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Introduction

For a function f(z) defined on a closed interval [0, 1], the expression

B =3 (7)ot (1)

k=0

m € N, is called the Bernstein polynomial of order m of the function f(z).
(Bif)(x) is a polynomial in x of degree < m. The polynomials B,, f were intro-
duced by S.N. Bernstein in the paper [40]. Bernstein polynomials are linear with
respect to the function f(x) and with the help of them we shall prove the famous
theorem of Weierstrass.

H. Bohman in paper [44] and P.P. Korovkin in paper [69] discovered a test
criterion for the convergence of a sequence of linear and positive operators to the
identity operator in the space Cla,b]. Let e; : [a,b] — R be the test functions
defined by e;(z) = a7, j € {0,1,2} and let L,, : C([a,b]) — C([a,b]), m € N be a
sequence of linear positive operators. If hn;o Le; =ej, j €{0,1,2}, uniformly
on [a,b], then for any function f € C([a,b]), we have Tiuréo L,.f = f, uniformly
on [a,b].

O. Shisha and B. Mond in paper [110] obtained some estimations for the
errors of approximation.

Chapter 1 contains some basic results (approximation theorems, modulus of
continuity, evaluation of errors theorems) and some new results about the approx-
imation of one-variable functions: moments and central moments of Bernstein and
Schurer operators, recursive formulas, the study of approximation properties for
a class of linear positive operators obtained by choosing the nodes, Voronovskaja
type theorems.

Chapter 2 contains some known results about the approximation of bivariate
functions (Korovkin type and Shisha-Mond type theorems, B-continuous and B-
differentiable functions, total and mixed modulus of continuity) and some new
results about mean-valued theorems for B-differentiable functions (section 2.2),
Bernstein bivariate operators (section 2.3), Schurer bivariate operators (section
2.4), Stancu and Schurer-Stancu bivariate operators (section 2.5), Kantorovich
and Durrmeyer bivariate operators (section 2.6), approximation of functions of
several variables (section 2.8).

Finally, I would like to express my gratitude to my scientific advisor, C. S.
I Dr. Ion Pavaloiu, for his permanent guidance during the elaboration of my
doctoral thesis.

Also, I would like to thank conf. dr. Dan Barbosu from the North University
of Baia Mare and to prof. dr. Ovidiu Pop from the National College ”Mihai
Eminescu” Satu Mare, for their support.



1. Approximation of univariate
functions

This chapter presents some notions and results about approximation of uni-
variate functions. In papers [52] and [94] we get some results about Bernstein
operators.

Lemma 1. For m € N and q € Ny, we have

() (Bue)(@) =~ 3 aga(a)n

for ke {0,1,...,q}.
Theorem 1. We have the formula
(3) (Bmegi1)(®) = x(Bmeg)(v) + ———

form eN, g € Ny and z € [0, 1].

Theorem 2. The central moments of Bernstein polynomials admit the represen-
tation

() (Bl = 2))() = — 3 byl
k=0

where
5) bust) = 317 () oy s
ke {0,1,...,q}.

Theorem 3. We have lim (B,,(x —x)?)(x) =0, for ¢ > 1, lim m(B,(x —

m—00 m—00

—z)?)(x) =0, for ¢q >3 and lim m?(B,,(x — x)?)(z) = 0, for ¢ > 5.

In paper [53] we obtain some results about Schurer polynomials.



Lemma 2. We have the formula

. 1 .
(6) B peq = ma Z g,k (x)m*,
k=0

v

g yale) = (1 )aaster

ke{0,1,...,q} and a,,(x) are given by (2).

Theorem 4. The central moments of Bernstein-Schurer operators associated to
the test functions admit the representation

md
k=0
where
~ k q
) bua0) = 301 (1) i),
v=0
ke {0,1,...,q}.

Theorem 5. We have lim (Bm,p( —2)))(z) =0, forq>1, lim m(By, (- —

m—00

—x)?)(z) =0, for ¢ >3 and WlLl_{r(l)o m*(By (- — 2)9)(z) = 0, for ¢ > 5.
In papers [54], [95], [96] and [97] we studied a class of linear operators with

changed nodes.
We define the operators A,, : C(]0,1]) — C([0,1]), m € N, by

(10) (A ) (@) = Ds(@) f (),

where the numbers x,, ;, verify the relations:
(11) L,k € [Oa ]-]a

for any m € Nand k € {0,1,...,m} and

(12) lim «,, =0,
m—o00
where
k
Qp = Max Ty — —|-
ke{0,1,...m} m




Further, we define the operators A,, : C([0,1 + p]) — C([0,1]), m € N, by

m-+p

(13) Anf)@) =3 e (@)

where the numbers z,, ;, verify the relations:
(14) Tk € [O? 1 +p]7

for any m € N and k € {0,1,...,m + p} and

(15) lim 3,, =0,
where
k
Bm =  max Ty — —
ke{0,1,....m+p} m

Theorem 6. If f € C([0,1]) then for any x € [0,1] and m € N we have that

(16) (A f) (@) = f(2)] < 2wp(0m)

where 6,, = /4o, + ﬁ.

Theorem 7. If f € C([0,1+ p]) then for any x € [0,1] and m € N, m > p*> —p
we have that

(17) A f) (@) = f(@)] < 20 (8rnp)

where

(m +p)?
4m2(m — p? +p)’

Let I,J be real intervals with I NJ # () and p,, = m for any m € N (the
finite case) or p,, = oo for any m € N (the infinite case). For any m € N and
ke{0,1,...,pm} NNy consider the nodes z,, € I and the functions ¢, : J — R
with the property that ¢, x(z) > 0 for any x € J. We suppose that for any
compact K C I N J there exists the sequence (u,(K))m>1, depending on K so
that
(18) lim wu,(K)=0

m—00

uniformly on K and

(19)

for any z € K, any m € N and we note u(K) = sup{|u(z)| : z € K}.



We consider the operators (L,,),>1 defined by

(20) (Ln§)@) = 3 o (@) f (Ens)

for any f € F(w), x € J and m € N, with the property that lim L, f = f,

uniformly on any compact K C I NJ.
Form € Nand k € {0,1,...,p,} NNy, consider the nodes v, € I such that

(21) Om = sup |xm,k - ym,k| < o0
kE{O,l ..... pm}ﬂNo

for any m € N and

(22) lim a, =0.

For m € Nand k € {0,1,...,p,} NNy, denote ap i = Ty ke — Ymk-
Definition 1. For m € N define the operator K,, : E(I) — F(J) by

(23) Z k() [ (Ymoke)

forany x € 1.
Theorem 8. For any function f € E(I)NC(I), we have

(24) lin (K, f) () = f(x)

uniformly on any compact K C I N J.

Theorem 9. If f € E(INJ)NC(INJ), then for any x € K =[a,b] C INJ gi
orice m € N, we have

(25) (B f) () = f(2)] < |f(@)]|(Lmeo) (x) — 1+
+ (Lmeo) (@) + Dw(f; 0ma) < My (K) + (2 + tn (K))w(f; 0m),

where

Oma = v/ (Lneo) (@) [(Ln¥2)(2) + 2000 (Liner) (x) + (a2, + 220 )(Lineo) (2)],

Om = /(1 4t (K)) [ (K) + 20, (b 4+ v (K) + (a2, + 2ba, ) (1 + un(K))] and
M =sup{|f(z)|: x € K}.

We can obtain convergence and approximation theorems for the new operators
by particularizing of the sequence y,,,x, m € N, k € {0,1,...,p,} N No.

Furthermore, we consider a weight function w : I — (0, c0) with the property
that there exists a constant L > 0 so that L < w(z), for any = € I and the set

(26) E,(I)={f:1— R|wf bounded on I}.



In the following, let s be fixed natural number, s even. For any z € I N J
we suppose that ¢! € E(w), where i € {0,1,...,s+2}. For m € N and 7 €
{0,1,...,s+ 2} define

(27) T () = m' Z(l‘m,k - x)igﬁm,k(x)

forany x € I'NJ.

Theorem 10. If f € E,(I) is a s times differentiable at x € INJ (if s =0
consider f continuous at x) and we suppose that there exists Asyo > 0 and m(s) €

TsioL,, ,
N so that % is bounded for any m € N, m > m(s), then for any v so
that
(28) v < S+2_>\s+27
we have
s 1 '
(29) lim m” [ (Lyf)(x) — mw(TiLm)(x)f(%)(ac) =0.

=0

If f € Ey(I) is a s times differentiable on I and for the compact K C INJ there
exists m(s) € N and the constant ky2(K) € R, depending on K, so that for any
m € N, m > m(s) and for any x € K we have

(Ts+2Lm) (x)
m)\s+2

(30) S ks-i—?(K)v

then the convergence above is uniform on K.

Theorem 11. If f is continuous on I and K C INJ is a compact, then we have

B L) @) = S omsl@)f(@)] < (oK) + ko) (fm%)

for any x € K and any m € N.
Theorem 12. If f € E,,(I) is continuous at x € I N J, then

(32) lim (Ko f)(2) = f(2).

m—00

If the function f is continuous on I and K C I N J is a compact, then the
convergence above is uniform on K and we have

(33) ‘(Kmf)(x) - (Zm: som,k(fﬂ)) f(z)

< (80 + 8o ( fi s

m2—)\2

for any x € K and any m € N.



Theorem 13. If f € E,(I) is twice differentiable at x € I N J, with f® contin-

uwous at x and mL—W is bounded for any m € N, m > m(2), then
mia
1)t (K f)e) — (L)) ) ~ (L)) o)~
1 2
- oz L)) 2 0)] =0

2. Approximation of bivariate
functions

This chapter presents some results about the approximation of continuous,
B-continuous and B-differentiable bivariate functions. For B-differentiable func-
tions we obtain some mean-value theorems of Pompeiu, Boggio and Ivan-type, in
paper [98].

Theorem 14. Let f : [a,b] x [d/, V'] — R be a B-differentiable function on [a, b] x
[a',b] and d & [a,b], d & [a',V]. Then there exists a point (&,1n) € (a,b) x (a’, V")
such that

1 a.a / f(v*) _

_ f(,*) a.d / 1
_A('—d)(*—d') [( ) )’(b’b)]DB(—d)(*—d’) (5777)'

If in addition f admits the derivatives f., f!, f on [a,b] x [a',V] and the deriva-

Yy’ Jxy
: " : ; / /
tive f., is continuous on (a,b) x (a’,b') then

aa' f(b,t') — d'bf(a,b') — ab f(b,a’) + bb f(a,d) "
(Cl _ b)(a/ _ b/) - gnf;vy(ga 77)+
+&fw(&n) +nf'y€n) — f(&n) = (dd — &' —nd) f, (& n)+

+df, (&) +d f'y(&,m)+

(dd' — ad — a'd) f(b,¥)) — (dd' — bd' — d'd) f(a, V)
B (a—Db)(a = V) +
| (dd —ad —Vd)f(b,a') — (dd' —¥d — bd)f(a.d)

(@ —b)(a" =)

(36)




Theorem 15. Let f, g : [a,b] x [a/,b'] — R be two functions B-differentiable on
[a,b] x [, V]. If g(z,y) # O for any (x,y) € [a,b] x [d',V'], then there exists
(&,m) € (a,b) x (a', V) such that

@) oo (@D GO 6 =
- * ad / f(’*)
— Ag("*) (a, ),(b,b)]DB—g(_’*) (& n).

If in addition f, g admit the derivatives f, gy, f,, Gy, fuys oy 07 [a,0] X [a', V]

and the derivatives fy,, gy, are continuous on (a,b) x (a',b') then
fla,d) — f(b,d)  flaV) f(b7b')] : N
09 [ e e ) e

— g(&,m)g,(&,m) — ng(& g, (&m)] =

/

a a v b / '
- [g(% a) B g(b, ) - g(a,b) +g(b, b’)} [Qf(f7 M9 (&, 77)%(57 n—

—g(&,m) f(&m) g, (& m) — g(&m) f (6, m) g (€ m)—
— f(&mg(& gy, (&n) + g (& m) fr, (& m)].-
Theorem 16. Let f : [a,b] x [d,b'] — R be a B-differentiable function, d € R

such that f(x,y) # d for any (x,y) € [a,b] x [a,V]. Then there exists ({,n) €
(a,b) x (a',b") such that

(39) A

(&n) =
(& n).

[(a,d’), (b, b’)]Dsm
= A [(a,a’), (b,0))] D5 F(. %) —d

If in addition f admits the derivatives f,, f,, fr, on [a,b] x[a’, V], f continuous

on (a,b) x (a',V') then

aa’ ba’ ab’ b’
(40) {fw/) i Fha)—d  fab) - d+f(b,b’)—d]'
[2nfL&m)f ( ) (f(¢ n) d) fr(&m)—
—n(f(&n) —d)fr,(En)] =

a b b
N |:f(&7a/) —d  fba)—d f(a,V) —a" f(0,V) —d] .
—&nf & m) fa, (& m) + 26nfr(& ) [ (& )]

For the Bernstein bivariate operators defined on the triangle As, we gave a
recursive formula in paper [52] and a formula for the moments B,,e,, in paper
[55].
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Theorem 17. If m € N and p,q € Ny, then

1 I L , o
(41) (Buep) (,9) = —=2> > mI™8(p,0)S(g, j)a'y’,

i=0 j=0

for any x,y € As.

Theorem 18. Ifm € N, p,q € Ny si (x,y) € Ay, then
z(l—2x) 0

(42) (Bmeptig) (@, y) = T%(Bmepq)(xa y) + 2(Bnepg) (T,y)—
- (Bue) 1),
y(l—y) 0

(43) (Bmepgr1)(,y) =

xy O
o (Bmepg) (%, ).

m a_y(Bmqu)(l’,y) + Y(Bmepy) (2, y)—

In papers [99] si [100] we gave the approximation theorems for continuous,
respectively B-continuous and B-differentiable bivariate functions on Ay with
Bernstein operators.

Theorem 19. If f € C(A,), then for any (z,y) € Ay and any m € N, we have

(44) (B f)(,9) — [(2,9)] < (1 i (sﬁ) .

<]- + 5_ %) wtatal(f 51) 52)

for any 61, 65 > 0 and

(4 (B ).0) = F.0)| < o (13757

Theorem 20. If f € Cy(Ay), then for any (z,y) € Ay and any m € N, we have

5 1

(46)  UBufwy) — flay) < (1 e St

+5 157 m) wmmed(f 61752)

for any 61, 62 > 0 and

(47) OB f)o) = F)] < Somi (£

1
Y m °

3l-
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Theorem 21. If f € Dy(As), with Dgf € B(Ay), then for any (z,y) € Ay and
any m € N, m > 2, we have

(1) |UBnA)o) = S < gDl + g 407t

1
2m+/m

for any 01, 65 > 0 and

B o1
—|—(52 1 -+ 61 152 1m> Wmixed(DBf; 617 52)7

(19) (UBnf)(es) = F)] < 51D fllct

7 1 1
- Wmize D )
(o e )
In paper [56] we studied the approximation on A, by bivariate Schurer oper-
ators

(50) Buphey) = Y pm+pm:ry)f<k j)

k,j=0
k+j<m-+p
The aprroximation on A, of the bivariate functions by Stancu and Schurer-
Stancu operators was studied in papers [57] si [58].
Let aq, 81, as, B2 be real parameters which verify the relations 0 < a; < [,
0 < ay < B. For m € N, the operator S *>7%) . ([0,1] x [0,1]) — C(A,),
defined for any function f € C([0,1] x [0,1]) by

E+ar j+a
51 S(al’a2ﬂl7ﬁ2) 5 — m.k,j ) ( y ) 3
B St = 3 ! (5 5

k+j<m

for any (z,y) € A, is a bivariate operator of Stancu type.

Let p € Ny be given and aq, (31, as, B2 real parameters such that 0 < ay <
< B1,0 < ay < fBy. For m € N, the operator gﬁﬁ},’az’ﬁl’ﬁz), defined for any function
fe (0,1 +p] x[0,1+ p]) by

~ k + a1 j +
59 Glan,az,61,82) — E . )
( ) ( m,p f) (.l’, y) — Pm+p,k,j (l’, y)f m—+ 61’ m -+ 62 )

k+j<m+p

for any (z,y) € A, is a bivariate operator of Schurer-Stancu type.

In papers [101] and [102], we studied the approximation properties for Kan-
torovich and Durrmeyer bivariate operators on A, and we proved some approxi-
mation theorems.
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For m € N, consider the operator IC,,, : L1([0,1] x [0,1]) — C(]0,1] x [0,1])
defined for any function f € Li([0,1] x [0, 1]) by

Bl gL
m+1 m+1
(53) (K f)(z,y) = (m +1)? me;wxy / /f(s,t)dsdt

for any (x,y) € Ay, which is a Kantorovich type operator.
For m € N, the operator M,, : Li1(Ay) — F(A,), defined for any function
[ € Li(Aq) by

(51) (Mo f)(ao) = (0 + D +2) 3 ) [ [ pussls.0(sut) ds

Ry <m (A2)
for (z,y) € Ag, is a Durrmeyer type operator.
In paper [59] we studied the approximation properties for some bivariate
opertators obtained by changing the nodes:

(55) (KmpH)@9) = Y o (@, 9) f i V).

k,7=0
k+j<m-+p
In the paper [60] we studied the approximation properties for the Bern-
stein operators of three variables on the tetrahedron Aj for continuous and B-
continuous functions.
In paper [61] we gave a formula for Bernstein multivariate fundamental poly-
nomials:

Theorem 22. For m,n € N gi x € A,,, we have the formula

(56) S TL(% o) b = 22 f”Zam
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