < F(xg,y,z) )

y1,92 € X, 9 (1) < g () = F(2,y1,2) < F (2,92, 2)
and

21,72 € Xag<22) S g(zl) = F(xayazQ) Z F<xay7 21) .

DEFINITION 5.1.149. [38] An element (x,y,z) € X? is a tripled coincidence point
for the g-monotone operator F and the mapping g if

F(r,y,2)=g(x), F(y,2,2) =9 (y), F(2,9,7) =g(2).

REMARK 5.1.150. Note that the concept of tripled coincidence point for g-monotone

operators is different of that for mized g-monotone operators.

Borcut also provides a result regarding the existence of a tripled coincidence point

for this kind of operators:

THEOREM 5.1.151. [38] Let (X, <) a partially ordered space and d a metric on
X, such that (X,d) is a complete metric space. Let F : X® — X be an operator and
g: X — X a mapping such that F is g-monotone. Suppose that there exist j, k.1 € [0,1)
with 7+ k+1 <1, such that

d(F (v,y,2), F(u,v,w)) < jd(g(z),g ) +kd(g(y),g))
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+ld(g(z),9(w)),

for every .y, z,u,v,w € X cug(x) <g(u), g(y) >g(v), g(z) <g(w).
Suppose that F (X?) C g (X), g is continuous and it commutes with F and one of
the following hold :

e F' is continuous

o X has the following property:
(5.70) if we have the increasing sequence {x,} — x, cu x, < x for any n,
If there exist xq,yo, 20 € X, such that

g (x0) < F (20,Y0,20) 9 (Yo) < F (Yo, Zo, 20) and g(20) < F (20, Y0, To)

then there exist x,y,z € X, such that
g(x)=F(z,y,2),9(y) =F(y,z,2) and g(2) = F (z,y,2).

The author also presents many variations of this result, based on this last theorem,
by replacing the contractive condition by weaker ones, using one constant instead of
three.(see [38]).

The following result establishes the uniqueness of the tripled coincidence point:

THEOREM b5.1.152. [38] In addition to the hypothesis of Theorem if, for
every (x,y, 2), (x*,y*, 2*) € X3, there exists (u,v,w) € X3 such that
(F(u, v, w), F(v,u,w), F(w,v,u)) is comparable to (9(x), 9(y), 9(z)) and to (g(z*), g(y*), 9(z")),
then F' and g have a unique tripled coincidence point.

Another important result is provided in [13] by Aydi, Karapinar and Postolache,
in the case of mixed—g—monotone operators. The improvement they brought to the
results of Borcut is the symmetrization of the contractive condition, following the idea
of Berinde in [25].

THEOREM 5.1.153. [13] Let (X, <) a partially ordered set and let d be a metric on
X such that (X, d) is a complete metric space. Letg: X — X and F : X* — X be a

mized g-monotone mapping Suppose there exist p € ®, such that
(5.71) d(F(z,y,2), F(u,v,w)) +d(F(y,z,y), F(v,u,v)) + d(F (2, y,2), F(w,v,u))
C5s (d(g(w), g(u)) + d(g(y). 9(v)) + d(g(2), g(w)))

3

for all z,y, z,u,v,w € X with g(x) < g(u),g(y) > g(v) and g(2) < g(w).
We suppose that F(X3) C g(X), g is continuous and it commutes with F and F is

continuous.
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If there exist xg, Yo, 20 € X such that

g(x0) < F(20,%0, 20), 9(%0) = F(y0, %0, y0) and g(z0) < F(20, Y0, o)

then there exist T,y € X such that
9(T) = F(Z,7,%) and 9(y) = F(7,7,7) and g(Z) = F(2,9,T), that is F' and g have a

coupled coincidence point.

2. Definitions

In this paragraph we will present the definitions of lower- R-coupled coincidence
point, mixed ¢ — R—monotony of a mapping and related concepts used for obtaining

the results presented in the next section.

NOTATION 4. Let X be a nonempty set and let f: X X X — X and g: X — X be

two mappings. Then

(1) The cartesian product of f and itself is denoted by f X f and it is defined by

fx flx,y) = (f(z,y), f(y, 7))

(2) We will denote by f°(z,y) = x and f*(z,y) = f(f" "z, y), [ (y,2)), for
all z,y € X,n € N.
(8) The cartesian product of f and g is denoted by f X g and is defined by

(f x 9)(z,y) = (9(f(z,9)), 9(f(y, x)))
(4) We will denote by ¢°(x) = z and g"(x) = g(x"1(x)), for all z € X,n € N.

DEFINITION 5.2.154. [58] Let X be a nonempty set and let R be a reflexive relation
on X, f: X?—= X, g:X — X. The mapping f has the mizxed g — R—monotone

property on X if (f x g)(Xr(x,y)) € Xr((f % g)(z,v)), for all (z,y) € X>.

DEFINITION 5.2.155. [58] An element (x,y) € X? is called lower-R—coupled
coincidence point for [ and g, if (f X g)(z,y) € Xr(x,y).

Next, starting from the orbital continuity presented in [9], we will define the orbital

g-continuity of a mapping f.

DEFINITION 5.2.156. [58] The mapping f is called orbitally g-continuous if
(z,9), (a,b) € X2 and f™(x,y) — a, f™(y,z) — b, when k — oo, implies f™* 1 (x,y) —
g(a) and f(y, x) — g(b) when k — oo.
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3. Existence and uniqueness theorems

THEOREM 5.3.157. [58] Let (X,d) be a complete metric space, R be a binary re-
flexive relation on X such that R and d are compatible. If f : X?> - X and g: X — X
are two mappings such that

(i) f is mized g — R-monotone;
(77) f is orbitally g-continuous;

(iii) there exist k,l € [0,1),k+1 <1 such that

(5.72)  d(f(z,y), f(2,1) < k- d(g(x),9(2)) + - d(g(y), (1)) ,V(z,y) € Xr(2,1);
(iv) f and g have a lower-R-coupled coincidence point;

(v) f(X?) C g(X);
(vi) g is continuous ;

(vit) f and g commute.

Then f and g have a coupled coincidence point, that is, there exists (x,y) € X?
such that f(z,y) = g(x) and f(y,z) = g(y).

Proof: Since f and g have a lower-R-coupled coincidence point, let (zq,yo) be it.
Thus, (f x g)(zo,%0) € Xr(Z0;Yo)-

From (i) we have that (f x ¢)(Xr(xo,%0)) € Xr((f X g)(x0, Y0))-
Further, it can easily be checked that

(gn(f(x(hyo))?gn(f(y()a .%‘0))) < XR(Qn_l(f<'T0: y(J))?gn_l(f(yme)))'
Since f<X2) C g(X), let z1,31 € X such that g(x1) = f(20,%0), 9(v1) = f(yo, 7o) and
so on. Step by step, we obtain the sequences {z,} and {y,} such that

(5.73) 9(@n11) = (@0, Yn)s 9 Ynt1) = f(Yn, Tn)

Now, using (iii), we have that

d(f(g"(f(x0,%0)), 9" (f (W0, 20))), F (" (f (0, %0)), 9" (f (o, %0))))
< k" d(9(g" (f(x0, 90))), 9(g" " (f (20, ¥0)))) + 1" - d(g(g" (f (Y0, 20)))s 9(¢"* (f (%0: %0))))
< d(f(g"(f(20, %)), 9" (f(y0, 20))), F(g" " (f(w0,%0)), 6" (f (90, 20))))
< k" d(g" T (f (20, 90)), 9" (f (w0, 90))) + 1" - d(g" (£ (%0, %0))), 9" ( (Y0, 0))
< d(f(g"(9(x1)), g (9(w1))), F(g"(g(21)), g"(9(¥1))))
< k" - d(g"H (g(21)), 9" (g(20))) + 1" - d(g"H (g(n), 9" (9(11)))
<:>d(f( @), 9" ), £(g" (21), 9" (1))
~d(g" (1), g (@) 1 d(g" P (1), 6" ()

For n = 0, we get

d(f(g(x1), g(n)), fz1,1))) < d(g*(21), 9(21)) + d(g* (1), 9(31))
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If n — oo, we get

d(f(g" (1), 4" (1)), (9" (1), 6" (1)) <O

But d(z,y) > 0,Vz,y € R. We get :f(g""!(z1), 9" (1)) = f(g"(21),9" (1)), s0
g(x1) = 1 = f(x0,y0) This implies that {g"(x1)},cy is a Cauchy sequence in X.
Similarly, we get that {g"(y1)},cy is a Cauchy sequence in X.

Now, because (X, d) is complete, there exist x,y € X such that

(5.74) lim g(z,) =2, lim g(y.) =y.

n—o0

From the continuity of g, we get

lim g(g(zn)) = g(z), lim g(g(yn)) = 9(y).

n—oo

Because f and g commute, and from ({5.73]), we have

9(9(@ni1)) = 9(f (@0, yn)) = f(9(zn), 9(Yn))
and

9(9Wn+1)) = 9(f (W, 20)) = [(9(yn), 9(z0)).
From ([5.74) and the orbital continuity of f we get

g(z) = f(z,y)
and

9(y) = fy,x).
O

COROLLARY 5.3.158. [58] Let (X,d) be a complete metric space, R be a binary
reflexive relation on X such that R and d are compatible. If f : X?> - X and g : X —
X are two mappings such that

(i) f is mized g — R-monotone;
(ii) f is orbitally g-continuous;
(1) there exist o € [0,1) such that

«

(5.75) d(f(z,y), f(z,1)) < §[d(9(56),9(2)) +d(g(y), 9(t)].¥(x,y) € Xr(z,1);

(iv) f and g have a lower-R-coupled coincidence point;
(v) F(X?) Cg(X);
(vi) g is continuous ;

(vit) f and g commute.

Then f and g have a coupled coincidence point, that is, there exists (z,y) € X? such
that f(x,y) = g(x) and f(y,z) = g(y)-
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o
Proof: From the proof of Theorem |5.3.157, for k = [ = > a € [0,1), there exist
x,y € X such that

9(x) = f(z,y)
and
9(y) = f(y, ).
]
THEOREM 5.3.159. [568] In addition to the hypothesis of Theorem|[5.3.157, suppose

that for every (x,y), (T,7) € X2, there exists (u,v) € X? such that (g(z), g(y)), (9(T), 9(W)) €
Xr(f(u,v), f(v,u)). Then f and g have a unique coupled coincidence point.

Proof: According to the proof of Theorem [5.3.157] there exist Z,7 € X such that
f(@,9) = g(z) and f(y,T) = g(y). We have to show that, if (z, y) is another coincidence
point for f and g,

d((9(7),9([@)), (9(z),9(y))) = 0.

Because both (z,y) and (Z,7) are coupled coincidence points, we have

g9(x) = f(z,9),9(y) = f(y, )
and
9(x) = [(x,9),9(¥) = f(¥,7).
Now, let ug = u and vy = v. Then, there exist uy,v; € X? such that g(u;) = f(ug,vo),

g(v1) = f(vo,up). Using the same procedure as in the proof of Theorem [5.3.157 we

obtain the sequences {uy}, . and {v,} where

neN?
g(un+1> = f(umvn) and g<vn+1) = f(vnaun)'

Furthermore, let zop = x,y0 = y and Tg = 7,79 = y. Thus, we obtain the sequences

{Zn}en s 1Wntnen » 1Tn fneny a0d {7, },,cn such that
9(wn) = f(2,9): 9(yn) = f(y, )
and
9(Tn) = f(@.9),9(.) = (7, 7).
From the hypothesis, we have that there exists (u,v) € X? such that

(9(2),9(v)), (9(T), 9(¥)) € Xr(f(u,v), f(v,u)).

From (g(z0),9(v0)) € Xr(f(u,v), f(v,u)) and the completeness of the metric space it
follows that

(f"(9(z0), 9(10)), £"(9(%0), 9(0))) € Xp(f""H(u, v), [ (v, u))
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Also, by using the contractivity condition, we have

d(f™(g(w0), 9(y0)), £ (u,0)) < K™ - d(g(x0), f(u,v)) +1" - d(g(yo), f (v, u))

and

d(f™(g(yo), g(w0)), [ (v ) < k™ - d(g(wo), fu,v)) + 1" d(g(yo), f (v, u)).

Summing up, we obtain that
d(f"(9(x0), 9(y0))s f" (w,v)) +d(f"(9(w0), (o)), f (v, 1)) <

2k" - d(g(wo), f(u,v)) + 20" - d(g(yo), f (v, w)).
But xg = z and yo = y. We obtain

d(f"(g(x), g()), " (w, 0)) +d(f"(g(y), g(x)), [* (v, u) <
2" - d(g(x), f(u,v)) + 27 - d(g(y), f(v,0).

Letting n — oo we obtain that

lim d(g(z), f(u,v)) =0 and lim d(g(y), f(v,u)) = 0.

n—oo n—oo

Similarly, we obtain that
Jim d(g(@). f(u,0)) =0 and_lim d(g(@). /(v,)) = 0.
Now, using the triangle inequality, we have
d(g(x), 9(T)) < d(g(x), f(u,v)) + d(f(u,v),9(T)) = 0, when n — oo

and
d(g(y), 9(@)) < d(g(y), f(v,u)) +d(f(v,u),g(y)) — 0, when n — oo,

so the proof of the theorem is complete. O

Now, let’s recall the definition of a mapping ¢ introduced in [53] by Ciri¢ and
Lakshmikantham: Let ¢ : [0, 00) — [0, 00) satisfying :
i) o(t) < t, Vvt € (0,00);
ii) Tlgg o(r) < t,Vt € (0,00);
The set of all these mappings ¢ is denoted by ®.

Replacing the contraction condition ([5.72) with one that uses the mapping ¢ defined

above, following the idea in [53], we obtain:

THEOREM 5.3.160. Let (X, d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X?> = X and g : X — X are
two mappings such that

(i) f is mized g — R-monotone;

(ii) f is orbitally g-continuous;
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(iii)

576)  d(fe.). f=0) <o (d(g@),g@)) ; d(g(y)’g(m) ) € Xnlz.0),

where ¢ € ®;

(iv) f and g have a lower-R-coupled coincidence point;
(v) F(X?) C g(X);

(vi) g is continuous ;

(vit) f and g commute.

Then f and g have a coupled coincidence point, that is, there exists (z,y) € X? such
that f(z,y) = g(x) and f(y,z) = g(y).

Proof: Since f and g have a lower-R-coupled coincidence point, let (zq,yo) be it.

Thus, (f X g)(xo,y0) € Xr(xo,y0)-
From (i) we have that (f x ¢)(Xr(xo,%0)) € Xr((f X g)(x0, Y0))-
Further, it can easily be checked that

(5.77) (9" (f (0, 90)), 9" (f (Yo, 20))) € Xr(g" " (f (w0, %0)), 9" (f (yo. 0)))-

Since f(X?) C g(X), let 1,51 € X such that g(z1) = f(20,0), 9(41) = f(yo, 7o) and
so on. Step by step, we obtain the sequences {z,} and {y,} such that

(5.78) 9(Tni1) = f(Tn,Yn), 9WUni1) = [ (Yns Tn)

Let’s consider the nonnegative sequence {z,}, .y such that z, = d(g(zp41), 9(x,)) +

d(9(Yn+1),9(yn)),n € N*.
Now, using (5.76)), (5.77) and letting = := z,, and y := y,,, 2 := x,_1 and t := y,,_1, we
obtain

d(g(zy,), g(x,_1 d ), 1
d<g<xnﬂ>,g<xn»=d<f<xn,yn>,f<xn1,yn1>>S¢( ) 1)) = Mot ) ot >>)

and

A(g(Yns1), 9Yn)) = A(f Wns ©0) s f WY1, Tn1)) < <d<g(x")’g(xnl)) ;L d(g@n)’g(ynl)))

(5)

By summing up the last two relations, we get that

d(g(zn+1), 9(wn)) + d(g(Ynt1), 9(yn)) = 20 < 2- ¢ (Zn;) .
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Now, using the properties of ¢, we have that

Zn—1 Zn—1
(5.79) zn§2~<p( 2)<2~ = Zn_1.

Thus, the sequence {z,}, . is decreasing and nonnegative. Therefore, there exists
go > 0 such that
A, o = 0

Now, we will prove that ¢y = 0. In (5.79), let n — oco. Using (the second condition
satisfied by ¢), we have

1i < li Zn—1 li Zn—1
o= e sz e | o) =2 e ) s
which is a contradiction. Thus, lim,_,« 2, = 0 and, consequently, lim d(g(xns1), 9(zn)) =

0 and lim d(g(yn+1),9(yn)) =0
Next, we will prove that {g(z,)}, ey and {g(yn)},cn are Cauchy sequences. Suppose

that at least one of them is not a Cauchy sequence. Then, there exists a constant > 0

and two integer sequences {n;(k)} and {ns(k)}, such that

where ny (k) > no(k) > k, k € N*. We chose n;(k) to be the smallest integer satisfying
ni(k) > na(k) > k and (5.80). Then, we have
(5.81) d(9(Tnzk))s 9(Tni(k)-1)) + AGWno(k))s 9(Yni)—1)) < 0.

Now, using the triangle inequality and the last two inequalities ((5.80) and (5.81))), we

have

6 < d(g(Tny(hy)s 9(Tny))) + A(GWna())s 9(Yna()))
< d(g(Tny(h))s 9(Tny k) -1)) + AG(WUnak))s 9Ynik)-1)) + A(G(Tnak))s 9Ty (k)))
FA( G Ynak)), 9 Ui (1)) < A9 Tnyx)), 9Ty k) + UG Ynak)) s (Y (x))) + 6.

For k£ — oo we obtain

lim sy, = lim [d(g(zn,0)), 90y ) + AGWUna k) 9(Yna )] = 6

k—o0

Now we will show that 6 = 0. Supposing the contrary, we have
sk = d(g(Tny(k))s 9(Tny (k) + AGYna))s 9(Yna (1))
< d(9(Zny (k) 9( Ty +1)) + A(G(@ny)11), 9( o)) + A9 (Yni (1)) 9(Yni)+1))
+d(9(Yni(k)+1)5 9 Unox))) = 2Zna (k) + A(G(Tny k)+1)5 9(Tna(r))) + A(GYnii)+1)5 9(Yno(r)))
(5.82) <zt 2 + AG(@ni0)11)s 9(Tna)+1)) + A(G(Yni (k) 41) s 9 Yoy +1))-

But
d(9(Tn, (k)+1), 9 Tnak)+1)) + AGWYny (k)+1)> 9(Ynak)41))



86 COUPLED COINCIDENCE POINT THEOREMS IN METRIC SPACES ENDOWED WITH A REFLEXIVE RELATIO!
= d(f(xnﬂk)u ynl(k))a f(‘rn2(k)7 yn2(k))) + d(f(yru(k)v In1(k‘))7 f(yng(k)a Ing(k)))

. (d(g(%(k), 9(na)) + AG Yy (1)) g(ym(k)))

<2

Now, returning to ([5.82]), we have

Sk
Sk < Zny(k) T Zna(k) T2 @ (2) :

Let k£ — oco. Thus, using property [iif of ¢, we obtain

k—o00 Sp—04+

Sk k
5§2~limg0(2) =2- lim ¢(§)<5

Thus, we have that 0 < ¢ which is clearly a contradiction.

Consequently, {g(z,)},,cn and {g(yn)},,cn are Cauchy sequences in the complete metric
space (X,d). Since X is complete, there exist T and 7 such that ¢"(x,) — T and
g (yn) — ¥ as n — oo. Which means that " 1(x,,v,) — 7 and f" (yn, z,) — 7,
as n — oo. Using the orbital g-continuity of f, we get that f"(x,,y,) — ¢(T) and
f"Yn, zn) — 9(¥), as n — oo, that is, (Z,7) is a coupled coincidence point for f and
g. U

THEOREM 5.3.161. In addition to the hypothesis of Theorem|5.5.160), suppose that
for every (z*,y*), (Z,7y) € X?, there exists (u,v) € X? such that (g(z*), g(y*)), (9(Z), 9(y)) €
Xr(f(u,v), f(v,u)). Then f and g have a unique coupled coincidence point.

Proof: From Theorem [5.3.160| there exist Z,7 € X such that f(Z,7) = ¢(Z) and
f(¥,T) = g(y). We have to show that, if (z*,y*) is another coincidence point for f and

9,

d((9(Z),9(@)), (9(z*),9(y"))) = 0.

Since (x*,y*) and (7,y) are both coupled coincidence points, it follows that
g9(z") = f@"y"),9(y") = f(y" 27)
and
9(@) = f(@.9),9(¥) = f(77).
Now, using the hypothesis of Theorem [5.3.160}, from f(X?) C g(x), there exist u;, v, €

X? such that g(uy) = f(ug,v0), g(v1) = f(vo,ug). Using the same procedure as in the
proof of Theorem [5.3.157, we build the sequences {uy,}, .y and {v,}, oy, Where

9(tuni1) = f(un,vn) and g(vng1) = f(vn, tn).
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Next, let xg = 2*,y0 = y* and Ty = 7,7y = y. Thus, we obtain the sequences
{25 b nen s Wi tnen » {Tn Fpen and {7, },,cn such that
9(wy) = f(@%y%), 9(yn) = f(y",27)
and
9(@n) = f(,9),9.) = f(7,7).
From the hypothesis, we know that there exists (u,v) € X? such that

(9(z%),9(y")), (9(2), 9(¥)) € Xr(f(u,v), f(v,u)).

From (g(z0),9(v0)) € Xr(f(u,v), f(v,u)) and the completeness of the metric space it
follows that

(f"(9(x0), 9(w0)), F"(9(%0), 9(x0))) € Xn(f" (u, v), f* (v, u))

Also, by using the contractivity condition, we have

d(g(xo), f(u,v)) + d(g(yo), f (v, U)))
2

d(f"(9(z0), 9(yo)), f*(u,0)) < ¢ (

and

d(Q(x())a f(u’ U)) + d(Q(y(J)’ f(U, u)))
5 .

d(f"(9(yo), g(wo)), " (v,u)) < ¢ (
Summing up, we obtain that

d(f"(g(w0), 9(y0)), ™ (u,v)) + d(f"(9(yo), 9(0)), [ (v, 1)) <

, (d<g<xo>, Fu,v)) + d(g(yo). f(v, u)))
o 5 .

But z¢p = z* and yy = y*. We obtain

d(f"(g(z*), g(), 7w, 0) +d(fM(g(y"), g(@*)), 7 (v, 0)) <
)0 (d(g(w*),f(u,v)) + d(g(y*),f(v,w)) |

2

Letting n — oo we obtain that

lim d(g(z*), f(u,v)) =0 and lim d(g(y*), f(v,u)) = 0.

n—o0 n—oo

Similarly, we obtain that
Tim d(g(z), f(u,v) = 0 and lim d(g(). f(v,u)) = 0.
Now, using the triangle inequality, we have
d(g(x"), 9(T)) < d(g(x"), f(u,v)) +d(f(u,v),9(T)) = 0, when n — oo

and

d(g(y"), 9(m)) < d(g(y*), f(v,u)) +d(f(v,u),g(¥)) — 0, when n — oo,



88 COUPLED COINCIDENCE POINT THEOREMS IN METRIC SPACES ENDOWED WITH A REFLEXIVE RELATIO]
so the proof of the theorem is complete. O

Now, by symmetrizing the contraction, using the idea in [26], we obtain the follow-

ing result:

THEOREM 5.3.162. Let (X,d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X?> — X and g : X — X are
two mappings such that

(i) f is mized g — R-monotone;
(ii) f is orbitally g-continuous;
(5.83)

d(g(z), g(2)) +d(g(y), 9(t))
2

d(f(z,y), f(z,1)) + d(f(z,y), f(t,2)) <2-¢ ( ) V(w,y) € Xg(z,1),

where ¢ € ®;

(iv) f and g have lower-R-coupled coincidence point;

(v) f(X?) € g(X):
(vi) g is continuous ;

(vii) f and g commute.

Then f and g have a coupled coincidence point, that is, there exists (z,y) € X? such

that f(z,y) = g(x) and f(y,x) = g(y).

Proof: The proof of this theorem follows the steps of Theorem [5.3.160} Since f and
g have a lower- R-coupled coincidence point, let (xg,y) be it. Thus, (f x g)(zo,v0) €

Xr(zo,Y0)-

From (i) we have that (f x ¢)(Xr(zo,50)) € Xr((f x 9)(20, y0))-
Further, it can easily be checked that

(5.84) (9" (f (0, 90)), 9" (f (Yo, 20))) € Xr(g" " (f (w0, 40)), 9" (f (4o, 0)))-
Since f(X?) C g(X), let @151 € X such that g(z1) = f(z0, ), 9(sn) = f(s, a0) and

so on. Step by step, we obtain the sequences {x,} and {y,} such that

(5.85) 9(@ns1) = [(@n,Yn), 9(Yns1) = f(Yn, T0)
Let’s consider the nonnegative sequence {z,}, . such that z, = d(g(zp41), 9(x,)) +

d(9(Yn+1),9(yn)),n € N*.
NOW7 USing " " and lettlng T =Ty and Y= 1Yn, 2= Tpn_1 and t 1= Yn_1, WeE
obtain

d(f(xna yn)a f(xn—ly yn—l))+d(f(ym xn)a f(yn—la xn—l)) = d(g(‘rn-i—l)a g(xn))+d(g(yn+1)7 g(yn)) <

, (d(g(l‘n),g(wn-l)) + d(g(yn),g(yn—l))>
" ;
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Zn
72
Thus, we have that

Zn

Using the proof of Theorem [5.3.160] we have that {2z}, y. is decreasing and nonnega-

tive. Therefore, there exists e > 0 such that
A5, #n = E0.

Now, we will prove that g = 0. In ([5.86)), let n — oo. Using (i), we have

Zn Zn
€0 :nglgozn+1 < 2-7}1%1{.1090 (2) =2. ZHIL%+@ ( 2) < &g.

So we have that ¢y < ¢,, which is, clearly, a contradiction.

Thus, lim z, = 0 and, consequently, lim d(g(xpns1),9(z,)) = 0 and

lim d(g(yn+1), 9(yn)) = 0.

n—oo
Next, we will prove that {g(z,)},cn and {g(yn)},cy are Cauchy sequences. Suppose
that at least one of them is not a Cauchy sequence. Then, there exists a constant § > 0

and two integer sequences {n;(k)} and {ns(k)}, such that

where ny(k) > nao(k) > k, k € N*. We chose n;(k) to be the smallest integer satisfying
ni(k) > na(k) > k and (5.87). Then, we have
(5.88) d(9(Tnak))s 9(Tn1(k)-1)) + AGWnsh))s 9(Yni)-1)) < 0.

Now, using the triangle inequality and the last two inequalities ((5.87) and (5.88))), we

have
0 < d( (fEnQ )) g(xnl k:))) + d( (yn2(k))7g(yn1(’€)>>

< d(9(Tnok))s 9 @i ky-1)) + AG(Ynar))s 9(Ynr8)-1)) + A(GYnar)) s 9(Yna 1))+
d(G(Zny(k))s 9(Tny k) < d(9( o)) 9(Tny 1)) + A9 Ynok))> 9Ynai))) + 6.

For k — oo we obtain

lim s = hm [d(g(xm(k))?g(xm )) + d( (ynz )) g(ynl(k)))] =J.

k—o0

Now we will show that § = 0. Supposing the contrary, we have
S = d(g(xnz(k)> g(xru k))) + d( (ynz(k)>a g(ym(k)))

< d(g($n1(k)>7g(xn1(k)+1)) +d( (xm )+1)7g($n2(k )) +d< (ym )) g(yn1(k)+1)>
+d(9(Yny (k)11)5 9 WUna(k))) = 201 (k) + A9y k) 41)s I(Tna))) + AG(Yny k) +1), 9 Ynary))
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(5.89) < Zni (k) F Znae) + A(9(Tny (k) 41)5 9(Trpry+1)) + AG(Yny k) +1)5 9 Ynary+1))-
But
A(g(Tn, y41)s 9(Tngwy41)) + AG(Yny 1)41)s 9 Wna()1))
= d(f (@n, k), Yrs () S (Ta k) Yo () + A Wna )5 Trv())5 S o (k)5 Tra()))

<2.4 (d@(%(’f%g(%(k ) v; A(9(Yni (1)) g(ym(k))))

Now, returning to (5.89)), we have

Sk
Sk < Zny(k) T Znak) T 209 () .

Let k£ — oco. Thus, using the property [ii of ¢, we obtain

5<2.1i ) oy k) s
Sermelg )= mm el s

Thus, we have that 6 < § which is clearly a contradiction.

Consequently, {g(z,)},cy and {g(yn)},,cn are Cauchy sequences in the complete metric
space (X,d). Since X is complete, there exist T and 7 such that ¢"(z,) — T and
g (yn) — 7 as n — oo. Which means that f"'(z,,v,) — T and " (y,,xn) — 7,
as n — oo. Using the orbital g-continuity of f, we get that f"(x,,y,) — ¢(T) and
F"(Yn, xn) — g(7), as n — oo, that is, (Z,7) is a coupled coincidence point for f and
qg. Il

THEOREM 5.3.163. In addition to the hypothesis of Theorem |5.53.162, suppose that
for every (xz*,y*), (Z,7) € X?, there exists (u,v) € X? such that (g(x*), g(y*)), (9(Z), 9(m)) €
Xr(f(u,v), f(v,u)). Then f and g have a unique coupled coincidence point.

Proof: According to Theorem|5.3.162] there exist 7,7 € X such that f(7,7) = g(T)
and f(y,T) = g(y). We have to show that, if (z*,y*) is another coincidence point for

J and g,
d((9(Z), 9(m)), (9(z"), 9(y"))) = 0.

Because both (z*,y*) and (7,y) are coupled coincidence points, we have
g(I*) = f(x*7y*)7g<y*) = f(y*,x*)

and
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From f(X?) C g(X), there exist ug,vy in X such that g(ui) = f(ug,vg), g(vi) =
f(vg, up). Following the procedure used in the proof of Theorem |5.3.157, we obtain the

sequences {up}, oy and {v,} where

neN
9(unt1) = f(tn, v) and g(vni1) = f(vn, un).
Furthermore, let 5 = 2*,y; = y* and 79 = 7,y = y. Thus, we obtain the sequences
{2 }oen s Wi b nen s {ZTn ey and {7, },en such that
glayn) = f(&" "), 9(yn) = f(y", 27)
and
9(n) = f(,9),9(.) = f(¥,7).
From the hypothesis, we have that there exists (u,v) € X? such that

(9(z%),9(y")), (9(%), 9()) € Xr(f(u,v), f(v,u)).

From (g(z0),9(v0)) € Xr(f(u,v), f(v,u)) and the completeness of the metric space it
follows that

(f"(9(w0), 9(¥0)), f"(9(%0), 9(x0))) € Xr(f™ (w, v), f** (v,u))
Also, by using the contractivity condition, we have
d(f"(g(x0), 9(y0)), f (w,0)) + d(f"(g(yo), g(0)), f*F (v, 1)) <
. (d(g(:vo),f(u,v)) + d(g(yo%f(v,u») .

2
But zj = 2" and y; = y*. We obtain
d(f"(g(x"), 9(y"), £ (w.0) +d(f"(9(y"), g(=")), f"H (v, 1) <
. (d(g(x*%f(u,v)) + d(g(y*),f(v,U))) .

2

Letting n — oo we obtain that

lim d(g(z*), f(u,v)) =0 and lim d(g(y*), f(v,u)) = 0.

n—o0 n—oo

Similarly, we obtain that

lim d(g(z), f(u,v)) =0 and lim d(g(y), f(v,u)) = 0.

n—oo

Now, using the triangle inequality, we have
d(g(z"),9(x)) < d(g(z"), f(u,v)) + d(f(u,v), g(F)) = 0, when n — oo
and
d(g(y*), 9(m)) < d(g(y), f(v,u)) + d(f(v,u),9(F)) = 0, when n — oo,

which means that

g(z") = g(x)
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and

g

Next, we let p(t) = kt,k € [0,1). It is easy to check that conditions ({i) and
still hold. We obtain the following result:

THEOREM 5.3.164. Let (X, d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X?> — X and g : X — X are
two mappings such that

(i) f is mized g — R-monotone;
(ii) f is orbitally g— continuous;
(iii) there exist k € [0,1) such that

(5.90)

(iv) f and g have a lower-R-coupled coincidence point;

(v) F(X?) € g(X);
(vi) g is continuous ;

(vii) f and g commute.

Then f and g have a coupled coincidence point, that is, there exists (z,y) € X? such
that f(x,y) = g(x) and f(y,z) = g(y)-

Proof: In Theorem [5.3.162] let ¢(t) = kt, k € [0,1). O

THEOREM 5.3.165. In addition to the hypothesis of Theorem [5.5.164), suppose that
for every (x,y), (T,7) € X?, there exists (u,v) € X? such that (g(z), 9(y)), (9(T), 9(¥)) €
Xr(f(u,v), f(v,u)). Then f and g have a unique coupled coincidence point.

Proof: In Theorem [5.3.161} let ©(t) = kt, k € [0, 1). O

REMARK 5.3.166. If, in Theorem |5.53.158 we take R =< and we assume that f is
continuous, we obtain Theorem |5.1.141] from [53].

REMARK 5.3.167. If, in Theorem [5.5.159, we take R =<, we obtain Theorem
5.1.145 from [53].

REMARK 5.3.168. If, in Theorem |5.3.164, resp. [5.53.164], we take R =< and we
assume that f is continuous, we obtain Theorem |5.1.144), resp. |5.1.145 from [26].
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4. Examples and applications

4.1. Examples

EXAMPLE 5.4.169. Let X = R, the metric d(x,y) = |z —y|, the relation R on X
given by
22 -2y oy -2

3 3
e ((rz—-y)(r+y+2)=0.

ThUS, we have XR(‘ray) = (l’,y)(l’, —y—2),(—$—2,y),<—$—2, _y_z) Let f :
X2 = X be defined by

xRy &

20 — 3y +1
fay) = ——5—

and g : X — X, where

g(x) = 3
Hence, f has the mized g — R—monotone property. It can easily be checked that f and
g satisfy all the other conditions of Theorem[5.3.157. The contraction also holds for
1 3
k= 3 and | = 7
20 —3y+1 2z2—-3t+1

6 6 N

d(f(x,y), f(z,1) =

2(x — 2) = 3(y — t)
6

3 1
< ;l9(@) —9()| + 5l9(y) — 9(2)]

1 3
= §d(g(fv),g(z)) + id(g(y),g(t)),v(x, y) € Xg(z,1).

So, by Theorem [5.5.157, we obtain that f and g have a coupled coincidence point,

11
(5, 5). Note that, in this case, Theorem |5.1.141| from [88] cannot be applied because

R is not antisymmetric, so it is not a relation of partial order.

EXAMPLE 5.4.170. Let X = R, the metric d(z,y) = |r — y|, the relation R on X
given by
TRy 2> —x =y —vy.

Let f: X% — X be defined by

3r—8y+1
f(xay)_T

and g : X — X, where
g(x) =2 —1.
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So, V(z,y) € X?, we have :
Xg(z,y) ={(z,y),(z,1 —y),1—=,9), (1 —2,1 —y)}.

fx 9(Xr(z,y)) € Xr(f % g(z,y))
So, f has the mized g — R—monotone property. It can easily be checked that f and g
satisfy all the other conditions of Theorem |5.5.164).

Condition (5.90) is also satisfied by f and g, whereas (5.75)) in Theorem |5.3.158 does
not hold. Let’s assume, to the contrary, that there exists a € [0,1), such that (5.75))

holds. This means
3r—8y+1 3z—-8t+1
12 B 12

d(f(:v,y), f(Z,t)) =

3(x—2)—8(y—1)

12
Q@
Sgﬂx—2|+|y—tﬂ,V(a:,y)EXR(Z,t)
For x = z, we have :
: t <a t t
§|y— |_§|y— |,y #
2 « 4

which would imply 3 < 5 & 3 < a <1, a contradiction.
For x # z, we have Next, let’s prove that, in this case, ((5.90|) holds:

3r+8y+1 3248 +1
12 B 12

1 2
< Z|:zc—z|+§|y—t|,‘7(x,y) € Xgr(z,1)

and
3y—8r+1 3t—-82+1
12 B 12

2
y_t| —|—§|.T—Z‘ ,V(x,y) S XR(Zat)'

1
<7
4

By summing up, we obtain:

d(f(2,y), f(z,8)+d(f(y, ), [(t, 2)) < —-[d(g(x), 9(2))+d(9(y), 9(1))], V(2,y) € Xr(2,1),

11
which is exactly (5.90), for k = 75 < 1. So, by Theorem|5.3.164|, we obtain that f and

h led coincid nt 15 13
g have a coupled coincidence point, 7 17)

EXAMPLE 5.4.171. Let X = [—2,00), the metric d(z,y) = |x — y|, the relation R
on X given by
TRy < 2° + 2 =y* + .
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Let f: X% — X be defined by

r—2y+2
f(x,?/):T
and g : X — X, where
gx) =z +1.

So, V(z,y) € X?, we have :
Xr(z,y) ={(z,y), (x, =1 -y), (-1 —=z,9), (-1 —z, -1 —y)}.

fxg(Xr(z,y)) € Xr(f x g(x,y))
So, f is mired g — R—monotone. It can easily be checked that f and g satisfy all the
other conditions of Theorem|5.3.160. Next, we will show that f and g satisfy condition
(15.76)) :

—2y+2 z—2t+2
d(f(xay)af(z,t)) = v y _ .

8 8
x—2z)— 2y — 1 1
=R (w020 + ). 900)
1 1 d(g(z), g(z d ,
<4d<g<x>,g<z>>+4d<g<y>,g<t>>:so( ) o Aaty) g(t”) V(z,y) € Xn(2,1),

t
which is exactly (5.76|) for o(t) = 5 So, by Theorem |5.3.164), we obtain that f and g

30 30
have a coupled coincidence point, | ——, ——|.
53" 53

4.2. An application

Let us consider the following nonlinear matrix equation:
p q
(5.91) G(X)=Q+ ) AT(X)A - B;K(X)B;
i=1 j=1

where () € P(n) is a positive definite matrix (we denote @ > 0), A;, B; are arbitrary
n x n matrices and G, K,T : H(n) — P(n), are three continuous order preserving
mappings such that 7'(0) = G(0) = K(0) = 0, where M(n) denotes the set of all n xn
matrices, H(n) the set of all n x n Hermitian matrices and P(n) the set of all n x n
positive definite matrices, P(n) C H(n) C M(n).

If, in H(n), we introduce a relation of order "<", we get a partially ordered set
where every matrix has a lower and an upper bound. Furthermore, let F' : H(n) x
H(n) — H(n) be a mapping having the mixed monotone property, F(X,Y) = @Q +

i ATT(X)A;— X1, B;K(Y)B; (see Equation (5.91))). Thus,the coupled coincidence
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points of F' and G are, in fact, the solutions of Equation(5.91)).

In the following results we will discuss the existence and uniqueness of a solution
of Equation (}5.91]).

THEOREM 5.4.172. Let C' € P(n) and M a positive number such that:
(1) Y(X,Y) € H(n)<(U,V), we have

1
or(T(U) = T(X)| < 7 |er(U = X))

and

1
[tr(K(Y) = KE(V)| < 57 ltr(y = V][5

M M
(2) $Iy A A < oy and S0y BBy <
(8) X1 AT F(2C)A; < C, and Y-, BjG(2Q)B; < Q.
Then there exist X*,Y* € H(n) such that F(X*,Y*) = G(X*), and F(Y*, X*) =
G(Y™).
Proof: Let (X,Y) € H(n)<(U,V). Then T'(X) < T(U) and K(Y) > K(V). Thus,
we have

U, V) = F(X, V)|, =tr(F(U,V) = F(X,Y)) =

im&wwawwmﬂim&mwwmem:

Zp:tr(Ain(T( U) - ) + Ztr (BB (K(Y)— K(V))) =
7«iAMMﬂm— +m~i V)~ K(V)) <

iMﬂw—ﬂmm+

q
> BB | IK(Y) = KVl <
j=1
IS0 Ak S51 B;B;
A4|W—XM+HA1JIW—Wh
g I A (|55 BB
a Mo M

From the second assumption and Lemma [4.4.132] we have A < 1, so the contractive
condition of Theorem is satisfied, V(X,Y) € H(n)<(U,V). From the mixed
monotone property of F' and the last assumption we get the conclusion of the theorem,
that is, there exist X*,Y* € H(n) such that F(X*,Y*) = G(X*), and T(Y*, X*) =
G(Y™). 0
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THEOREM 5.4.173. Under the assumptions of Theorem|5.4.172, the Equation ((5.91))
has a unique solution X € H(n).

Proof: It is known that every matrix X € H(n) has an upper bound and a lower
bound. In consequence, for any matrix pairs (X1, Y1), (Xs,Y2) € H(n) x H(n) there
exists a pair (U,V) € H(n) x H(n) such that (X1,Y7), (X2, Y2) € H(n)<(U,V). The

conclusion follows using Theorem [5.3.159, Thus, we get that X* Y* from Theorem

5.4.172 are unique and X* = Y* = X. O
REMARK 5.4.174. If, in Theorem |5.4.179, resp. [5.4.175 we let G(X) = X, we

obtain Theorem 3.3, resp. 3.5 in [9].



CHAPTER 6

Tripled coincidence point theorems in metric spaces

endowed with a reflexive relation

1. Tripled coincidence points of mixed g — R—monotone operators

The following concepts are extensions of the notions presented in [37] and [38] for

the case of tripled coincidence points in metric spaces endowed with a reflexive relation.

1.1. Definitions

In this section we extend and generalize notions related to coupled and tripled
coincidence points in partially ordered metric spaces for the case of tripled coincidence

points in metric spaces endowed with a reflexive relation.

NOTATION 5. Let X be a nonempty set and let f : X x X xX — X andg: X — X
be two mappings. Then

(1) We will denote by f°(x,y,z) = x and

fi @y 2) = FU Ny, 2), /7 Wy, y), /7 (20, 2),

forall z,y,z € X,n € N.
(2) We will denote by ¢°(x) = z and g"(x) = g(z" (z)), for allx € X,n € N.
(8) The cartesian product of f and itself is denoted by f x f and it is defined by

[ flxy,z) = (f(z,y,2), [y, 2.9), f(z,9,2)).
(4) The cartesian product of f and g is denoted by f x g and is defined by

(f xg)(w,y,2) = (9(f(z,y,2)),9(f(y,2,9)),9(f(2,y,7)))

DEFINITION 6.1.175. Let X be a nonempty set and let R be a reflexive relation on
X, f: X3 = X,g:X — X. The mapping f has the mized-g — R—monotone

property on X if (f x g)(Xg(2,y,2)) € Xr((f x 9)(2,y,2)), for all (z,y,z) € X°.

DEFINITION 6.1.176. An element (z,y,2) € X3 is called lower-R—tripled coin-
cidence point for f and g, if (f X g)(z,y,2) € Xgr(z,y,2).

Next, starting from the orbital continuity presented in [9], we will define the orbital
g-continuity of a mapping f.
98
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DEFINITION 6.1.177. Let X be a topological space and f : X3 — X be a mized
g — R—monotone mapping, g : X — X. We say that f is orbitally g-continuous
if (z,y,2),(a,b,c) € X3 and f™*(x,y,2) — a, f*(y,z,y) = b, f™*(2,y,z) — ¢, when
k — oo, implies f™*'(x,y,2) = g(a), f* (y,z,y) = g(b) and [+ (z,y,2) — g(c),
when k — oo.

1.2. Existence and uniqueness theorems

THEOREM 6.1.178. [61] Let (X,d) be a complete metric space, R be a binary re-
flexive relation on X such that R and d are compatible. If f : X® — X and g: X — X

are two mappings such that
(i) f is mized g — R-monotone;
(ii) f is orbitally g-continuous;

(iii) there exist k,l,m € [0,1),k+1+m < 1 such that

(6.92) d(f(w,y,2), f(t,u,v)) <k-d(g(x),g(t)) +1-d(g(y), g(u)) +m-d(g(2), g(v)),
V(x,y,2) € Xg(t,u,v);

(iv) f and g have a lower-R-tripled coincidence point;
(v) f(X?) € g(X);
(vi) g is continuous ;

(vit) f and g commute.

Then f and g have a tripled coincidence point, i.e., there exists (x,y,2) € X3 such that
[y, 2) = g(x), fly,2,y) = g(y) and f(z,y,2) = g(2).

Proof: Since f and g have a lower-R-tripled coincidence point, let (zg,yo, z0) be
it. Thus, (f % g)(%o, Y0, 20) € Xr(To, Yo, 20)-

From (i) we have that (f X ¢)(Xr(zo,%0,20)) € Xr((f X 9)(%0, Y0, 20))-
Further, it can easily be checked that

(9" (f(z0,90,20)), 9" (f (W0, T0, Y0)), 9" (20, Yo, T0))

€ Xr(g" " (f (0, Y0, 20)), 9" (f (W0, %0, 40)) 9"~ (f (20, Yo, T0)))-
Since f(X?) C g(X), let x1,91,21 € X such that g(z1) = f(zo,%0,2), 9(y1) =
(o, o, %0), g9(z1) = f(20,%0,%0) and so on. Step by step, we obtain the sequences
{z,}, {yn} and {z,} such that
(693) g(l’n+1) = f(xn, Yns Zn)ag(yn+1> = f(yn>$n7yn)7g(zn+l) = f(zna Yn, xn)

Now, using (iii), we have that

d(f<gn(f<x07 Yo, ZO))7 gn<f(y07 Zo, yU))? gn(Z(Ja Yo, IO))v
F(@" T (F (0,90, 20)), " (f (Yo, %0, %0)), 6" (f (205 Y0, 0))))
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< k" - d(g(g"(f (20, Y0, 20)))> (g™ (f (20, Yo, 20))))+
1" - d(g(g" (f (Yo, 70, %0))), 9(9" " (f (Y0, 0, %0))))
+m" - d(g(g" (f (20,90, %0)))> 9(4" " (f (20, Y0, %0))))
< d(f(g"(f(20, Y0, 20)), 9" (f (W0, To, Y0)), 9" (f (20, Yo, 0))),
F(g" " (f (20, 90: 20)): 9" (f (o, %0, %0)). 9" (f (20, Y0, %0))))
< E"-d(g" M (f (0, Yo, 20)), 9" (f (20, Y0, 20)), 9" (f (20, Yo, 20))) +
1" - d(g" " (f(yo: 20: %0)), 4" (f (Yos 20, %0)): " (f (Y0, 20, 90)))
+m™ - d(g" " (f (20,90, %0)), 9" (f (20, Y0, 0)), 9" (f (20, Y0, 0)))
< d(f(g"(9(x1)): 9" (g(y1)), 9" (9(2))), F(9" " (g(21)), g"(9(w1)), " (9(21))))
< K"d(g" (g(21)), 9" (9(@0)))H"d(g"  (g(y1)), 9" (9(y1)+m"d(g" (9(21)). 9" (9(21)))
S d(f(g"H(21), 9" (1), 6" (1), F(g" (1), 6" (11)g" (1))
<K d(g" (), g (@) + 1 d(g" (), 97 () - d(g" (1), 6 (1)
This implies that {g" (1)}, cy is a fundamental sequence in X.

Now, because (X, d) is a complete metric space, there exist z,y, z € X such that

(6.94) lim g(z,) =z, lim g(yn) =y, lim g(z,) = z.

n—o0

From the continuity of g, we get

lim g(g(zn)) = g(x), lim g(g(yn)) = g(y), lim g(g(z.)) = g(2).

n—o0

Because f and g commute, and from ([6.93]), we have

9(9(wni1)) = 9(f(Tns Yns 20)) = F(9(70), 9(Yn), 9(20)),

9(9Wns1)) = 9(f Wns T Yn)) = F(9(Yn), 9(70), 9(Yn)
and

9(9(zn41)) = 9(f (zn, Yy ) = f(9(20), 9(Yn), 9(2n)
From ([6.94)) and the orbital continuity of f we get

g9(x) = f(z,y,2),

9(y) = f(y,x,y)
and
9(z) = f(z,y,2).
O

COROLLARY 6.1.179. [61] Let (X,d) be a complete metric space, R be a binary
reflexive relation on X such that R and d are compatible. If f : X3 — X and g : X —
X are two mappings such that

(i) f is mized g — R-monotone;

(ii) f is orbitally g-continuous;
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(iii) there exist o € [0,1) such that

(6.95)

d(f(2,y,2), [(t,u,0)) < 5 - [dg(2), g(w) + d(g(y), 9(v)) + d(g(2), 9(t))],¥(2,y, 2) € Xr(t, u, v);

wl e

(iv) f and g have a lower-R-tripled coincidence point;
(v) F(X?) Cg(X);

(vi) g is continuous ;

(vit) f and g commute.

Then f and g have a tripled coincidence point, i.e., there exists (x,y,z) € X? such that
[y, 2) = g(x), f(y,z,y) = g(y) and f(z,y,2) = g(2).

Q
Proof: From the proof of Theorem |6.1.178, for k = [ = m = ik € [0,1), there
exist x,y, z € X such that

g(r) = f(2,y,2),

9(y) = f(y,z,y)

and
9(z) = f(z,y,2).
O
THEOREM 6.1.180. In addition to the hypothesis of Theorem|6.1.178, suppose that

for every (x,y,2),(T,7,%) € X3, there exists (t,u,v) € X3 such that (g(z),9(y), 9(2)),

(9(Z),9(¥),9(z)) € Xr(f(t,u,v), f(u,t,u), f(v,u,t)). Then f and g have a unique
tripled coincidence point.

Proof: According to the proof of Theorem [6.1.178| there exist T,7,Z € X such
that f(7,79,2) = 9(%), f(¥,7,7) = g(¥) and f(Z,7,T) = g(Z). We have to show that, if

(x,y, z) is another coincidence point for f and g,

d((9(®), 9(). 9(2), (9(), 9(y), 9(2))) = 0.
Because both (x,y, z) and (7,7, %) are tripled coincidence points, we have
9(@) = f(z,y,2),9(y) = [y, %,y),9(2) = f(2,y,2)

and

9(z) = f(z,7. 7).
Now, let ug = u, vo = v and tg = t. Then, there exist ¢, u;,v; € X such that g(t;) =

f(to, uo,v0), gur) = f(uo, to, ug) and g(vy f(vo, ug, o). Using the same procedure as in
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the proof of Theorem [6.1.178, we obtain the sequences {uy}, o, {Vn ey a0d {tn},cn

where

9(tnsa = [t tn; 0n), g(tng1) = f(un, tn, tn) and g(vni1) = f(0n, Un, t).
Furthermore, let xo = 2,990 = y,20 = z and Ty = 7,70 = ¥, 20 = 2. Thus, we obtain
the sequences {Z,}, ey > {Un fnen s 120 tneny A0A {Zn}en s 1T Fnen - 120 nen Such that

9(xn) = f(@,y,2), 9(yn) = [ (Y, 2,9),9(za) = f(2,y,2)
and
9() = [(7.9,2),9(,) = f,7,9),9() = [(2,9,7).
From the hypothesis, we have that there exists (¢,u,v) € X3 such that
(9(2),9(y), 9(2)), (9(T), 9(), 9(2) € Xr(f(t,u,v), f(u,t,u), f(v,u,1)).
From (g(z0),9(v0), 9(20)) € Xr(f(t,u,v), f(u,t,u), f(v,u,t)) and the completeness of

the metric space it follows that
(f"(g(20), 9(%0), 9(20)), f"(9(¥0), 9(x0), 9(%0)), [™(9(20), 9(%0), 9(20)))
€ Xp(f"(tu,v), f (st u), f7 (0, u,1))
Also, by using the contractivity condition, we have
d((f"(g(20), 9(y0): 9(20)), [ (8, u,v)) < K" -d(g(wo), f(t,u,0)) +1"-d(g(yo), f(u,t,u))
+m" - d(g(z0), f(v, u,1)),
d((f"(9(v0), 9(x0), 9(Wo)), F* " (u, t,u)) < k™ -d(g(xo), f(t,u,0))+1"-d(g(yo), f(u,t,u))
+m" - d(g(20), f(v, u,1))
and
d((f™(9(20), 9(w0), 9(0)), [ (v, u, 1)) < E™-d(g(xo), f(t, u,0)) +1"-d(g(yo), f(u, t,u))
+m” - d(g(z0), f(v, u,1)).
Summing up, we obtain that
d((f"(g9(x0), 9(y0): 9(20)), f™ (8w, v) + d((f"(9(y0) 9(20), 9(y0)), [ (u, b, u))+

d((f"(9(20), 9(v0), 9(0)), f*H (v, u, 1)) < 3" - d(g(xo), f(t, u,v))
+3ln ’ d(g<y0)7 f(uv tv u)) + Smn : d(g(20)> f(U, u, t))
But xg =z, yo = y and zp = z. We obtain

d((f™(g(x), 9(v), 9(2)), [Tt u,0) + d((F(9(y), 9(x), g(y)), f* (u, t,u))+

d((f"(9(2), 9(y), 9(x)), [ (v, u, 1)) < 3K™ - d(g(x), f(t, u,v))
+30" - d(g(y)a f(u>t7u)) +3m” - d(Q(Z)v f(v,u,t)).
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Letting n — oo we obtain that

lim d(g(z), f(t,u,v)) = 077111_%10 d(g(y), f(u,t,u)) =0

n—oo
and lim d(g(2), f(v,u,1)) = 0.

Similarly, we obtain that

lim d(g(f), f(tv u7v)) = 077}LHgO d(g(y)7 f(u7t’ u)) =0

n—oo
and lim d(g(2), f(v,u,1)) = 0.

Now, using the triangle inequality, we have

d(g(x), 9(x)) < d(g(x), [(t,u,v)) + d(f(t,u,v),9(F)) = 0, when n — oo,

d(9(y), 9(@)) < d(g(y), f(u, v,1)) + d(f(u, t,u), 9(y)) = 0, when n — oo

and
A(g(2), 9(2)) < d(g(=), f(0,t,0)) + d(f(v, 1, 1), 9(Z)) = 0, when n — o,
so the proof of the theorem is complete. O

The next result is obtained by replacing the contraction (6.92)) with one that uses

the mapping ¢ defined in Chapter , following the idea in [53]. Thus, we obtain :

THEOREM 6.1.181. [61] Let (X,d) be a complete metric space, R be a binary re-
flexive relation on X such that R and d are compatible. If f : X3 — X andg: X — X
are two mappings such that

(i) f is mized g — R-monotone;
(7i) f is orbitally g-continuous;
(iii)

(6.96)

d(g(x),g(t)) +d(9(y),g(uw)) + d(g(2), g(v))
3

d(f(m7 y’ 2)7 f(t7 u’”)) S SD ( ) 7V(x7y’ 2) E XR(t7 u7 U)7

where p € O;
(iv) f and g have a lower-R-tripled coincidence point;
(v) F(X%) C g(X);
(vi) g is continuous ;

(vit) f and g commute.

Then f and g have a tripled coincidence point, i.e., there exists (z,y,z) € X> such that
[y, 2) = g(x), f(y,7,y) = 9(y) and f(z,y,2) = g(2).
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Proof: From the hypothesis, we know that f and g have a lower-R-triple coin-
cidence point; let (zg,yo, 20) be it. Thus, using the definition of the lower- R-tripled
coincidence point, it follows that (f x g)(zo,v0, 20) € Xr(%0, Yo, 20)-

From (i) we know that (f x ¢)(Xgr(xo, %0, 20)) C Xr((f % 9)(z0, Y0, 20))-
Further, it can easily be checked that

(9" (f(z0,¥0,20)), 4" (f (W0, T0, o)), 9" (f (20, Yo, 0)))
€ Xr(9" ' (f (20,90, 20)), 9" " (f (o, %0, Y0)), ¢" " (f (20, Yo, T0)))-
Since f(Xg) - Q(X), let @1,y1,21 € X such that 9(371) = f($07y0720)7 9(211) =
f (o, o, y0), 9(z0) = f(z0, %0, 7o) and so on. Thus, we obtain the sequences {x,},{y.}
and {z,} such that
(6'97) g(xn+1) = f(xna Yn, Zn)ag(yn-i-l) = f(yn’xn,yn) and Q(Zn+1 = f(zm Yn, xn)

Let’s consider the nonnegative sequence {1}, . such that 7, = d(g(xn41), 9(zn)) +

d(9(Yn+1), 9(yn)) + d(9(2n11, 9(20)), 0 € N*.
Now, using , (1.2) and letting = := z,,, y ;== y, and z := z,, t :== Tp_1, U 1= Yp_1

and v := z,_1, we obtain
d(.g(xn-i-l)a g(xn)) - d(f($n7 Yn, Zn)7 f(xn—la Yn—1, Zn—l)) S

; (d(g(:vn),g(wnl)) +d(9(Yn), 9(Yn-1)) + d(g(zn),g(znl))) . (nn1>

3

d(g<yn+1)7 g(yn)) = d(f(yn, Tn, yn)7 f(yn—l, Tp—1, yn—l)) <
. (d(g(xn)yg(l’n—l)) +d(g(Yn), 9(Yn-1)) +d(g(zn),g(zn—1))) . (nn_1> |

3
and

d(Q(zn-H)a g(zn)) - d(f(zna Yn, xn)7 f(zn—la Yn—1, In—l)) <
. (d(g(ﬁn),g(%—l)) +d(g(Yn), 9(Yn-1)) +d(g(zn),g(zn—1))> . (%—1) |

3 3

By summing up the last three relations, we obtain that

d(g(xn11), 9(xn)) + d(g(Yn+1), 9(Wn)) + d(9(2n11), 9(20)) = 10 < 3- ¢ (nng_l) '

Now, using the properties of ¢, we have that

(6.98) <3 (77"31) <3 77"31 = 1.

Thus, {7, },cn- is a decreasing and nonnegative sequence. Therefore, there exists ¢g > 0
such that

lim = &p.
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Now, we will prove that ¢ = 0. In (6.98)), let n — oco. Using (the second condition
satisfied by ¢) from Chapter , we have

. Nn—1 -1
€= 0.t < 3- Jgfgov( 3 ) —3'%13135%%0( 3 ) < €0,
which is a contradiction. Thus, lim 7, = 0 and, consequently, lim d(g(zpi1),9(zn)) =

0, lim d(g(yn+1),9(yn)) = 0 and lim d(g(zn41),9(zn)) = 0.
Next, we will prove that {g(zn)},,cny {9(Un) ey and {g(2n) },,cn are Cauchy sequences.

Suppose that at least one of them is not a Cauchy sequence. Then, there exists a

constant > 0 and two integer sequences {n;(k)} and {ns(k)}, such that

(6.99) i := d(9(Tny(k))> 9(Tny(k))) + AGIYnok))s 9 Wi k) + (G Znak))s 9(2ni 1)) =6,

where ny(k) > nq(k) > k, k € N*. We chose ny(k) to be the smallest integer satisfying
ni(k) > na(k) > k and (6.99). Then, we have

(6.100) d(g(Tny(k))s 9(Xny(k)—1)) + (G WYnsk)) s 9(Yna(ky-1)) + d(9(2na () )5 9(2ny (1) 1) < 0.

Now, using the triangle inequality and the last two inequalities ( and (6.100)),

we have

0 < d(9(Tny(r)) 9(@ny(i))) + AG(Ynax))s 9(WUnyk))) + A(G(Znar))s 9(Zna (1))
< d(9(Tny0)), 9(@ni)-1)) + A(G(Tn1 1)) 9(Tna(r)))

Fd(9Wna () 9Yni)-1)) + AG(Yn1 1)), 9 Yna(r)))

d(9(2na(k))s 9(Zn0)-1)) + d(9 (21 (k) 9(Zns(k)))

< d(G(@Tnak))s 9 @i ) + AGYnar))s 9(Yni(r))) + d(G(2na(r))s 920 (x))) + 0

For k£ — oo we obtain

lim s, = hm [d(g(xnz(k))7g<xn1 k))) +d( (ynz(k))vg(ym k))) +d( (an k)) g(zm(k)))] = 9.

k—o0

Next, we will show that § = 0. Supposing the contrary, we have

Sg = ( ($n2 k))ag(l'fu )) +d( (ynz ))7g(yn1 k))) +d( (an(k))’g(znl(k)))

< d(9(@ni())s 9( Ty +1)) + A9 (@0, 1)+1), 9(Tna)))
+d(9Yni(6))s 9Yni 1)) + G Yy 0)+1): 9 (Yna)))
Fd(9(2n1)); 921 0)+1)) + (9 (20 0)4+1), 9 (Zna(i)))
= My (k) + (9T k)+1), 9 (Tna 1)) + AGYna0)+1)5 9WUnaw)) + A9 (2ns ) +1), 9 (Znar))

(6.101)
S My (k)+"7n2(k)+d(g(xn1 (k)+1)7 g(mnz(k)+1))+d<g(yn1(k)+1)a g(ynz( ))+d< (znl )+1)a g(ZVLQ(k)Jrl))'

But

d(g(xn1(k)+1>7g(xnz(k)+1))+d( (yn1 (k)+ )7g(ynz(k)—l—l))d(g(znl(k)-‘rl)7g(ZHQ(/C)-‘rl))
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(f(xnl(k Yny (k) an(k)), f(xnz(k)7 Yna (k) an(k)))
(f(ynl(k Ty (k)s ynl(k)>7 f(ynz(k)7 Tng(k)s yng(k)))
Fd(f(2ny (k) Yna (k)> Ty (8)) s f (Zna(k)s Yna (k) Tna(k)))

. (d(g(xm< 1) 9(Tna(k))) + A(GYni))s G Ynay) + (9201 1)) g(zmuc)))
3

<2

+

Now, returning to ((6.101f), we have

Sk
Sk < Ny (k) + Moy T2 ¢ <3> .

Let £k — oo. We obtain

5<31i il [N k) <5

Thus, we have that 0 < ¢ which is clearly a contradiction.

Consequently, {g(xn)},cn> 19(Un) hen and {g(2n)},cn are Cauchy sequences in the
complete metric space (X,d). Since X is complete, there exist Z,j and Z such that
g"(x,) = T, g"(yn) — Yand g"(z,) — yasn — oo. Which means that /" (z,, y,, 2,) —
Z, " (Y, Ty yn) — ¥ and f" (20, Y, xn) — Z, as n — oo. Using the orbital g-

contimuity of f, we get that F (T, g, 2) = G(7), " (s Fs ) = 9(F) a0 " (2 Yoo ) =
g(z), as n — oo, that is, (T,7,%) is a tripled coincidence point for f and g. O

THEOREM 6.1.182. [61] In addition to the hypothesis of Theorem |6.1.181), sup-
pose that for every (z*,y*,z*),(T,y,Z) € X3, there exists (t,u,v) € X> such that

g have a unique tripled coincidence point.

Proof: From Theorem [6.1.181], there exist 7,7,z € X such that f(Z,7,z) = g(T),
f@,7,9) = g(m) and f(,Z,7,T) = g(Z). We have to show that, if (z*,y*, 2*) is another

coincidence point for f and g,

d((9(z),9(@), 9(2), (9(z"), 9(y"), 9(z"))) = 0.

Since (x*,y*, z*) and (Z,7,z) are both tripled coincidence points, it follows that
g9(a") = f@" 5", 2), 9(y") = fy", 2" y7), 9(2") = f(2", 97, 2%)
and
9(@) = [(,9,2),9(9) = [(#:7,9),9() = [ (2,7, 7).
Now, using the hypothesis of Theorem , from f(X3) C g(x), t
X? such that g(t1) = f(to, uo, vo), g(u1) = f(uo, to, o), g(v1) = f(vo, uo, o) . Using the

there exist t1, uy,v; €
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same procedure as in the proof of Theorem [6.1.178] we build the sequences {u,}
and {v,}

neN

neny Where

9(tns1) = f(tn, Un, V), g(Uunt1) = f(tn, tn, uy) and g(vne1) = f(vn, Un, th).
Next, let zop = 2*,y0 = y*, 20 = 2" and Ty = Z,%y = ¥,20 = y. Thus, we obtain the
sequences {25}, 5 Ui boen > 12 Foen 1% boens {00t nen a0d {Z5 },cy such that

g9(wy) = f(@%,y%,27),9(yn) = F(y7, 2%, 7). 9(2) = f(20, 97, 27)
and
9(@n) = [(,9,2),9(W,) = f@,7,9),9(z0) = [(2,9,7).

From the hypothesis, we know that there exists (¢,u,v) € X such that

(9(z"),9(y"), 9(2"), (9(T), 9(), 9(2)) € Xr(f(t,u,0), fu,t,u), f(v, u,t)).
From (g(z0),9(v0), 9(20)) € Xr(f(t,u,v), f(u,t,u), f(v,u,t)) and the completeness of

the metric space it follows that
(f™(9(z0), 9(y0). 9(20)), f"(9(y0), 9(x0), 9(%0)), f" (9(20), 9(¥0), 9(20)))
€ Xp(f"(t,u,v), f* (st u), f7H (0,u,1))
Also, by using the contractivity condition, we have
d(f™(g(wo), 9(y0): 9(20)), [ (t, u,v)) <
. (d(g(wo% ft,u,0)) + d(g(yo), g(u,tm)) +d(g(20), f (v, w))) |

d(f™(9(y0), 9(x0), g(w0)), S (u, t,u)) <
(d(g(l’o% f(t,u,v)) +d(g(yo), f(u,t,u)) +d(g(20), f(v, wt)))
3

¥

and
d(f"(9(20), 9(y0), 9(0)). [ (v,u, 1)) <
o (d(g(x(])? f(t, u, U)) + d(g(yo)a f(u7 t? u)) + d(g(ZO)7 f(U, u, t))) .

3

By summing up, we obtain that

d(f"(9(w0), 9(%0), 9(20)), [ (, w,v)) + d(f™ (9(v0), 9(w0), 9(%0)), £ (u, 8, w))

+d(f"(9(20), 9(30): 9(0)), [T (v, u, 1))
(d(g(l'o)a f(tv u, U)) + d<g(y0>7 f<u7 tv u)) + d(Q(ZO)v f(?), u, t)))
3 .

<3-¢

But xg = z*, yo = y* and zy = z*. We obtain
d(f™(g(x*), 9(y*), (")), 7t w,0) +d(f(g(y"), 9(2*), 9(y*)), 7 (u, b, )
+d(f"(9(2"), 9(y"), g(2")), [ (v, u,1)) <



608'RIPLED COINCIDENCE POINT THEOREMS IN METRIC SPACES ENDOWED WITH A REFLEXIVE RELATION

3., (d(g(fC*), St u,0)) +dg(y*), fu, t,u)) + d(g(z7), f(v,u, t)))
3 :

Letting n — oo we obtain that

lim d(g(z*), f(t,u,v)) =0, lim d(g(y*), f(u,t,u)) =0 and lim d(g(z*), f(v,u,t)) = 0.

n—o0 n—oo n—o0

Similarly, we obtain that

lim d(g(®), f(t,u,v)) =0, lim d(g(2), f(u,t,u)) = 0 and lim d(g(2), f(v,u,)) = 0.

n—oo

Now, using the triangle inequality, we have
d(g(x*), 9(2)) < d(g(a"), F(t,u,v)) + d(f(t,u,v), (&) = 0, when n — oo,

d(g(y*), 9(m)) < d(g(y), f(u,t,u)) + d(f(u,t, u),g(F)) = 0, when n — oo,
and
d(g(z%),9(2)) < d(g(z"), f(v,u,t)) + d(f(v,u,t), g(2)) = 0, when n — oo,
so the proof of the theorem is complete. O

Now, by symmetrizing the contraction condition, using the idea in [26], we obtain

the following result:

THEOREM 6.1.183. Let (X, d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X® — X and g : X — X are

two mappings such that
(i) f is mized g — R-monotone;
(ii) f is orbitally g-continuous;
(iii)
(6.102)  d(f(z,y,2), f(t,u,v)) +d(f(y,2,y), [(u,t,u)) + d(f(z,y,2), f(v,u,1) <
30 (d(g(ﬂf% 9(t) + d(g(y). 9() + d(g(2), g(v))

i ) V(w,9.,2) € Xnlt,u,0);

(iv) f and g have a lower-R-tripled coincidence point;

(v) F(X?) € g(X);
(vi) g is continuous ;

(vii) f and g commute.
Then f and g have a tripled coincidence point, i.e., there exists (z,y,z) € X3 such that
f,y,2) = g(x), fly,2,y) = g(y) and f(z,y,x) = g(2).

Proof: The prove this result, we will follow the steps from the proof of Theorem
: Since f and g have lower-R-tripled coincidence point, let (xo,yo, 20) be it.
Thus, (f x g)(z0, Yo, 20) € Xr(Z0, Yo, 20)-
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From (i) we have that (f x ¢)(Xr(xo, %0,20)) € Xr((f X g)(x0, Yo, 20))-

Further, it can easily be checked that

(6.103) (" (f (0,0, 20)), 9" (f (W0, %0, Y0)), 9" (f (20, Yo, 0))) €
Xr(g" ' (f(20, 50, 20)), 9" (f Wo, %0, %0)), 4" (f (20, Yo, T0)))-

Since f(X?) C g(X), let z1,y1,21 € X such that g(z1) = f(xo,%0,20), 9(y1) =
fo, o, y0), g(z1) = f(z0,%0,20) and so on. Step by step, we obtain the sequences
{z,}, {yn} and {z,} such that

(6.104) 9(@ni1) = f( @0, Yn 2n), GWns1) = f Yns Tns Yn), 9(Zns1) = f(20, Yn, Tn)

Let’s consider the nonnegative sequence {n,}, . such that 1, = d(g(xp41), 9(x,)) +

d(g(Yn+1), 9(Yn)) + d(g(2n11,9(2n)), n € N*,
Now, using (6.102)), (6.103) and letting = = x,, ¥y = y, and 2z = z,, t := x,_1,

U= Y,_1 and v := z,_1, we obtain
d(f(xnv Yn, Zn)7 f(xn—la Yn—1, Zn—l)) + d(f(Qna T, yn)a f(yn—17 Zn—1, xn—l))
+d(f(zn7 Yn, $n)> .f(zn—la Tn—1, yn—l)) = d(g($n+1)> g(xn))

+d(9(Yn+1), 9(yn)) + d(g(2n+1), 9(20)) <

; (d<g<xn>,g<mn_1>> +d(g(yn»g(yn_md(g(zn),g(zn_n)) B (n)
© —vl3

3
Thus, we have that

(6.105) M1 <3¢ (77;)

Using the proof of Theorem [6.1.181) we have that {1, },y- is decreasing and nonnega-

tive. Therefore, there exists g > 0 such that

lim = £p.

Now, we will prove that g = 0. In (6.105]), let n — oco. Using (the second condition
satisfied by ¢) from Chapter [5 we have

o = lim 7,4y < 3- lim (ZT) — .%132)+¢ (g”) < €.
So we have that g < ¢,, which is, clearly, a contradiction.
Thus, lim 7, = 0 and, consequently, lim d(g(xns1),9(zn)) =0,
Jim d(g(yni1),9(yn)) = 0 and lim d(g(zn1), 9(2n)) = 0.
Next, we will prove that {g(zn)},.eny {9(Un) }en and {g(2n) },,cn are Cauchy sequences.
Suppose that at least one of them is not a Cauchy sequence. Then, there exists a

constant d > 0 and two integer sequences {n;(k)} and {n2(k)}, such that

(6.106) 51 := d(g(Tnyk))s 9(Tny (k) + G Ynar))s 9 Wi ())) +A(G(Znai))s 92y 1)) = 0,
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where ni(k) > no(k) > k,k € N*. Next, let’s chose ni(k) to be the smallest integer
satisfying ni(k) > no(k) > k and (6.106). Then, we have

(6.107) d(g(Tna(r))s 9(Tny(k)-1)) +A(GYnak))s 9 (Ui () -1)) +d(G(Zna (k) 9 (20 (1)-1)) < 0

Now, using the triangle inequality and the last two inequalities ((6.106)) and (6.107)),

we have

6 < d(9(@nyk)), 9(@ni(r))) + AG(Ynatr))s 9Yni () + A(9(zna))s 9(201 (1))
< d(g(Tny (k)5 9Ty k)-1)) + A9 (i) 9(Tna(r)))
+d(9(Yna () s 9 Ui (1)-1)) + A(G(Ynr () s 9 Yo (i)))
d(9(2na(k))s 9(Zn0)-1)) + d(9 (21 (k) 9(2na(k)))

< d(9(Tng(i)) 9( Ty 1))) + A Ynak)s 9Wr())) + A9 (Znar))> 9(Zn 1)) + 6

For k£ — oo we obtain

k—o0

Now we will show that 6 = 0. Supposing the contrary, we have

Sk = ( ($n2 k))7 (‘Tn1 k))) + d(g(yn2( ))7g(yn1(k))) + d(g(zn2(k))7g(zn1(k)))

< d(g(znw)), 9Ty 0)+1)) + d(9( Ty (0)41), 9 (Tnar)))
+d(9Yni(6)) 9Yni+1)) + G Yy 0)+1): 9 (Yna)))
Fd(9(2n0))> 9210 +1)) + (G (2n10)4+1), 9(Zna(r)))
= Ny (k) + A9y (1)+1)s 9(Tna))) + AG(Yny)+1)s 9(Ynar))) + A (203 )+1) 9(2no)))

(6.108)
< My (6) F s (6) FA(G Ty () 5+1) > (T g ()41)) G Y (1)41) s I Yna(e)+1)) FA(G(Zny (k)41) 5 9 (Zno (i) 41))-
But

d(g(xn1(k)+l)) g(an(k’)—i-l)) + d(g<yn1(k)+l)7 g(ynz(k’)—i-l)) + d(g(zn1(k)+1)7 g(znz(k)+1))

= d(f Ty k), Yna () Zna ()5 S (Trgh)s Yo (k) Zma (k)
Fd(f (Ynr (k) s Tra (k)5 Y (8))s L (Yna()s Tra (k) s Yna (i)
+d(f (208 Y (8) Tra (k)5 [ (Zna (k) Yna (k) s Tra(r)))
<30 (d(g(flfm(k)»g(fﬂnz(k )+ d(9(Yny ()5 9Ynax))) + A(9(2ny k), g(ZnQ(k))))

Now, returning to (6.108)), we have

Sk
Sk < My (k) + Mooy T3¢ <3> '
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Let £k — oo. We obtain

5<3. i il NP il

Thus, we have that § < § which is clearly a contradiction.
Consequently, {g(zn)},en:19Wn) en and {g(2,)},cn are Cauchy sequences in the
complete metric space (X,d). Since (X,d) is complete, there exist 7 and g such
that ¢"(z,) — =, ¢"(yn) — ¥ and ¢"(z,) — Z as n — oo. Which means that
S N, Yns 20) = T, SN Yny Ty Yn) — Y and f" (2, Y, ) — Z, as n — oo. Using
the orbital g-continuity of f, we get that f™(z,, Yn,2n) = 9(T), " (Yn, Tn,Yn) — 9(7)
and f"(2n, Yn, Tn) — g(Z), as n — oo, that is, (7,7, Z) is a tripled coincidence point for
f and g.

U

THEOREM 6.1.184. In addition to the hypothesis of Theorem|[0.1.185, suppose that
for every (z*,y*, 2%), (T,7,2) € X3, there exists (t,u,v) € X3 such that (g(x*), g(y*), g(2*)),

(9®),9(7), 9(2)) € Xn(F(t,u,), Fu,t,u), f(v,u,1)). Then f and g have a unigue
tripled coincidence point.

Proof: According to Theorem [6.1.183] there exist 7,7,z € X such that f(Z,7,z) =
9(@), f(7,7,9) = g(y) and f(Z,7,T) = g(z). We have to show that, if (z*, y*, 2*) is

another coincidence point for f and g,

d((9(z), 9(¥), 9(2), (9(z"), 9(y"), g(z"))) = 0.

Because both (z*,y*, z*) and (Z,7,Z) are tripled coincidence points, we have
g(@*) = f(«",y",2%), 9(y") = f(y", 2", y"), 9(z") = f(=",y", 2")
and
9@) = f(@,9,2),9@) = f#,7.79),9() = [(z,7,7).

From f(X3) C g(X), there exist tg, ug, vo in X such that g(t;) = f(to,uo, vo), g(u1) =

f(uo, to, o), g(v1) = f(vo, up, to). Following the procedure used in the proof of Theorem
6.1.178 we obtain the sequences {t,}, .y, {Un}ney a0d {Vn},,cy, Where

9(tns1) = [(tn, tn,vn), 9(tnsr) = f(tn, tn, un) and g(vng1) = f(Un, Un, tn).

Furthermore, let o = 2%, y5 = y*, 25 = 2" and Ty = 7,9y = ¥, 20 = 2. Thus, we obtain

the sequences {7, },cn s {Un bnen s {20 tnen s 1%n tnens {Unfnew and {Zn}, such that
g(zy) = f(a", 9", 2"), 9(yn) = fF(y", 2", y"), 9(z) = f(z",y", ")

and
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From the hypothesis, we have that there exists (¢,u,v) € X3 such that
(9(z"),9(y*), 9(z"), (9(F), 9(9), 9(2)) € Xr(f (¢ u,v), fu,t,u), f(v,u1)).

From (g(xo), 9(y0),9(20)) € Xr(f(t,u,v), f(u,t,u), f(v,u,t)) and the completeness of

the metric space it follows that

(f"(9(z0), 9(v0), 9(20)), ["(9(¥0), 9(20), 9(0)), ["(9(20), 9(0), 9(¥0)))
€ Xr(f" M (t,u,v), f"(u, t,u), (v, u,t))
Also, by using the contractivity condition, we have
d(fn(g(fb’o)a g<y0)7 g(ZO>>7 fnJrl(t? u, U)) + d(fn<g<y0)a 9(20>7 g(l'o)), fnJrl(u? t? u))

+d(fn(g(20)7 9(%)7 g(y()))’ fn+1 (U7 u, t)) S
0 <d<g(l‘0)v f(t’ u, 'U)) + d(g(yo)v f(uv t? u)) + d(g(ZO)7 f(va u, t))) '

3
But zj = 2, y; = y* and 2§ = z*. We obtain
d(f"(g("),9(y™), 9(z), f (tu,0) + d(f"(9(y™), 9(27), g(y), [ (u, t )
+d(f(9(=7), 9(y"), 9(2")), f" (v, u, 1)) <
; (d(g(w*), St u,0)) +d(g(y"), f(u, t,u)) + d(g(2"), f (v, uat))) '

3

Letting n — oo we obtain that

Tim d(g(a*), J(t,u,v)) = 0, lim d(g(y"), f(u,t,u) = 0 and lim d(g(="), f(v,u,1)) = 0.

n—oo

Similarly, we obtain that
Jim d(g(@), £t w,0)) =0, Jim d(g(), £(u,t,w)) =0 andJim d(g(=), f(v,u,1)) =0,
Now, using the triangle inequality, we have

d(g(2*), 9(7)) < d(g(a*), F(t,u,v)) + d(f(t,u,v), 9(&)) = 0, when n — oo,

d(g(y"), 9(m)) < d(g(y*), f(u,t,u)) +d(f(u,t,u),g(7)) — 0, when n — oo
and
d(g(z"),9(z)) < d(g(z"), f(v,u,t)) +d(f(v,u,t),g(Z)) — 0, when n — oo

which means that

g(@*) = g(7),

9(y*) = 9(y)
and

9(z") = 9(z)
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Next, we let o(t) = kt,k € [0,1). It is easy to check that conditions () and
still hold. We obtain the following result:

THEOREM 6.1.185. Let (X, d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X3 — X and g : X — X are
two mappings such that

(i) f is mized g — R-monotone;
(ii) f is orbitally g— continuous;
(1) there exist k € [0,1),k < 1 such that

(6.109)  d(f(z,y,2), f(t,u,v)) +d(f(y,z,y), f(u,t,u)) +d(f(z,y,2), f(v,u,t))
<k-[d(g(x),g(t) +d(g(y), g(u)) + d(g(2), 9(v))],V(z,y, 2) € Xg(t,u,v);

(iv) f and g have a lower-R-tripled coincidence point;
(v) f(X?) C g(X);
(vi) g is continuous ;

(vit) f and g commute.
Then f and g have a tripled coincidence point, i.e., there exists (z,y,z) € X3 such that
[y, 2) = g(x), fly,2,y) = g(y) and f(z,y,2) = g(2).

Proof: In Theorem [6.1.183] let o(t) = kt, k € [0, 1). O

THEOREM 6.1.186. In addition to the hypothesis of Theorem [0.1.185, suppose that
for every (z,vy,2), (T,7,z) € X3, there exists (t,u,v) € X3 such that (g(z), 9(y), 9(z)),

(9(Z),9(m),9(2)) € Xr(f(t,u,v), f(u,t,u), f(v,u,t)). Then f and g have a unique
tripled coincidence point.

Proof: In Theorem [6.1.182] let (t) = kt, k € [0, 1). O

REMARK 6.1.187. If, in Theorem |6.1.178, resp |6.1.180} we let R =<, assume that
either f is continuous or the regularity condition|[q holds, we obtain Theorems

resp. (5.1.147 from [37].

REMARK 6.1.188. If, in Theorem [0.1.185, we let R =< and we assume that f is
continuous, we obtain Theorem |5.1.155 from [13].

2. Tripled coincidence points of R—monotone operators

The following concepts are extensions of the notions presented in [37] and [38] for

the case of tripled coincidence points in metric spaces endowed with a reflexive relation.
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2.1. Definitions

In this section we extend and generalize notions related to coupled and tripled
coincidence points in partially ordered metric spaces for the case of tripled coincidence

points in metric spaces endowed with a reflexive relation.

NOTATION 6. Let X be a nonempty set and let f : X x X xX = X andg: X — X
be two mappings. Then

(1) We will denote by f°(x,y,2) =z and

fn(l*’ y7 Z) = f(fn_l(x’ y? Z)? fn_l(y7aj7 Z)? fn_l(z’ y7 ‘/E))’

forall x,y,z € X,n € N.
(2) We will denote by ¢°(z) = x and g"(z) = g(z"*(x)), for allz € X,n € N.
(8) The cartesian product of f and itself is denoted by f X f and it is defined by

f X f(x7y7 Z) - (f(‘r7y7 Z)?f(y7'r7 Z)?f(z7y7 x))

(4) The cartesian product of f and g is denoted by f x g and is defined by

(f xg)z,y,2) = (g(f(2,y,2)),9(f(y, 2, 2)), 9(f(2,9,2)))

REMARK 6.2.189. Note that the cartesian product of two mappings is different to
the one in Notation @ In this case we have permutations of (z,y, z) in order to obtain

the tripled coincidence points of monotone operators defined by Borcut in Definition

FL179,

DEFINITION 6.2.190. Let X be a nonempty set and let R be a reflexive relation on
X, f: X3 = X,g:X — X. The mapping f has the g — R—monotone property

on X if (f x 9)(Xr(z,y,2)) C Xr((f x 9)(z,y,2)), for all (z,y,z) € X>.

Next, starting from the orbital continuity presented in [9], we will define the orbital

g-continuity of an R—monotone mapping f.

DEFINITION 6.2.191. Let X be a topological space and f : X3 — X be a g —
R—monotone mapping, g : X — X. We say that f is orbitally g-continuous if
(z,9,2), (a,b,c) € X2 and f™*(x,y,2) — a, f™(y,z,2) — b, f™(z,y,2) — ¢, when
k — oo, implies f* Y (z,y,2) — g(a), f* Ty, x,2) = g(b) and f* 1 (z,y,2) — g(c),
when k — oo.

REMARK 6.2.192. Note that the orbital g—continuity of the g — R-monotone map-

ping f is different than in the case of mized g — R—monotone operators.
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2.2. Existence and uniqueness theorems

THEOREM 6.2.193. Let (X, d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X — X and g : X — X are

two mappings such that
(i) f is g — R-monotone;
(7i) f is orbitally g-continuous;
(ii1) there exist k,l,m € [0,1),k + 1+ m < 1 such that
(6.110) d(f(z..2). f(t,u,0)) < k- d(g(x). 9(t)) + L - d(g(y). g(u)) + m - d(g(=), g(v)).
V(x,y,z) € Xgr(t,u,v);

(iv) f and g have a lower-R-tripled coincidence point;
(v) F(X?) Cg(X);

(vi) g is continuous ;

(vii) f and g commute.

Then f and g have a tripled coincidence points, i.e., there exists (x,y,2) € X3 such
that f(z,y,2) = g(x), f(y,2,2) = g(y) and f(z,y,2) = g(2).

Proof: Since f and g have a lower-R-tripled coincidence point, let (zg, 3o, 20) be
it. Thus, (f x g)(z0, Yo, 20) € Xr(%o, Yo, 20)-

From (i) we have that (f x ¢)(Xr(xo, %0, 20)) € Xr((f X g)(x0, Yo, 20))-
Further, it can easily be checked that

(9" (f(z0,%0,20)), 9" (f (W0, 2o, 20)), 9" (20, Yo, o))

€ Xr(g" " (f (20, Y0, 20)), 4" (f (o, 20, 20))9™ " (f (20, Yo, T0)))-
Since f(X?) C g(X), let z1,y1,21 € X such that g(z1) = f(x0,%0,20), g(y1) =
f (Yo, o0, 20), 9(z1) = f(20,%0,%0) and so on. Step by step, we obtain the sequences
{z,}, {yn} and {z,} such that
(6111> g(xn+1> = f(xnvym Zn)7g<yn+1> = f(ym T, Zn),g(2n+1) = f(Zn,yn,«Tn)-

Now, using (iii), we have that

d(f(g"(f(xo, Yo 20)), 4" (f (Yo, To, ¥0)), 9" (20, Yo, o)),
F(g" M (f (0, Y0, 20)), 9™ (f (Yo, 20, 20)), 9" (f (20, Y0, 20))))
< k" - d(g(g" (f (20, Y0, 20)))s (9" (f (20, Yo, 20))))+
1" - d(g(g" (f (Yo, 20, 0))), 9(6" " (f (Y0, 20, 20))))
+m" - d(g(g" (f(20, %0, %0))), 9(g" (£ (20, 90, 20))))
< d(f(g"(f (2o, Yo, 20)), 9" (f (Yo, To, 20)), 9" (f (20, Y0, %0))),
F(g" 7 (f (@0, Y0, 20)), 9" (f (%o, o, 20)), 9" (f (20, Y0, 70))))
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< E"-d(g" ™ (f (20,90, 20)), 9" (f (0, 90, 20)), 9" (f (0, Yo, 20)))+
I - d(g" (£ (Yo, 20, 20)), 4" (f (Yo, %0, 20)), 9" (f (Y0, 0, 20)))
+m™ - d(g" " (f (20,90, 0)), 9" (f (20, Y0, 20)): 9" (f (20, Y0, 0)))
& d(f(g"(9(21)), 9" (9(u1)), 9" (9(21))), F(g" " (g(21)), 9" (a(n)), 9" (9(21))))

< K"d(g" " (g(21)), 9" (9(@1))+"d(g"™ (g(y1)), 9" (9(y1))+m"d(g™ (9(1)), 4" (9(21)))

S d(f(g" " (21), 9" (1), 9" (21))s F("(21), 6" (91)9" (21)))

<K d(g™ (1), 0" (@) 10 d(g" P (1), 9" (1)) + m - d(g" T (1), 0" (21)

This implies that {g"(z1)},cy is a Cauchy sequence in X.
Now, because (X, d) is a complete metric space, there exist x,y, 2 € X such that
(6.112) lim g(z,) ==, lim g(y,) =y, lim g(z,) = 2.

From the continuity of g, we get

Jim g(g(zn)) = g(x), lim g(g(yn)) = 9(y), lim g(g(zn)) = g(2).

Because f and g commute, and from ([6.93]), we have

9(9(Tn11)) = 9(f (Tn, Yn, 20)) = F(9(20), 9(Yn), 9(2n)),

9(9Wn11)) = 9(f Yn, Ty 20)) = F(9(Yn), 9(2n), 9(Yn)
and

9(9(2n41)) = 9(f (2 Yns ¥0)) = £(9(20), 9(Yn), 9()
From ((6.94) and the orbital continuity of f we get

g(r) = f(x,y,2),
9(y) = fly,z,2)

and
9(z) = f(z,y, ).
O

COROLLARY 6.2.194. Let (X, d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X3 — X and g : X — X are
two mappings such that

(i) f is g — R-monotone;
(77) f is orbitally g-continuous;
(iii) there exist a € [0,1) such that

(6.113)

d(f(z,y,2), f(t,u,v)) < - [d(g(x), g(u)) +d(g(y), g(v)) + d(g(2), 9(t))].¥(x,y, 2) € Xr(t,u,v);

(iv) f and g have a lower-R-tripled coincidence point;

wl 2
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(v) f(X?) C g(X);
(vi) g is continuous ;

(vii) f and g commute.

Then f and g have a tripled coincidence point, i.e., there exists (x,1y,2) € X3 such that
f@,y,2) =g(x), fly,2,2) = g(y) and f(z,y,7) = g(2).

a
Proof: From the proof of Theorem |6.2.193, for k = [ = m = ik € [0,1), there
exist x,y, z € X such that

9(@) = f(z,y,2),
9(y) = fy,z,2)
and
9(2) = f(z,y,2).
U

THEOREM 6.2.195. In addition to the hypothesis of Theorem |6.2.195, suppose that
for every (x,y,2),(T,7,%) € X3, there exists (t,u,v) € X3 such that (g(z),9(y), 9(z)),
(9(),9(®),9(7)) € Xr(f(t,u,v), f(u,t,v), f(v,u,t)). Then f and g have a unique

tripled coincidence point.

Proof: According to the proof of Theorem [6.2.193] there exist T,7,Z € X such
that f(7,7,2) = 9(%), f(7,7,2) = g(y) and f(Z,7,T) = g(Z). We have to show that, if

(x,y, z) is another coincidence point for f and g,

d((9(z),9(), 9(2), (9(x), 9(y), 9(2))) = 0.

Because both (z,y, z) and (7,7, %) are tripled coincidence points, we have

g9(x) = f(z,y,2),9(y) = f(y,2,2),9(2) = f(z,9,7)
and
9() = [(7,9,2),9(v) = [(,7,2),
9(z) = f(z,7,7).
Now, let ug = u, v = v and ty = t. Then, there exist ¢, u;,v; € X such that g(¢;) =

f(to, uo,v0), g(ur) = f(ug,to,vo) and g(vq f(ve, uo, to). Using the same procedure as in

the proof of Theorem [6.1.178, we obtain the sequences {un },cn: {Vn}neny a0d {tn},cn
where

9(tns1 = f(tn, Un,vn), G(tna1) = f(Un, tn,vn) and g(vpe1) = f(Un, Un, t,).
Furthermore, let xo = z,y90 = y,20 = z and Tyg = 7,7y = ¥, 20 = 2. Thus, we obtain

the sequences {7y}, ey > {Un fnen s 120 tneny A0A {Zn}en s 1T Fnen » 120 Fnen Such that

9(wn) = f(2,9,2),9(yn) = f(y, 2, 2),9(20) = f(2,y,7)
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and
9(Tn) = f(7,9,2),9W,) = f(,7,2),9(z0) = [(2,5,7).
From the hypothesis, we have that there exists (¢, u,v) € X3 such that
(9(2).9(y), 9(2)), (9(@), 9(W), 9(Z) € Xr(f(t,u,0), f(u,t,0), f(v,u,1)).
From (g(x0), 9(v0), 9(20)) € Xr(f(t,u,v), f(u,t,v), f(v,u,t)) and the completeness of

the metric space it follows that

(f"(9(x0), 9(v0): 9(20)), f"(9(y0): 9(0), 9(20)), [ (9(20), 9(¥0), 9(x0)))
€ Xp(f™H(t,u,v), " u, t,u), " (v, u,t))

Also, by using the contractivity condition, we have

d((fn(g(xo)v g(y(J)’ g(Zo)), fn+1(t7 u, U)) S K" d(g(l‘o), f(t7 u, U)) + ["- d(g(y0)7 f(u’ t? U))
+m" - d(g(20), f(v,u,t)),

d((f"(9(y0), 9(w0), 9(20)), " (u, t, ) < K™~ d(g(wo), f(t,u, ) +1"-d(g(yo), flu,t,v))

- d(g(z0), (v, u, 1))

and

d((f"(9(20); 9(40) 9(0)), " (v, u, 1)) < K" -d(g(xo), f(t,u,v)) +1"-d(g(yo), f(u,t,v))
+m" - d(g(20), f(v,u,t)).

Summing up, we obtain that

d((f"(9(0), 9(y0), 9(20)), f*H(t,u,0)) +d((f*(9(%0), 9(x0), 9(20)), [T (u, t,0))+

d((f"(9(20), 9(¥0), 9(w0)), f" (v, u, 1)) < 3K™ - d(g(x0), f(t, u,v))
+301" - d(g(yo), f(u, t,0)) +3m"™ - d(g(20), f (v, u,1)).

But xg = 7, yo = y and z5 = z. We obtain

d((f"*(g(x), 9(y), 9(2)), Pt u,0) + d((f*(9(v), 9(2), 9(2)), [ (u, t,0))+
d((f"(9(2),9(), 9(x)), f* (v, u,t)) < 3K™ - d(g(x), f(t,u,v))
+30" - d(g(y)a f(u’ t,?))) +3m™ - d(g(z)a f(va u, t))
Letting n — oo we obtain that

lim d( ( ) f(t7u7v)) = O,T}Lngod(g(y),f(u,t,v)) =0

n—oo
and Jim d(g(=), f(v,u,1)) = 0.

Similarly, we obtain that

lim d(g(z), f(t,u,v)) = va}LI{}od(g(?)vf(uvtv)) =0

n—oo

and  lim d(g(z), f(v,u,t)) =0.
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Now, using the triangle inequality, we have

d(g(x), 9(x)) < d(g(x), [(t,u,0)) + d(f(t,u,v),9(F)) = 0, when n — oo,

d(9(y), 9(¥)) < d(g(y), f(u,v,)) +d(f(u,t,v),9(y)) = 0, when n — oo

and
A(g(2). 9(2)) < d(g(2), F(v,t,0)) + d(F(v,1,£), g(2)) = 0, when n — oo,
so the proof of the theorem is complete. [l

The next result is obtained by replacing the contraction ((6.110)) with one that uses
the mapping ¢ defined in Chapter , following the idea in [53]. Consequently, we have:

THEOREM 6.2.196. Let (X, d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X® — X and g : X — X are
two mappings such that

(i) f is g — R-monotone;

(ii) f is orbitally g-continuous;

(iii)
(6.114)
(g, 2), FE ) < o (d(g(x),g(t)) +d(g(y)3,g(U)) +d(g(z),g(v))) V(9. 2) € Xnlt, 0.0).

where ¢ € ®;

(iv) f and g have a lower-R-tripled coincidence point;

(v) f(X?) C g(X);
(vi) g is continuous ;

(vit) f and g commute.

Then f and g have a tripled coincidence point, i.e., there exists (z,y,z) € X3 such that
[y, 2) = g(x), f(y,2,2) =g(y) and f(z,y,x) = g(2).

Proof: From the hypothesis, we know that f and g have lower- R-triple coincidence
point; let (g, Yo, 20) be it. Thus, using the definition of the lower- R-tripled coincidence
point, it follows that (f % g)(zo, %0, 20) € Xr(%o, Yo, 20)-

From (i) we know that (f x ¢)(Xr(xo,v0, 20)) € Xr((f % 9)(z0, Yo, 20))-
Further, it can easily be checked that

(gTL(f(xO? Yo, ZO))? gn(f(y(b Zo, ZO))7 gn(f(z()? Yo, IO)))
€ XR(gn_l(f($07y0a ZO))agn_l(f(yoaxm Zo)),gn_l(f(ZQ,yo,l’o))).

Since f(X?) C ¢g(X), let z1,y1,21 € X such that g(z1) = f(zo,y0,20), 9(y1) =
£ (o, o0, 20), 9(20) = f(20, Y0, o) and so on. Thus, we obtain the sequences {x,},{yn}
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and {z,} such that

(6-115) g(xn—&-l) - f(ajmyna Zn)»Q(?/n-i—l) = f(yna L, Zn) and g(zn-H = f(zn,yn,xn).

Let’s consider the nonnegative sequence {n,}, . such that 1, = d(g(xp41), 9(x,)) +
d(9(Yn+1), 9(yn)) + d(9(zn+1,9(2n)), n € N™.

Now, using (6.114)), (2.2)) and letting = := x,, y := y, and z := z,, t := Ty_1, U 1= Y1
and v := z,_1, we obtain

d(g(l‘n+1), g([L’n)) = d(f(mm Yn, Zn)v f(xn—la Yn—-1, Zn—l)) S

; (d(g(wn),g(wnl)) +d(9(Yn), 9(Yn-1)) + d(g(zn),g(znl))) . (nn1>

3

d<g<yn+1)7 g(yn)) = d(f(ynv Ly Zn)v f(ynfh Tn-1, Zn71>> S
. (d(g(:vn),g(:vnl)) +d(9(yn), 9(Yn-1)) + d(g(zn),g(znl))> . (nn1> |

3 3
and
d(.g(zn-i-l)a g(Zn)) = d(f(zm Yn,s xn)a f(zn—la Yn—1, xn—l)) S

(d(g(%),g(wn—l)) +d(g(yn), 9(yu-)) +d(g(zn),g(zn_1))> - (nn_1>
@ ; =¢| 5

By summing up the last three relations, we obtain that

A(g(n11), 9(@2)) + A9 Wnr), 9(y)) + d(g(znn), 9(20)) = 70 < 3+ 5 (%31) |

Now, using the properties of ¢, we have that

(6.116) M <3¢ (%3—1) <3- %3_1 = Nn—1-

Thus, {7, },cn- is a decreasing and nonnegative sequence. Therefore, there exists ¢g > 0
such that

lim = £p.

Now, we will prove that g = 0. In (6.116]), let n — co. Using (the second condition
satisfied by ¢) from Chapter , we have

Eo = llm Mn S 3. hm @ (nng_l) =3- hm 2 (nn3_1) < €0,

n—00 n—00 Nn—1—€0+

which is a contradiction. Thus, lim 7, = 0 and, consequently, lim d(g(zn41), g(x,)) =
Next, we will prove that {g(zn)},.cny {9(Un) ey and {g(2n) },,cn are Cauchy sequences.
Suppose that at least one of them is not a Cauchy sequence. Then, there exists a

constant § > 0 and two integer sequences {n;(k)} and {ns(k)}, such that

(6'117> Sk = d(g(a:m(k))? g(xm(k‘))) +d(g<yn2(k)>7 g(ym(k‘)>> +d<g(zn2(’€)>7 g(Zm(k‘))) >0,
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where ny (k) > nao(k) > k, k € Z*. We chose ni(k) to be the smallest integer satisfying
ni(k) > na(k) > k and (6.99). Then, we have

(6'118> d<g<xn2(k)) g(xm( ))+d< (ym )) g(ynl(k)_l))+d( (Zm )) g(Zm(k)—1) < 0.

Now, using the triangle inequality and the last two inequalities ((6.117)) and (6.118])),

we have

6 < d( (xnz k)) 9\ Tny(k )) ( (ym )7 (ym k))) (Q(an(k));g(znl(k)))

9(
< d(9(Zny(k)) s 9(Tnye)-1)) + A(G(@ny 1)), 9(T o))
+d(g(yn2 1) 9(Yni-1)) + AG(Yni (1)), 9Ynar)))

A(9(zna(t))s 9(Zna(0)-1)) + d(9(2n1 (1)) 9(2nar))
< d(9(@na())s 9(Tna () + AGWYnok)): 9Yna))) + A9 (Zna))> 9(2na (1)) + 0.

For k£ — oo we obtain

k—o0 k%oo

Next, we will show that 6 = 0. Supposing the contrary, we have
Sk = d(g(xnz(k))v g(*rvu(k))) + d( (yn2 )) g(y’m(k))) + d(g(zn2(k))7 g(znl(k)))

< d(g(Tn,1))s 9Ty k) 41)) + A(G(@ny k) 41), G (Tna 1))
+d(9(Yny (k))> 9(Yn, k)+1)) + d(9(Yny (k)+1)5 9(Una(k)))
++ d( (an k))> g(zm(k)Jrl)) + d( (an(k)+1)7 g(ZTLQ(k)))

= Ty (k) +d( (*Tm k)-l—l) (xm )) ( (ym k)-l—l) g<yn2( )) +d( (Zm k)+1) g(an(k)))
(6.119)
< My (6) F s (6) FA(G Ty () +1) > (T g ()41)) TG Y (1) 41) s I Yna(e)+1)) FA(G(Zny (k)41) 5 9 (Zno (i) 41))-

But

(
(

d(g(fm(k)ﬂ)a9(%(k:)+1))+d( (ym +1),9 (?an +1))d (g(zn1(k)+1)7g(znz(k)+1))

= d(f(xnl(k)ﬂ Yni(k)s Znq (k) )7 (.Tn2 (k)s Yna(k)s Zng k)))
+d<f(yn1(k) Ty (k)s #ny (k) )7 (ynz y Lng(k)s “na(k ))
(an (k) Yna(k)s Tng(k ))

ag(yn2 )+d( (an )) g('znz(k)))

=

+d(f (21 (k) Y (£) s Tra (1))
< (d(g(xm(k)7 g(xnz(k )) + d( (ym (k)
<2-¢

S
+(3)

Now, returning to (6.119)), we have
Sk
Sk < My (k) + Mna(h) T2+ 3

~—

+

w
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Let £k — oo. We obtain

5<3.1i ok I k) <5
<3 Jime () =3 Jm | 5] <

Thus, we have that 6 < § which is clearly a contradiction.

Consequently, {g(xy)},en> 19(Un) hen and {g(2n)},en are Cauchy sequences in the
complete metric space (X,d). Thus, there exist Z,j and Zz such that ¢"(x,) — T,

g (y,) — ¥ and ¢"(z,) — ¥ as n — oo. Which means that f" (x,,y,,2,) — T,

I Y Yy Tny 20) — ¥ and " Nzp, Y, xn) — Z, as n — oo. Using the orbital g-
continuity of f, we get that f™ (2., Yn, 2n) = 9(T), ["(Yn, Tn, 2n) = g(¥) and f"(2n, Yn, Tn) —
g(Z), as n — oo, that is, (7,7, %) is a tripled coincidence point of f and g. O

THEOREM 6.2.197. In addition to the hypothesis of Theorem [6.2.196, suppose that
for every (z*,y*, 2*), (Z,7,Z) € X3, there exists (t,u,v) € X3 such that (g(z*), g(y*), g(z*)),
(9(). 9(7).9(2)) € Xn(F(t ). f(u.t,v), f(v,0,2)). Then f and g have a unique

tripled coincidence point.

Proof: From Theorem [6.2.196] there exist Z,7,Zz € X such that f(Z,7,z) = g(T),
f@,7,z) = g(y) and f(,Z,7,7) = g(Z). We have to show that, if (z*,y*, 2*) is another

coincidence point for f and g,

d((9(z), 9(¥), 9(2), (9(z"), 9(y"), (z"))) = 0.

Since (z*,y*, z*) and (7,7, Z) are both tripled coincidence points, it follows that

g(x*) = f(x*, 9", 2),9(y") = f(y", 2%, 27),9(2") = f(z", ¢, 27)

and
9(@) = [(7,9,2),9(9) = [(5,7,2),9(2) = [(Z,7, 7).
Now, using the hypothesis of Theorem[6.2.196], from f(X?) C g(z), there exist t1,u;, v, €

(
X? such that g(t1) = f(to, uo,v0), g(u1) = f(uo, to,v0), g(v1) = f(vo, uo, o) . Using the
same procedure as in the proof of Theorem [6.2.193] we build the sequences {u,}
and {v,}

neN

nens Where

9(tnt1) = f(tn, tn; vn); 9(tng1) = f(tn, tn, vn) and g(vpgr) = f(vn; tn, tn).
Next, let zog = 2*,y0 = y*, 20 = 2" and Ty = 7,5y = ¥, 20 = y. Thus, we obtain the
sequences {x7,}, ey s {Un boew s {20 nen {Zntnens {Un}nen and {Zn}, oy such that
glay) = [y, 2%),9(w) = fly" 2%, 2%),9(z,) = f(25 07, 27)
and
9(@n) = f(,9,%),9W,) = f(¥,7,2),9(zZn) = [ (2,7, 7).
From the hypothesis, we know that there exists (¢,u,v) € X such that

(9(z"),9(y"), 9(2%), (9(T), 9(¥), 9(%)) € Xr(f(t,u,v), f(u,t,v), f(v,u,t)).
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From (g(x0), 9(v0), 9(20)) € Xr(f(t,u,v), f(u,t,v), f(v,u,t)) and the completeness of

the metric space it follows that

(f"(9(@0), 9(10), 9(20)), ["(9(¥0), 9(0), 9(20)), ["(9(20), 9(¥0), 9(x0)))
€ Xn(f™H(t,u,0), frH (u, t,0), f7 (v, u,t))
Also, by using the contractivity condition, we have
d(f"(9(0), 9(y0), 9(20)), f*H(t,u, v)) <
; (d(g(ﬂco% f(t,u,v)) + d(g(yo), f(u, t,v)) + d(g(z0), f (v, u, t))) |

3

d(f™(9(0), 9(w0), 9(20)), " (u, t,u)) <

0 (d(g(l’o): f<t7 u, U)) + d(g(yo)a f(ua t? U)) + d(g(ZO>7 f(’U, u, t)))
3

and
d(f"(9(20), 9(¥0), g(x0)), f (v, u,t)) <

o (d(g(mo), f<t7 u, v)) + d(g(yo), f(ua 2 U)) + d(g(Z()): f(”? u, t))) .

3

By summing up, we obtain that
d(f"(g(x0), 9(0), 9(20)), [ (t,u,0)) + d(f"(g(yo), 9(0), 9(20)), [ (u, t, v))

+d(f"(9(0), 9(y0), 9(0)), [ (v, u, 1))
<3. 0 (d(g(lﬂo)a f(tv U,U)) + d(g(y0)> f(u>tv U)) + d(g(zo)v f(v,u, t))) '

3
But zy = z*, yo = y* and 2y = z*. We obtain
d(f"(g(="), 9(y"), 9(2")), [t w,0) +d(f"(9(y), 9(27), g(2), [ (u,t, v))

+d(f"(9(="), 9(y™), g(™)), [ (v, u, 1)) <
(d(g(ﬂf*), St u,0) +dg(y™), f(u,t,0) +d(g(2"), f(v, u,t)))
3 .

3-p
Letting n — oo we obtain that
Tim d(g(a"), f(t,u,v)) = 0, lim d(g(y"), f(u,t,v) = 0 and lim d(g(="), f(v,u,1)) = 0.
Similarly, we obtain that
Jim d(g(7), f(t,u,v)) = 0, lim d(g(2), f(u,t,v)) = 0 and lim d(g(2), f(v,u,t)) = 0.
Now, using the triangle inequality, we have
d(g(x7), 9(7)) < d(g(x™), f(t, u,v)) + d(f(t u,v), 9(T)) = 0, when n — oo,

d(g(y™),9(@)) < d(g(y™), f(u,t,v)) +d(f(u,t,v),9(7)) — 0, when n — oo,
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and
A(g(="), 9(2)) < d(g(="), F(v,u.1)) + d(F(v,1,£), 9(2)) = 0, when n — oo,
so the proof of the theorem is complete. O

Now, by symmetrizing the contraction, we obtain the following result:

THEOREM 6.2.198. Let (X,d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X — X and g: X — X are
two mappings such that

(i) f is g — R-monotone;
(ii) f is orbitally g-continuous;
(6.120)  d(f(z,y,2), F(t,,0)) + d(F(y, 3, 2), Flu,,0)) + d(f(2,9,2), (0, 0,1) <

3.4 (d(g(l’), g9(t)) +d(9(y), 9(y)) + d(g(2), g(v))
3

) V(z,y,2) € Xg(t,u,v);

(iv) f and g have a lower-R-tripled coincidence point;

(v) f(X?) C g(X);
(vi) g is continuous ;

(vii) f and g commute.

Then f and g have a tripled coincidence point, i.e., there exists (x,vy,2) € X3 such that
[y, 2) = g(x), fly,2,2) = g(y) and f(z,y,x) = g(2).

Proof: The prove this result, we will follow the steps from the proof of Theorem
6.2.196f Since f and g have lower-R-tripled coincidence point, let (xg,yo,20) be it.
Thus, (f x g)(z0, Yo, 20) € Xr(Z0, Yo, 20)-

From (i) we have that (f x ¢)(Xr(xo, %0,20)) € Xr((f X g)(x0, Yo, 20))-
Further, it can easily be checked that

(6121) (gn(f(xm Yo, 20)),gn(f(yo,a?0, Zo)),gn(f(ZQ,yo,[Eo))) €
XR(gnil(f(x(]a Yo, ZO))? gnil(f<y07 Zo, ZO))7 gnil(f('zO? Yo, SL’Q)))

Since f(X?) C ¢g(X), let a1,y1,21 € X such that g(z1) = f(zo,¥0,20), 9(¥1) =
f (o, o0, 20), 9(z1) = f(20,%0,%0) and so on. Step by step, we obtain the sequences
{z,}, {yn} and {z,} such that

(6122> g(l‘n-‘rl) = f(xn7yn> Zn))Q(yn-f—l) = f(ym Tn, Zn)ag(zn-i-l) = f(zn7yn7xn)

Let’s consider the nonnegative sequence {n,}, . such that n, = d(g(ru41), 9(2,)) +
d(9(Ynt1), 9(Yn)) + d(9(2n 41, 9(2n)), 1 € N*.



2. TRIPLED COINCIDENCE POINTS OF R—MONOTONE OPERATORS 125

Now, using (6.120), (6.121)) and letting x = z,, ¥y = y, and 2z = z,, t = x,_1,

U= y,_1 and v := z,_1, we obtain
d(f<xn7 Un, zn)a f(xnfl, Yn—1, anl)) + d(f(yna Ly Zn)a f(ynfla Zn—1, xn71>>

+d(f (20 Yn» Tn), f(Zn-1, Tn-1,Yn-1)) = d(g(Tni1), 9(2n))
+d(9(Yn+1): 9(yn)) + d(9(2n11), 9(2)) <

(d(g(xn),g(xn—l)) +d(g(yn), g(yn_l))d(g(zn),g(zn_l))) . (nn)

3
14 3

Thus, we have that

s oo (2)

Using the proof of Theorem [6.2.196| we have that {1, },y- is decreasing and nonnega-

tive. Therefore, there exists ¢y > 0 such that

lim =¢
n—o0 nn 0

Now, we will prove that ¢ = 0. In (6.105]), let n — oo. Using (the second condition
satisfied by ¢) from Chapter , we have

Tin T
_ < _ . T
€0 nlgglonnﬂ <3 hm © ( 3) 3- nnlgglﬁ(p ( 3) < €.
So we have that ¢y < ¢,, which is, clearly, a contradiction.
Thus, lim 7, = 0 and, consequently, lim d(g(ns1),9(zn)) =0,
lim d(g(yn1). 9(5n)) = 0 and Jim d(g(zn41),9(2n)) = 0.

n—o0

Next, we will prove that {g(z,)},cns 19(Un) }nen and {g(25)},,cn are Cauchy sequences.
Suppose that at least one of them is not a Cauchy sequence. Then, there exists a

constant 6 > 0 and two integer sequences {ni(k)} and {ns(k)}, such that

(6.124) sp := d(9(Tny(k))> 9( Ty (k))) + I Wnok)) s 9 (Wi (x))) + A9 (Zna(i))> 9(Zna (i) > 6,

where ny(k) > no(k) > k,k € Z*. Next, let’s chose n;(k) to be the smallest integer
satisfying ni(k) > nao(k) > k and (6.106). Then, we have

(6.125) d(9(Tny(r))s 9(Tny(k)-1)) FAGYnak))» 9 Yy (k) -1)) +A(G(Znax))> 92y (1)-1)) < 0.

Now, using the triangle inequality and the last two inequalities ((6.124]) and (6.125)),

we have
J < d( (l’n2 k)) g(xnl )) + d( (yn2 ))7g(yn1 k))) + d( (an(k))ag(znl(k)»

< d(9(Tnyx)), 9Ty )-1)) + d(9(Xny x)), 9(Tno))
+d(9(Yna(k))> 9Yni ) -1)) + AGWn1 (k) s 9(Ynar)))
A(9(Zna(k))> 9(2n1 (k) -1)) + A(G(2ny (1)) 9(Zno i)



626’ RIPLED COINCIDENCE POINT THEOREMS IN METRIC SPACES ENDOWED WITH A REFLEXIVE RELATION

< d(g<xn2(k))7 g<xn1(k))) + d(g(y’rm(k))v g<yn1(k))) + +d(g(zn2(k)>7 g(an(k)>> + 0.

For k£ — oo we obtain

lim s = lim [d(g(ny 1)), (%0, (1)) + G Wno)), 9 Y )) + A9 (2ns ), 9 (2 i))] = 0

k—o0

Now we will show that § = 0. Supposing the contrary, we have

sk = A(g(Tny(k))s 9(Tny(k))) + AGYnok))s 9 Yy ))) + AG(Zna(r))5 92y 1))

<d Lny(k +1)) +d(g(zn, k)+1) g(£n2(k )

(g Yny (k) +1> (ynz (k) )
d(

)

) ( )

Zmky+1)) + A9 zZn w+1), 9 (Zna i)
1))+ A(G(Ynik)+1), 9Unak))) + A(9(Zny (1) 41) 5 9(Zna(h)))

ynl k‘)—i—l )

\_//\f\/\

= Ny (k) + A(G( @y ()41
(6.126)

< My () F i (8) TG (T (1) +1) 5 9 (T () 1)) HA(G Yy () +1)5 (Yo () 1)) FA(G (21 (1) +1) s G (Zna (k) +1)) -
But

d(9(Tny(k)+1)s 9 Znoky+1)) T AGYny(k)+1) s I Unak)+1)) + A(9(Znyk)+1), 9 (Zna(ky+1))

= d(f(xnl(k)ﬂ Yni(k)> an(k)>> f('rnz(k)v Yna (k) Zn1(k)))
Fd(f (Yni (k)> Try (k)> Zna(8)) s f Una (k) Tro(k)s Znai)))
+d(f(2n1 (k) Yni(k)s Tnq(k ) (Zn2(k Yna (k) ) an(’ﬂ))

(d(g(xnl(k)ag(an(k))) ( (ynl ) (ynZ(k )>+d( (ZTH )) g<zn2(k))))

<3.
14 3

Now, returning to (6.108)), we have

Sk
Sk < Nua(k) + Moy +3 - ¢ <3> '

Let £ — oco. We obtain

5<3-1 oK ] il
sSmel ) =3 melg)<

Thus, we have that § < § which is clearly a contradiction.

Consequently, {g(zn)},en:19Wn) then and {g(2,)},cn are Cauchy sequences in the
complete metric space (X,d). Since (X,d) is complete, there exist T and g such
that ¢"(z,) — T, ¢"(yn) — ¥ and ¢"(z,) — Z as n — oo. Which means that
S N Yns 20) = T, [N (Yny Ty 20) — Y and (20, Y, ) — Z, as n — oo. Using
the orbital g-continuity of f, we get that f™(z,,Yn, 2n) = 9(T), f"(Yn, Tn, 2n) — 9(7)
and f"(zn, Yn, Tn) — g(Z), as n — oo, that is, (7,7, 7) is a tripled coincidence point of
f and g.
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O
THEOREM 6.2.199. In addition to the hypothesis of Theorem|6.2.198, suppose that

for every (z*,y*, 2%), (T,7,2) € X3, there exists (t,u,v) € X3 such that (g(x*), g(y*), g(2*)),

(9(7),9(), 9(2)) € Xn(F(t,u,0), Fu,t,v), F(v,u,t)). Then f and g have a unique
tripled coincidence point.

Proof: According to Theorem [6.2.198] there exist Z, 7,z € X such that f(Z,7,Z) =
9(@), f(7,7,9) = g(y) and f(Z,7,7) = g(z). We have to show that, if (z*,y*, 2*) is

another coincidence point for f and g,

d((9(Z),9(¥), 9(%)), (g(x*),9(y"),9(z"))) = 0.

Because both (z*,y*, 2*) and (7,7, Z) are tripled coincidence points, we have
g(@®) = f(@" ", 2%), 9(y") = f(y",27,27),9(z") = f(z", 9", 27)
and
9(@) = [(7,9,2),9W) = f(4,7,2),9() = [(2,5,7).
From f(X?) C g(X), there exist tg, ug,vo in X such that g(t;) = f(to, ug,v0), g(u) =
f(uo, to,v0), g(v1) = f(vo,ug,ty). Following the procedure used in the proof of Theorem

6.2.193] we obtain the sequences {t, s {Un and {v, , where
neN neN neN
g(tn—I—l) - f(tnauna Un)ag(un—i-l) = f(una tna Un) and g(vn-‘rl) = f(vn7un7tn)-

Furthermore, let o = 2%, y§ = y*, 25 = 2" and Ty = 7,9y = ¥, 2o = 2. Thus, we obtain

the sequences {7}, x> {5 Foen s 12m bnen s 1Zn b nens 1Wn fnen a0d {Zn},,cy such that
glay) = fa*y%,2%), 9(yn) = fy", 27, 2%), 9(2) = f(25, 47, 27)
and
9(@n) = [(7.9,2),9(W,) = f(§.7.2),9(z0) = [ (2,75, 7).
From the hypothesis, we have that there exists (¢,u,v) € X3 such that
(9(2"), 9(y"), 9(=%), (9(2), 9(9), 9(2)) € Xr(f(t,u,0), f(u,t,0), f(v,u,1)).

From (g(xo), 9(v0), 9(20)) € Xr(f(t,u,v), f(u,t,v), f(v,u,t)) and the completeness of

the metric space it follows that

(f"(9(x0), 9(y0), 9(20)), [ (9(y0), 9(w0), 9(20)), [ (9(20), 9(%0), g(0)))
€ Xp(f™H(t,u,v), " u, t,v), (v, u,t))

Also, by using the contractivity condition, we have

d(f"(9(w0) 9(y0), 9(20)), [ (t, w,0)) + d(f™(9(w0). 9(w0), 9(20)), f™ (1, v))

+ + d(fn(g(ZO)v g<y0)7 9(1:0))7 fnJrl(U? u, t)) S
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o (d(9($0)> f(t7uv U)) + d(g(yO)a f(uv t,?))) + d(g(20)7 f(’U, u, t))) .

3

But zj = 2, y; = y* and 2§ = z*. We obtain

d(f"(g(z"), 9(y"), 9(z), f7H(tu,0)) +d(f"(9(y7), 9(2%), 9(z%)), [ (u, t, )

+d(f™(9(z*), g(y"), 9(x*)), [ (v, u, 1)) <

; (d(g(x*% St u,0)) +dg(y*), f(u,t,0) + d(g(z"), f(v, u, t))) ‘

3

Letting n — oo we obtain that

lim d(g(a"), f(t,u,v)) = 0, lim d(g(y"), f(u,t,0)) = 0 and lim d(g(="), f(v,u,t)) = 0.

n—o0

Similarly, we obtain that

lim d(g(Z), f(t,u,v)) = O,HILI{}O d(g(m), f(u,t,v)) =0 and lim d(g(2), f(v,u,t)) =0.

Now, using the triangle inequality, we have
d(g(z"), 9(x)) < d(g(z"), f(t,u,v)) + d(f(t,u,v),g(T)) = 0, when n — oo,
d(g(y"), 9(@)) < d(g(y™), f(u, t,u)) + d(f(u,t,v),9(F)) = 0, when n — oo
and
d(g(z"),9(2)) < d(g(2"), f(v,u,1)) + d(f (v, u, 1), 9(Z)) = 0, when n — oo

which means that

g(z*) = g(7),

9(y") = 9(v)
and

9(2") = 9(%)

g

Next, we let o(t) = kt,k € [0,1). It is easy to check that conditions () and
still hold. We obtain the following result:

THEOREM 6.2.200. Let (X, d) be a complete metric space, R be a binary reflexive
relation on X such that R and d are compatible. If f : X3 — X and g : X — X are
two mappings such that

(i) f is g — R-monotone;

(ii) [ is orbitally g— continuous;
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(iii) there exist k € [0,1) such that

6.127)  d(f(x,y,2), F(tu,0)) + d(F(, 7, 2), £, 1,0)) + d(f (5, 2), F(0,0,1))
< k- [d(g(x), 9(t)) + d(g(y), 9(u)) + d(g(2), 9(v))], V(2. y, 2) € Xg(t,u,v);
(iv) f and g have a lower-R-tripled coincidence point;
(v) f(X?) C g(X);
(vi) g is continuous ;

(vit) f and g commute.

Then f and g have a tripled coincidence point, i.e., there exists (z,y,z) € X such that
fxy,2) = g(x), fly,z,2) = g(y) and f(z,y,2) = g(2).

Proof: In Theorem [6.2.198] let ¢(t) = kt, k € [0,1). O

THEOREM 6.2.201. In addition to the hypothesis of Theorem |6.2.200, suppose that
for every (x,y,2), (Z,7,%) € X3, there exists (t,u,v) € X> such that (9(x), g(y), 9(z)),
(9(),9(),9(z)) € Xr(f(t,u,v), f(ut,v), f(v,u,t)). Then f and g have a unique

tripled coincidence point.

Proof: In Theorem [6.2.197] let o(t) = kt, k € [0, 1). O

REMARK 6.2.202. If, in Theorem[6.2.193, resp[0.2.195 we let R =<, suppose that
either the mapping f is only continuous or the condition[5.70 holds, we obtain Theorems

5.1.151], resp. |5.1.159 from [37].

3. Examples and applications

3.1. Examples

Next, we will present some examples for the results presented above:

EXAMPLE 6.3.203. Let X =R, d = |z — y|,t he relation R on X given by
(x,y,2)R(t,u,v) & xRt ANyRu A zRwv,

where TRt & 12 + 22 =t + 2t. Let f : X3 — X be defined by

r+y+2z—-1
f(‘ray’z): 6
and g : X — X, where
g(x) =2z —1.

So, V(z,y,z) € X3, we have :
XR(x7y7 Z) = {(‘7:7 y7 2)7 (x7y+ 27 z)? (x —"_ 27y7 Z)? (x _'_ 27y+ 27 Z)’ ('/'I:.’ y’z —"_ 2)7

(x+2,y+2,24+2),(x +2,y,2+2),(z,y + 2,2+ 2) }.
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f X g(XR<I7y7'Z)) C XR(f X g(l’,y,Z))
So, f has the g — R—monotone property. It can easily be checked that f and g satisfy

1
all the other conditions of Theorem [6.2.195. The contraction also holds for k =1 = =

6
1
and m = §
Fy+2:—1 t4+u+20—1
A(f (o, ,2), (6 1,0)) = | = | =
1 1 1 1 1 1
é(x—t)—i—g(y—u)—l—f(z—v) <2 —(:c—t)—iré(y—u)—l—g(z—v)
1 1
§§|x—t|+§|y—u|+§|z—v\
B 1 1 1
= gl9(@) =g + 5 lay) — g(u)l + 31g(2) = g(v)|
1 1 1
= gla(x), g(t)) + dlg(v), 9(w) + 3d(g(2), g(v)),
1 1 1 2
where, clearly, 6+ 6—1— 33 < 1.

So, by Theorem [6.2.195, we obtain that f and g have a (unique) tripled coincidence

555
point, (8’ 3 8) , obtained by solving the following system of equations:

f(x,y, Z) = g(‘r>
(6.128) f,z,y) = g(y)
f(Z,y,ZE) = g(Z)

It can easily be checked that for solving the system above, we use Cramer’s rule (so its

)

solution is unique and so is the tripled coincidence point of the two mappings).

EXAMPLE 6.3.204. Let X =R, d = |z — y|, the relation R on X given by
(x,y,2)R(t,u,v) & xRt ANyRu A zRwv,

where TRt < 2? + 2 =12 +t. Let f : X® — X be defined by

rT—y+3z—2
f(l',y,Z): 6
and g : X — X, where
g(x) =2 —1.

So, V(z,y,z) € X3, we have :

XR<557%Z) = {(5573/7 Z)7 ('I7 -y - 172)7 (_:U - 17y7 Z)7 (—.73 - 17 —L = 172)7 (xvyu —Z 1)7
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(—z—1,—y—1,—2—-1),(—z—1L,y,—2z—1),(z,—y—1,—2z — 1)}
f X g(XR(:U,y,z)) g XR(f X g(x,y,Z))

So, f has the mized g — R—monotone property. It can easily be checked that f and
g satisfy all the other conditions of Theorem |6.1.181, The contraction also holds for

kt
o(t) = g,k €10,1). So, by Theorem |6.1.181}, we obtain that f and g have a (unique)

tripled coincidence point, (;L, ;l, ;l) , obtained by solving the following system of equa-
tions:
f2,y,2) = g(x)
(6.129) fly.z,y) = 9(y)
f(zy,2) = g(2).
The determinant of the matriz associated to the system above is A = —144 # 0, so the

solution is, indeed, unique.

EXAMPLE 6.3.205. Let X =R, d = |x — y|, the relation R on X given by
(z,y,2z)R(t,u,v) < xRt NyRu A zRv,
where TRt < 1% + 22 =t + 2t. Let f : X3 — X be defined by

20 +2y —3z+1
18

fx,y,2) =

and g : X — X, where

So, V(z,y,z) € X3, we have :
XR(J:7 y7 Z) - {(Z'U7 y? Z)7 (x7y+ 27 Z)? (m + 27y7 Z)? ('r + 27y+ 27 2)7 (x7 yJZ —"_ 2)7
(x+2,y+2,24+2),(r+2,y,2+2), (z,y + 2,2+ 2)}.

fxg(Xr(,y,2)) € Xa(f x g(z,y,2))
So, f has the mized g — R—monotone property. It can easily be checked that f and g
satisfy all the other conditions of Theorem [6.1.185
Condition is also satisfied by f and g, whereas n Theorem does
not hold. Let’s assume, to the contrary, that there exists o € [0, 1), such that

holds. This means

20 +2y—3z2+1 2t+2u—3v+1

d(f(2,y,2), [(t,u,0)) = T 5 -

- 2 . 2 2
< [§|95— |+§|y—u|+§|z—v|]
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For x =t, we have :

2a

20y—u) —3(z—v
Skt )] 3 PR

18

Next, for y = u, we obtain

a contradiction,Ya € [0,1). Hence, f and g do not satisfy (6.95)).
Nezxt, we will prove that (6.109)) holds.

20 +2y — 3z +1 2t—|—2u—3v+1<1 . 1 1
13 - 13 < 6\9(1’) —9( )!+6|g(y) —g(U)I+Z|g(2) —g(v)],
204+22—-3x+1 2u+2v—-3t+1 1 1 1
_ < _ _ - - — gt
13 13 < 6Ig(y) Q(U)|+6lg(2) g(v)l+4|g($) g(t)|

and

22 42x —-3y+1 20+2t—-3u+1 < 1
18 B 18 =6

92) ~ 9(0) 5 la(a) — 9(O)+la(w) — gfw)].

By summing up these three inequalities, we obtain exactly (6.109)), i.e.,

d(f(2,y,2), [(t,u,0)) +d(f(y, 2, y), [(u,t,0) + d(f(z,y,2), [(v,u,1))

< kld(g(x), g(t)) + d(g(y), g(u)) + d(g(2), g(v))],

7
where k = T2 < 1. So, by Theorem |6.1.185, we obtain that f and g have a (unique)

1 1

1710 11) , obtained by solving the following system of

tripled coincidence point, (

equations

f(x,y, Z) - g(I)
(6.130) f,z,y) = g(y)
f(Z,y,ZE) = g(Z)



3. EXAMPLES AND APPLICATIONS 133
3.2. An application

Motivated by the work of Eshi, Das and Debnath in [63], let us consider the fol-

lowing system of integral equations:
z(t) = Jo f(t.x(s),y(s),2(s))ds, te[0,T]
(6.131) y(t) = Jo f(ty(s),z(s),y(s))ds, te€[0,T]
2(t) = Jy f(t.2(s),y(s),2(s))ds, te[0,T]
where T € R, and f:[0,7T] x R®* — R.

b

Let X = C([0,T],R) and define a metric d on X such that

d(z,y) = sup |z(t) —y(t)],Vz,y € X
te[0,7

Further, we define the relation R using partial order:
zRy < x(t) <y(t),t € [0,T).

It is easy to check that (X, d) is a complete metric space and that R is a reflexive

relation.

THEOREM 6.3.206. Considering the system of integral equations (6.131)), let us
suppose that the following hold:

i). f is continuous;
it). for all t € [0,T] and z,y,z,u,v,w € R we have x < u,y > v,z < w and

f(t7 x7y7 Z) S f<t7 u? v? w);
iii). for each t € [0,T] and z,y,z,u,v,w € R, with x < u,y > v,z < w, there exists
k€ 10,1) such that

k
[t 2y, 2) = f(t,u,0,0)] < o (lo —ul + ]y — o + ]z —wl);

). there exists (zo, Yo, 20) € X° such that, Vt € [0,T] we have

2o(t) < [ £t mo(s) w0(s). ()i,

) 2 [ 7lt30(5),0(s), 1os))ds
and

T
2o(t) S/O f(t,20(s), yo(s), zo(s))ds.
Then (6.131)) has at least one solution.

Proof: Let f: X3 -+ X and g: X — X,

[ 2) = [ 500,00, 2(5)ds, 1€ 0.7
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and
g(x(t)) = (t).
Using these notations, (6.131]) becomes:

9(x) = f(z,y,2)
(6.132) 9(y) = fy.=,y)
9(z) = f(z,2,y).
This means that the solution of is, in fact, the tripled coincidence point for f
and g, provided the fact that the hypothesis of Theorem |6.1.179]is checked.
Suppose that z,y, z,u,v,w € X such that g(x) < g(u),g(y) > g(v),g(z) < g(w).

Then, we have

Fe2)(0) = [ F(t2() (5), =()ds
= [ 10929, u(s)), (=(5)ds

T
< [ £t g(u(s)), g(0(s), glu(s)ds
= f(u,v,w)(t), for each t € [0,T].
This means that f(x,y,2)(t) < f(u,v,w)(t),Vt € [0,T]. Similarly, we can prove that

Fo)(t) = fo,u0)(t) and f(z,2,9)(#) < f(w,v,u)(t),v¢ € [0,T]. Thus, f is
mixed g — R—monotone. Next, we will show that the contractive condition in Theorem

[6.1.179 holds:
|f(z,y,2) () — flu,0,w)(t)] =

‘/ f(t,x(s ds—/ftu v(s),w(s))ds
S/O [f(t,2(s),y(s), 2(s)) = f(t, uls), v(s), w(s))| ds

k T
< 37/0 (lz(s) —u(s)] + ly(s) — v(s)| + [2(s) —w(s)]) ds

k T
< 37/0 < sup |z(n) —u(n)|+ sup |y(n) —v(n)|+ sup |z(n)— w(n)|> ds

nel0,T] nel0,T] n€l0,T]

k
< 3T< sup |z(n) —u(n)[+ sup [y(n) —v(n)|+ sup [z(n)— w(n)|> 7

nel0,T] nel0,T)] n€[0,T]
which means that

d(f(z,y, 2), f(u,v,w)) < -+ [d(g(x), g(u) + d(g(y), 9(v)) + d(g(2), g(w))],
V(z,y,2) € Xg(u,v,w), where R =< .
Next, from condition , we have

o) [ (6 20(5),30(5), (),

\—/CO‘?T‘
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wlt) 2 [ 10t 05),70(5), ()
and .

w0(t) < [ £t 20(5), w0(s). x(s))ds,

vt € [0,77.

But zo(t) = g(zo(t)), yo(t) = g(yo(t)) and zo(t) = g(20(t)). Then, g(zo) < f (20, Yo, 20), 9(y0) =
f (Yo, xo,%0) and g(z0) < f(20, Yo, Zo), which means that f and g admit an R-tripled
coincidence point.
It can also be easily checked that f and g commute and f(X?) C g(X).
Also, condition (ii) in Theorem follows from condition in the hypothesis.
Thus, all the conditions in the hypothesis of Theorem [6.1.179| are fulfilled.

Hence, there exists a point (z*,y*, 2*) € X? such that
g(@*) = f(a",y", 27),
9(y*) = fly". 2", 2"
and
9(2*) = f(Z*vy*>x*)'

Now, using the definition of g, we have

at = g(x®) = f(a", 57, 27),

v =gy") = fly", 2"z

and
2 =g(") = f(zhy", "),
which means that (z*,y*, 2*) is a solution for (6.131)). O

REMARK 6.3.207. If, in Theorem [6.3.206, we take R =< we obtain an extension

in the case of tripled coincidence points for Theorem 3.1 in [63].



CHAPTER 7

Conclusions

As presented in the beginning of this thesis, the fixed point theory is one of the
most productive and dynamic sub-domains of nonlinear analysis, meeting a great de-
velopment in the last decades. Undoubtedly, the cornerstone of this vast theory is
the Banach-Cacciappoli-Picard principle, a result intensively extended and general-
ized by researchers in various contexts, with several applications in integral equations,

nonlinear matrix equations, differential equations , systems of functional equations, etc.

An important step in the development of this theory was made by Ran and Reur-
ings in [113], when extending the famous contraction principle in partially ordered
(complete) metric spaces, followed by Nieto and Rodriguez-Lopez [96], [95], [94] who
refined the results in [113] by removing the continuity of the mapping in the case of
nonincreasing and nondecreasing, respectively, mappings. Not much later, Guo and
Lakshmikantham, in [70], then Bhaskar and Lakshmikantham, in [36], define the cou-
pled fixed points for mixed-monotone mappings, in a similar context, as in partially
ordered metric spaces. Related to these concepts, coupled common and coincidence
points of two mappings were shortly after introduced and discussed by Ciri¢ and Lak-
shmikantham in [53] and Jungck and Rhoades in [75]. It is important to mention that
coupled fixed points were first studied by Opoitsev in [97], [99], [98].

Berinde and Borcut, in [28], laid the foundation of a new chapter in the metrical
theory of fixed points, when introducing the tripled fixed points of a mapping. These
were studied for mixed-monotone mappings in [28], [40], [42] and for monotone map-
pings in [39], [41] in partially ordered metric spaces. Tripled coincidence points were
also introduced by Borcut in [37], [38].

Despite the three major directions that the development of fixed point theory fol-
lowed, presented in Chapter , (theorems in metric spaces, topological spaces, ordered
sets), a great part of the results in the field reveal the same tendency: they were ob-
tained in metric spaces endowed with a relation of (partial) order. It was interesting
to discover the articles and books where this relation was replaced by an amorphous

binary one, a reflexive one, or a transitive one as presented in [19], [10], [126] and

136
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others. This was one of the ideas that lead to the results presented in this thesis.

Another fructuous way to obtain more general results and extend famous ones is
by weakening the contraction condition. One of the pioneers of this idea is Berinde,
obtaining important results for coupled fixed points and coupled coincidence points
n [27], [20], [26],]23] and others. An example of contraction used for coupled fixed

points is

d(f(z,y), f(t,w)) + d(f(y, ), f(u,t)) < kld(z, 1) + d(y,u)], where k € [0,1)

and for coupled coincidence points,

d(f(z,y), f(t,w)+d(f(y,x), f(u,t) < k[d(g(x), g(t)) +d(g(y), g(u))], where k € [0,1).

Following these directions, we introduced R-tripled fixed points, R-coupled and
tripled coincidence points and extended related notions(R-monotone sequence, mixed
R-monotony of a mapping, orbital continuity of a mapping,in X3, mixed g— R—continuity
of a mapping and others, see Definitions 4.2.90H4.2.89} [5.2.15445.2.156 6.1.175H6.1.177)).

As seen in Chapters [3}{6], we also provided existence and uniqueness theorems for

them, using different types of contractions, as listed below :
d(F(z,y), F(z,1) + d(F(y, =), F(t, 2)) < k[d(z, z) + d(y,1)],V(z,y) € Xg(z,1);
d(fl(x7 y)v fl(Z7 t)) + d(fQ(l‘ y)a fQ(Z’ t)) < k- [d(l’, Z) + d(yv t)],\V/(ZE, y) € XR(Z> t);

d(F(z,y,2), F(t,u,v)) <
d(F(z,y,2), F(t,u,v)) <

[ (z,t)+d(y,u)+d(z,0)],¥(z,y, 2) € Xg(t,u,v), k €[0,1);
d(x, t)+b-d(y, u)+c-d(z,v),Y(x,y, 2) € Xg(t,u,v),a+b+c < 1;
):9(2)
9(

@co\

v
d(f(z,y), f(z,t)+d(f(y,z), f(t,2)) < k-[d(g(z), g(2 )+d( ( ) g(),V(z,y) € Xr(z,1);
d(f(z,y), f(2,t) +d(f(x,y)
. (d(g(fv),g(Z)) d(g(y), 9(t))

Y)
),ny € Xg(z,1);

d(g(x ,
d<f<x,y>,f<z,t>>w< ). 9 = Aot ot ) (a.y) € Xa(e.1)
d(f(z,y), f(z1) < Z[d(g(l’) 9(2)) +d(g(y), 9())],¥(x,y) € Xr(z,1);
d(f(z,y), f(2,t) < k-d(g(x),9(2)) +1-d(g(y),9(t),V(z,y) € Xr(2,1);

) 9(1)),
d(f(z,y,2), f(t,u,0)) < k-d(g(z), g(t))+1-d(g(y), g(u))+m-d(g(2), g(v)), ¥(z,y, 2) € Xr(t, u,v);

[d(g(z), g(w))+d(g(y), g(v))+d(g(2), 9(t))], V(z,y, 2) € Xr(t, u,v);

d(g(z), d ,g(u d(g(z),g(v
A F (g, 2), £t u0)) < 90( (9(z),9(t)) + (g(y)gg( ) +d(g(z), g( ))) (2.9.2) € Xnlt,u,):

d(f(z,y,2), f(t,u,v)) < ‘;‘
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d(f(z,y,2), f(t,u,0) +d(f(y, 2, @), f(u,0,1)) + d(f(z,y,2), f(v, T, u)) <

3.4 (d(g(x), g(t)) +d(g(y), 9(y)) + d(g(2), g(v))

3 ) ,\V/(l‘,y) GXR(th);

d(f(x,y,2), [, u,0)) +d(f(y, 2, 2), [(w,0,0) + d(f (2, 2,9), f(v, 1, 1))

<k-ld(g(x),g(t)) +d(g(y),g(u)) + d(g(2), g(v))],V(z,y,2) € Xr(t, u,v),

where ¢ is the one recalled in Chapter [5]

We consider that our results present great importance from the perspective of their
applicability in solving different types of problems. To sustain this idea, we presented
applications in first-order periodic boundary systems in Chapter [3, nonlinear matrix
equations in Chapters [4] [}, integral equations in Chapter [6] and provided illustrative
examples for our results (see Examples|3.4.68} [3.4.69) [4.4.129] |4.4.130] [5.4.169}, [5.4.170],
16.3.203}, 16.3.204} [6.3.205]).

Also, our research can be extended in the following directions:

(1) extending the results for quadrupled fixed points, as introduced in [83],[84],[80]
or for higher dimensional points, as presented in [35], [127];
(2) using other types of contractions, for example:
e Chatterjea, in [48]:

1
d(Tz,Ty) <b-[d(z,Ty) + d(y, Tx)], where b € [O, 2) T,y € X;

e Zamlfirescu, in [150]:
One of the following holds:
d(Tz,Ty) < b- [d(z, Tx) +d(y, Ty)];

d(Tx, Ty) < c-[d(z, Ty) + d(y, Tr)],

1 1
where 0 <a < 1,b< 2 c < 2 for every x,y € X.
e Rus, in [120]:
d(Tz,Ty) < a-d(z,y)+b-[dz,Tx) + d(y, Ty)],Vr,y € X,a+ 2b < 1;

o Agarwal, El-Gebeily and O’Regan in [1] and [2]:

d(f, fy) < @ <mam {dm ).z, fx).d(y, fu). Sfd(e. 1) + dly. /)] }) VoyeXazy
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e Hardy and Rogers, in [72]:
d(Tx,Ty) <a-d(x,Tz)+b-d(y, Ty) + c-d(z,Ty) + e-d(y, Tx)
+f-d(z,y),Ve,ye X;a+b+c+e+ f <1
e Babu et. al. in [16]:
d(Tz,Ty) < 9§ -d(z,y) + L-min{d(z,Tz),d(y, Ty),d(z,Ty),d(y,Tz)},
0<d<1,L>0,z,ye X

(3) extending our results in the case of a metric space endowed with a transitive
relation, or an amorphous relation, following the ideas in [126], [19] and re-
defining all the related concepts for that particular case (i.e. coupled fixed
point, mixed-monotony);

(4) following the approach in [108] and [145] regarding coupled fixed points, ex-
tending tripled fixed points using three operators, instead of one. An example

for this kind of approach could be

fl(xa Y, Z) =7, fg(l’, Y, Z) =Y, fg(iC, Y, Z) =z
(5) following the same idea, coupled coincidence points and tripled coincidence
points could also be generalized and redefined:

filz,y) = g(x), foa(z,y) = g(y), in the case of coupled coincidence points

and

fl(xa Y, Z) = g(l')7 fQ(xv Y, Z) = g(y)a fg(l', Y, Z) = g(Z),
in the case of tripled coincidence points;

(6) obtain results regarding the existence and uniqueness for coupled coincidence
point of mixed-g-monotone mappings and (1, ¢)-weakly contractive mappings
in G-metric spaces, starting from the work of Chandok, Mustafa and Posto-
lache in [47] and Aydi, Postolache and Shatanawi in [I5], by replacing the

relation of order with a reflexive relation;

(7) replacing assumptions (vii) from the hypothesis of Theorems |5.3.157} |5.3.159|
5.3.164, i.e. f and g commute, with a weaker condition;

(8) study coupled and tripled coincidence and fixed points in b-metric spaces en-

dowed with a reflexive relation, starting from the work of Miculescu and Mi-
hail in [92], Bota, Petrusel, Petrugel and Samet in [43], Mustafa, Roshan
and Parvaneh in [93], Petrusel, Petrusel, Samet and Yao in [107] and[105],
Sintunavarat, Plubtieng and Katchang in [136];

(9) study the existence and uniqueness of the solution of a Riccati equation.
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